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Short  Summary  of  Scientific  Progress  Achieved 

This  was  the  first  international  scientific  gathering  devoted  specifically  to  Statistical  Energy 
Analysis  which  was  first  introduced  nearly  forty  years  ago.  Abstracts  were  invited  from  33 
persons  suggested  by  the  Scientific  and  Organising  Committee  of  which  30  were  agreed  by 
the  committees  to  be  converted  to  full  papers.  Complete  sets  of  working  papers,  produced 
according  to  the  format  ultimately  required  by  the  publishers,  were  made  available  to  the 
participants.  All  paper  presentations  were  allocated  30  minutes  and  the  ratio  of  discussion 
time  to  delivery  time  was  37%.  All  the  discussion  sessions  were  tape  recorded  for 
subsequent  transcription:  it  is  hoped  to  include  a  synopsis  in  the  edited  proceedings. 

The  Symposium  opened  with  a  Presidential  address  fi'om  Professor  F  Ziegler  and  a  personal 
perspective  on  SEA  from  Professor  B  L  Clarkson,  past  member  of  Council  of  IUTAM.  The 
papers  fell  into  three  categories:  theoretical  developments;  developments  of  experimental 
technique;  practical  applications.  The  first  category  included  papers  on  the  newly  introduced 
smoothed  energy  flow  and  asymptotic  wave  propagation  approaches  to  high  frequency 
structural  vibration  analysis.  The  second  category  included  papers  on  two  new  experimental 
techniques,  namely  input  power  modulation  and  energy  impulse  response  measurement. 
The  third  category  included  a  number  of  illustrations  of  the  growing  sophistication  and 
utilisation  of  commercial  SEA  software,  of  which  four  versions  were  on  display  throughout 
the  Symposium.  The  very  lively  discussion  periods  provided  an  excellent  opportunity  for 
individual  scientists  and  engineers  to  air  fundamental  questions,  to  exchange  views  and 
experiences  and  to  indicate  their  personal  priorities  for  future  research. 

It  was  concluded  that,  although  SEA  now  forms  the  basis  of  high  frequency  vibrational 
analysis  by  engineers  in  many  industries,  further  research  is  required  on  the  question  of  the 
influence  of  system  topology  on  vibrational  energy  flow  behaviour,  and  that  criteria  for 
subsystem  selection  are  still  largely  lacking.  It  was  also  agreed  that  more  work  needs  to  be 
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done  on  error  and  confidence  analysis.  The  question  of  the  influence  of  junction  damping  on 
the  validity  of  the  SEA  equations  was  raised  but  not  resolved. 

Countries  represented  and  number  of  participants 

Australia  (1),  Austria  (3),  Belgium  (5),  Canada  (1),  China  (1),  United  Kingdom  (20),  France 
(12),  Germany  (3),  Italy  (1),  Japan  (1),  New  Zealand  (1),  Poland  (1),  Russia  (2),  Sweden  (6), 
The  Netherlands  (3),  USA  (7).  Number  of  participants:  68. 

Proceedings  of  the  Symposium 

The  papers  will  be  submitted  to  Professor  G  M  L  Gladwell  for  editing,  before  being  printed 
by  Kluwer  Academic  Publications  early  in  1998. 

Financial  support 

The  Symposium  was  sponsored  by  the  International  Union  of  Theoretical  and  Applied 
Mechanics,  the  US  Office  of  Naval  Research  (Europe)  and  Kluwer  Academic  Publications. 
8  participants  were  assisted  in  varying  degrees  with  travel,  registration  and  subsistence  costs 
(1  Austria,  1  China,  1  France,  1  New  Zealand,  1  Poland,  2  Russia,  1  Sweden). 
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Dear  Symposiast 

We  bid  you  welcome  to  Southampton  and  to  the  lUTAM  Symposium  on  Statistical 
Energy  Analysis.  It  has  been  our  long  held  ambition  to  arrange  an  international  gathering 
of  persons  active  in  the  development  and  application  of  SEA.  We  wish  to  offer  our 
sincere  ^atitude  to  the  Council  of  the  International  Union  of  Theoretical  and  Applied 
Mechanics  for  accepting  our  proposal  to  organise  a  symposium  on  this  approach  to 
modelling  the  vibrational  and  acoustical  behaviour  of  complex  mechanical  systems  which 
has  undergone  a  long  period  of  gestation  before  maturing  into  a  widely  used  engineering 
tool,  increasingly  supported  by  a  rapidly  growing  supply  of  commercial  software. 

Under  the  guidance  of  the  members  of  our  distinguished  International  Scientific 
Committee,  we  have  invited  participants  from  the  broad  spectrum  of  SEAfarers  - 
academics,  consultants,  industrial  engineers,  software  developers  and  research  students  - 
and  aimed  to  reflect  the  balance  of  worldwide  activity  in  SEA,  although  some  eminent 
members  of  the  SEA  community  have  sadly  been  unable  to  attend.  We  are  particularly 
disappointed  that  Professor  Richard  Lyon  and  Dr  Gideon  Maidanik,  two  of  the  principal 
originators  of  SEA,  cannot  be  with  us.  We  shall  also  greatly  miss  our  late,  dear 
colleague.  Professor  Manfred  Heckl. 

We  wish  to  acknowledge  with  gratitude  the  generous  sponsorship  by  lUTAM  and  the  US 
Office  of  Naval  Research,  Europe,  which,  in  addition  to  helping  us  to  restrict  the 
registration  fee  to  a  modest  amount,  has  assisted  a  number  of  young  researchers,  and 
colleagues  working  in  less  favourable  economic  circumstances  than  ourselves,  to 
participate.  We  also  wish  to  thank  Kluwer  Academic  Publishers  for  financial  support. 

It  is  not  conventional  to  provide  written  communications  to  lUTAM  symposia,  but  we  felt 
that  their  availability  would  enhance  the  effectiveness  of  the  proceedings.  This  file 
contains  copies  of  all  papers  available  at  the  time  of  copying.  We  apologise  for  any 
deficiencies  in  legibility,  but  wish  to  point  out  that  the  official  proceedings,  included  in 
the  registration  fee,  will  be  printed  by  Kluwer  during  the  next  six  months,  after  editing  by 
the  appointed  editor,  and  will  be  despatched  to  each  participant  in  due  course.  We  hope 
to  be  able  to  include  summaries  of  the  discussions  in  the  proceedings,  so  that  the  pearls  of 
wisdom  will  not  be  lost  to  posterity. 

As  you  will  appreciate,  the  organisation  of  an  international  symposium  requires  dedicated 
effort  over  a  lengthy  period  from  the  home  team.  We  wish  to  place  on  record  our 
appreciation  of  the  contributions  of  our  colleagues  on  the  National  organising  committee 
and,  in  particular,  to  Miss  Sue  Hellon  who  has  somehow  managed  to  handle  the  many 
administrative  and  secretarial  demands  of  organisation  in  addition  to  her  already  onerous 
duties  as  secretary  to  the  ISVR  Fluid  Dynamics  and  Acoustics  Group. 

SEA  is  by  no  means  set  in  stone;  many  fundamental  technical  and  practical  problems  still 
need  to  be  resolved.  We  are  confident  that  your  participation  in  this  symposium  will 
result  in  significant  advances  in  this  direction.  We  wish  you  a  pleasant  and  profitable 
sojourn  with  us  here  in  Southampton. 


Geraint  Price 


Co-Chairmen 


Frank  Fahy 
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Visit  to  the  Institute  of  Sound  and  Vibration  Research 
Thursday  10  July  1997 


Coach  leaves:  Chilworth  Conference  Centre  at  1400 
University  of  Southampton  at  1700 


Introduction  to  ISVR,  Professor  Frank  Fahy  (Tizard  3017) 

Group  A 
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Group  C 
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1500 
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1520 

1540 

SD  (Building  19) 

HS  (Tizard  2704) 
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1600 
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SD  (Building  19) 
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VD  (Building  19) 

VD  (Building  19) 

SD  (Building  19) 

HS  (Tizard  2704) 

1640 

RL  (Building  15) 

SPC  (Tizard  3051) 

VD  (Building  19) 

SD  (Building  19) 

Groups  of  7  to  8  persons 


FDA 

Fluid  Dynamics  and  Acoustics  Group 

MCMW,  KRH,  PPG.  RHGT,  ADP,  SJH 

HS 

Human  Sciences  Group 

NJM,  HES 

SPC 

Signal  Processing  and  Control  Group 

MJ,  JS 

VD 

Vehicle  Dynamics  Group 

LB,  DJT,  SJG 

SD 

Structural  Dynamics  Group 

ARB,  RMG,  SLA 

RL 

Rayleigh  Laboratories 

RAD,  DRP,  OK.  PAD 
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resonance  in  structural  members 

1700 

Discussion 

1730 

Ciose 

Thursday  10  July  1997 


Chairman 

Morning  session:  K  H  Heron 


0900 

G  Maidanik  and  J  Dickey 

On  the  external  input  power  into  coupled 

structures 

0930 

G 1  Schugller  and  H  J  Pradiwarter 

Statistical  energy  analysis  in  view  of  stochastic 

modal  analysis 

1000 

Discussion 

1025 

Coffee 

1045 

K-0  Lundberg 

Input  power  modulation  method 

1115 

F  J  Fahy  and  P  P  James 

An  indicator  of  coupling  strength  between  SEA 

subsystems 

1145 

L  Hermans,  K  De  Langhe  and 

L  Demeestere 

On  the  calculation  of  confidence  levels  of  the 

experimentally  derived  internal  and  coupling 

loss  factors 

1215 

Discussion 

1300 

Lunch 

1400 

Depart  bv  coach  for  visit  to  Winchester  and  ISVR  / 

1700 

Coach  leaves  ISVR  to  return  to  Chilworth 

1730 

Coach  leaves  Winchester  to  return  to  Chilworth 

1900 

Depart  by  coach  for  Dinner  at  Towles  Restaurant  in  Lymington 

Friday  11  July  1997 


Chairmen 

Morning  session;  A  J  Keane 

Afternoon  session:  F  J  Fahy 


0900 

N  Lalor 

The  practical  implementation  of  SEA 

0930 

X  Huang,  M  J  Moeller, 

J  J  Lee  and  R  E  Powell 

Application  of  statistical  energy  analysis  (SEA) 
to  the  development  of  a  light  truck  sound 

package 

1000 

G  Borello 

Predicting  noise  transmission  in  a  truck  cabin 

using  the  statistical  energy  analysis  approach 

1030 

Discussion 

1045 

Coffee 

1100 

S  Finnveden 

Prediction  of  vibration  of  fluid-filled  pipes 

1130 

A  Adobes,  L  Ricol  and  Y  Roussel 

SEA  for  predicting  the  efficiency  of  noise 
reduction  solutions  applied  to  an  air 

conditioner  unit 

1200 

Yao  De-Yuan 

Statistical  energy  analysis  of 

nonconservatively  coupled  systems  and  its 

applications  to  engineering 

1230 

Discussion 

1300 

Lunch 

1400 

P  Geissler 

Calculation  of  structure-borne  sound  radiation 

from  automotive  mufflers  using  SEA 

1430 

R  J  M  Craik 

Sound  transmission  through  buildings  using 

SEA 

1500 

General  discussion 

1600 

Close  of  Symposium 

lUTAM  SYMPOSIUM  ON  STATISTICAL  ENERGY  ANALYSIS 
CHILWORTH  CONFERENCE  CENTRE,  UNIVERSITY  OF  SOUTHAMPTON 

8-1 1JULY 1997 
Attendance  List 


Mr  A  Adobes 

Electricity  de  France,  France 

Dr  A  K  Belyaev 

Johannes  Kepler  University  of  Linz,  Austria 

Miss  M  Beshara 

University  of  Oxford,  UK 

Dr  M  Blakemore 

Litton  Data  Systems,  UK 

Dr  Y  Bobrovnitski 

Russian  Academy  of  Sciences,  Russia 

Mr  A  Bocquillet 

Ecole  Centrals  de  Lyon,  France 

Professor  V  V  Bolotin 

Russian  Academy  of  Sciences,  Russia 

Dr  M  Boniiha 

United  Technologies  Research  Center,  USA 

Mr  1  Bosmans 

Katholieke  Universiteit  Leuven,  Belgium 

Mr  P  Bremner 

Vibro-Acoustic  Sciences  Inc,  USA 

Dr  C  B  Burroughs 

The  Pennsylvania  State  University,  USA 

Dr  C  Cabos 

Germanischer  Lloyd,  Germany 

Dr  A  Carcaterra 

INSEAN,  Italy 

Miss  C  Chabrier 

INRS,  France 

Professor  B  L  Ciarkson 

Former  Director  of  ISVR  and  fonner  Principal  of 
University  Coliege  Swansea,  UK 

Professor  R  J  M  Craik 

Heriot  Watt  University,  UK 

Professor  H  G  Davies 

University  of  New  Brunswick,  Canada 

Dr  R  G  De  Jong 

Calvin  College,  USA 

Dr  C  A  F  De  Jong 

TNO,  The  Netherlands 

Dr  K  De  Langhe 

LMS  Numerical  Technologies,  Belgium 

Professor  Yao  De-Yuan 

Bejing  Institute  of  Technology,  China 

Dr  J  Dickey 

The  John  Hopkins  University,  USA 

Mr  D  Eaton 

European  Space  Agency,  The  Netherlands 

Professor  F  J  Fahy 

University  of  Southampton,  UK 

Dr  S  Finnveden 

KTH,  Sweden 

Dr  C  Fredo 

Ingemansson  Technology,  Sweden 

Mr  P  Geissler 

MOIIer-BBM.  Germany 

Dr  B  M  Gibbs 

University  of  Liverpool.  UK 

Professor  J-L  Guyader 

INSA  de  Lyon.  France 

Mr  L  Hermans 

LMS  International.  Belgium 

Professor  K  H  Heron 

DERA  Famborough.  UK 

Dr  1  Honda 

Mitsubishi  Heavy  Industries  Ltd.  Japan 

Mr  M  ladevaia 

LMS  International.  Belgium 

Mr  P  P  James 

SEP.  France 

Dr  D  G  Karczub 

University  of  Western  Australia,  Australia 

Professor  A  J  Keane 

University  of  Southampton.  UK 

Professor!  Kihiman 

Chalmers  University  of  Technology,  Sweden 

Dr  N  Laior 

University  of  Southampton,  UK 

Professor  R  S  Langley 

University  of  Southampton,  UK 

Mr  W  Lie 

Luled  University  of  Technology,  Sweden 

Mr  K-0  Lundberg 

Lund  Institute  of  Technology,  Sweden 

Dr  J  E  Manning 

Cambridge  Collaborative  Inc,  USA 

Mr  L  Maxit 

INSA  de  Lyon,  France 

Mr  M  Moelier 

Ford  Motor  Company,  USA 

Miss  1  Moens 

Katholieke  Universiteit  Leuven,  Belgium 

Mr  T  Monger 

DERA  Famborough,  UK 

Mr  G  Orefice 

INSAde  Lyon,  France 

Dr  R  Panuszka 

University  of  Cracow,  Poland 

Dr  H  J  Pradiwarter 

University  of  Innsbruck,  Austria 

Professor  W  G  Price 

University  of  Southampton,  UK 

Mr  M  Rehfeld 

Saint  Gobain  Vitrage,  France 

MrLRicoi 

Electricity  de  France,  France 

Prof  Dr-Ing  W  0  Schiehien 

University  of  Stuttgart,  Germany 

Prof  Dr  G 1  Schueller 

University  of  Innsbruck,  Austria 

Mr  P  Shorter 

University  of  Auckland,  New  Zealand 

Mr  M  G  Smith 

University  of  Southampton,  UK 

Dr  J  A  Steel 

Heriot  Watt  University,  UK 

Mr  M  Stubbs 
Dr  R  M  Thompson 
Mr  D  Trentin 

Miss  S  Vanpeperstraete 
Dr  Ir  G  Verbeek 
DrMVillot 
Mr  A  Wilson 
Dr  J  Woodhouse 
Professor  JT  Xing 


DERA  Haslar.  UK 
DERA  Haslar,  UK 
SEGIME,  France 
Aerospatiale,  France 

Eindhoven  University  of  Technology,  The  Netherlands 
CSTB,  France 

Chalmers  University  of  Technology,  Sweden 
University  of  Cambridge,  UK 
University  of  Southampton,  UK 
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1.  Introduction 

It  is  well  known  that  the  response  of  a  vibrating  system  can  be  viewed  either  in  terms 
of  modes  or  in  terms  of  elastic  wave  motion.  Both  types  of  description  are  used 
extensively  in  Statistical  Energy  Analysis  (SEA):  the  f^damental  principles  which 
underlie  the  method  are  normally  expressed  in  modal  terms,  whereas  wave  based 
arguments  are  often  used  to  yield  practical  estimates  of  key  SEA  parameters  such  as 
coupling  loss  factors.  There  has  been  much  previous  discussion  regarding  the 
relationship  between  the  wave  and  modal  descriptions,  and  the  current  view  is  perhaps 
best  summarised  by  quoting  the  following  extracts  from  Lyon  and  DeJong  [1]:  “we 
must  emphasise  that  it  is  always  possible,  at  least  in  principle,  to  arrive  at  the  same 
conclusions  by  either  [the  wave  or  mode]  approach”;  “modal  bandwidth  is  a  very 
difficult  concept  to  explun  by  a  wave  analysis  and  spatial  decay  of  vibration  is  an 
equally  difficult  concept  to  explain  by  using  a  modal  description”;  “the  wave-mode 
duality  is  useful  for  mean  value  estimates,  but  a  wave  analysis  of  variance  by  its 
nature  disregards  spatial  coherence  effects  that  are  essential  to  the  correct  calculation 
of  variance”.  To  tUs  can  be  added  the  following  quote  from  Fahy  [2]:  “just  how  pure 
standing  wave  fields  can  be  created  in  any  elastic  system,  by  reflection  of  waves  from 
boundaries  of  arbitrary  geometry,  is  something  of  a  mystery”.  The  relationships 
between  the  wave  and  modal  descriptions  of  vibration  are  explored  in  the  present 
paper,  with  the  aim  of  clarifying  the  extent  to  which  each  allows  a  “physical”  insight 
into  the  nature  of  the  system  response. 

Initially,  wave  and  modal  descriptions  of  both  the  free  and  forced  vibrations 
of  a  one-dimensional  system  are  considered  in  Section  2.  It  is  well  known  that  the 
modes  of  such  a  system  can  be  expressed  very  simply  in  terms  of  standing  waves, 
although  the  relationship  between  the  wave  and  modal  descriptions  of  the  forced 
response  is  less  clear:  a  mode  which  is  excited  off-resonance  no  longer  represents  a 
simple  combination  of  freely  propagating  elastic  waves.  It  is  shown  here  that  a  wave 
description  of  the  forced  response  can  be  converted  into  a  modal  description  by  means 
of  the  Mittag-Leffler  expansion  [3],  and  the  physical  implications  of  this  result  are 
explored.  Two-dimensional  systems  are  then  considered  in  Sections  3  and  4:  a  simply 
supported  plate  which  is  subjected  to  a  point  load  is  studied  in  Section  3,  and  this 
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example  is  used  to  show  that  any  “physical’’  description  of  the  response  in  tet^  of 
elastic  wave  motion  is  non-unique.  The  special  case  of  a  plane  wave  description  of 
the  motion  of  a  two-dimensional  system  is  considered  in  Section  4,  and  it  is  found  that 
such  a  description,  although  valid  in  principle,  leads  to  severe  ill-conditioning  which 
prevents  precise  resolution  of  the  plane  wave  amplitudes.  In  this  sense,  the  “mystery” 
alluded  to  by  Fahy  [2]  cannot  be  resolved. 


2.  One-Dimensional  Systems 
2.1  FREE  VIBRATION 

This  section  is  concerned  with  the  vibration  of  a  one-dimensional  waveguide  of  length 
L,  For  the  present  purposes  it  is  convenient  to  assume  that  the  waveguide  can  carry 
only  one  type  of  propagating  wave,  and  the  wavenumber  at  frequency  ©  is  written  as 
k.  The  system  might  represent  a  rod,  a  string,  or  a  beam,  provided  that  in  the  latter 
case  any  evanescent  wave  components  decay  rapidly  across  the  system  and  hence  need 
not  be  considered  as  a  second  wavetype.  It  can  be  noted  that  the  present  restriction  on 
the  nature  of  the  system  is  imposed  only  to  simplify  the  mathematical  development 
and  hence  clarify  the  physical  aspects  of  the  system  behaviour  -  it  can  readily  be 
shown  that  the  main  results  derived  in  what  follows  are  also  applicable  to  a  complex 
system  which  displays  multiple  wavetypes. 

The  free  vibration  of  the  system  can  in  general  be  expressed  as  a  sum  of 
right-  and  left-going  wave  components  so  that 

u(x)  =  ,  (1) 

where  u(x)  is  the  system  displacement  at  position  x  and  the  time  dependency 
exp(/©r)  has  been  implicitly  assumed.  If  the  reflection  coefficients  at  the  ends  of  the 
system  (x=0  and  x=L)  are  written  as  R,  =  exp(/(|>, )  and  R2  =  exp(/(|>2)  then  equation 
(1)  will  only  represent  a  valid  description  of  the  response  if  the  following  conditions 
are  met 


A„  =  R^Ai^ ,  Aj^e'^  =  .  (2.3) 

If  the  frequency  ©  is  such  that  equations  (2)  and  (3)  are  satisfied,  then  the  response 
described  by  equation  (1)  is  self  sustaining  and  it  can  be  deduced  that  the  system  is 
vibrating  in  a  natural  mode.  The  natural  frequencies  which  satisfy  equations  (2)  and 
(3)  are  given  by  the  roots  of  the  following  equation 


1  -  =  0  =>  2kL  =  (±2to) + <1.1  +  <1.2 . 


(4) 
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If  equation  (4)  is  satisfied  then  equation  (1)  can  be  re-expressed  in  the  form  of  a  real 
mode  shape  so  that 

u{x)  -  cos(fcc  / 2),  7  =  L  / 2  +  (1  /  4fc)[sin4>i  +  sin<t>2l,  (5,6) 

where  p  is  the  mass  per  unit  length  of  the  system,  and  the  fector  y  has  been  introduced 
to  scale  the  mode  shape  to  unit  generalised  mass. 

It  is  clear  from  the  foregoing  analysis  that  the  modes  of  a  one-dimensional 
system  can  be  expressed  very  simply  in  terms  of  travelling  wave  components,  and 
hence  wave-mode  duality  in  this  sense  is  obvious.  It  should  be  emphasised  however 
that  this  duality  applies  only  when  the  mode  is  vibrating  freely  at  its  natural 
frequency.  If  the  mode  is  forced  at  an  off-resonant  frequency  then  the  mode  shape, 
equation  (5),  is  unchanged,  but  the  wavenumber  k  is  no  longer  compatible  with  the 
vibration  frequency:  the  modal  response  cannot  therefore  be  expressed  simply  in  terms 
of  two  wave  components,  and  wave-mode  duality  (in  the  simple  single  mode  sense) 
breaks  down.  The  precise  relationship  between  the  wave  and  modal  descriptions  of 
forced  vibration  is  considered  in  the  following  section. 

2.2  FORCED  VIBRATION 

In  this  section  the  one-dimensional  system  is  taken  to  be  subjected  to  a  harmonic  point 
load  of  complex  amplitude  P  which  is  applied  at  the  position  x-Xq,  To  develop  a 
wave  description  of  the  system  response,  it  can  firstly  be  noted  that  were  the  point 
load  to  act  on  an  infinite  system  then  a  right  and  a  left  going  wave  of  amplitude 
-  -iPf2pCg(iy  would  be  generated,  where  Cg  is  the  group  velocity  of  the  system 
[41.  The  response  of  the  finite  system  is  produced  by  multiple  reflection  of  these  two 
components  from  the  system  boundaries:  by  adopting  a  ray  tracing  approach,  it  can 
readily  be  shown  that  the  response  at  the  position  x-  x^  is  given  by 

«(x,)  =  .  (7) 

«=0 

The  summation  term  in  this  expression  represents  an  infinite  series  of  “round  trips” 
undertaken  by  the  wave  components.  By  evaluating  the  summation,  equation  (7)  can 
be  re-expressed  in  the  form 

«{JC,)  =  )[1  +  /  (1  -  .  (8) 

The  wavenumber  k  which  appears  in  equations  (7)  and  (8)  will  be  complex  in  the 
presence  of  damping,  so  that  k-k^-  loti  /  2Cg ,  where  k^  is  the  wavenumber  of  the 

undamped  system  and  ti  is  the  system  loss  factor.  Clearly  the  response  yielded  by 
equation  (8)  will  display  a  peak  in  the  vicinity  of  a  system  natural  frequency,  since 
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equation  (4)  is  satisfied  by  the  resonant  wavenumber  of  the  undamped  system.  In 
more  detail,  the  denominator  of  equation  (8)  gives  an  indication  of  the  “dynamic 
range”  of  the  system  response  as  a  function  of  frequency,  since  it  is  readily  shown  that 

l-e”*™  ^1  +  c'”",  m  =  (iir\LliKg,  (9,10) 

where  m  is  by  definition  the  modal  overlap  of  the  system.  It  then  follows  that 

(l-/flR2e‘^'^)^/(l-R,/?2«'^*^)min=COth(TO«/2).  (11) 

This  expression  agrees  with  results  derived  by  Skudrzyk  [5]  and  Langley  16]  regarding 
the  envelope  of  the  frequency  response  function  of  a  dynamic  system;  the  ratio  of  the 
P<‘jW!I!  to  the  troughs  is  found  to  be  approximately  coth(rtm/2).  The  analysis  contained 
in  references  [5]  and  [6]  is  based  on  a  modal,  rather  than  a  wave,  analysis,  and  thus 
the  recovery  of  equation  (11)  in  the  present  work  is  an  indication  of  wave-mode 
duality.  In  more  general  terms,  it  is  not  immediately  obvious  how  equation  (8)  can  be 
related  to  a  modal  expansion  representation  of  the  response.  Progress  in  this  regard 
can  be  made  by  considering  die  Mittag-Leffler  expansion  of  a  function  fim),  which 
states  that  [3] 


/(«»)  =  /(0)+2*r[l  /(o)  -to,)+l  /<o,] .  (12) 

r 

where  cd^  are  the  poles  of  the  function  and  are  the  residues.  If  equation  (12)  is 
applied  to  the  system  velocity,  v(©)=ia)w(co),  then  the  relevant  poles  are  given  by 
those  frequencies  for  which  equation  (4)  is  satisfied.  Now  it  can  be  noted  that  the 
wavenumber  solutions  (k)  to  equation  (4)  are  real,  which  means  that,  in  the  presence 
of  damping,  the  associated  frequencies  must  be  complex.  Furthermore,  the  reflection 
coefficients  satisfy  the  condition  »  which  means  that  any  solution  k  to 

equation  (4)  is  accompanied  by  a  second  solution  -k.  It  follows  from  these  arguments 
that  the  relevant  poles  are 


(0^  =  ±ci)„^(l  +  fn/2),  (13) 

where  is  the  rth  undamped  natural  frequency  of  the  system.  In  order  to  calculate 
the  residue  associated  with  the  rth  pole,  the  following  quantity  is  required 


da 


ICDBSCO, 


=  {i/Cg)[2L-id^i  idk)-(d^2 


(14) 


In  order  to  evaluate  the  derivatives  which  appear  on  the  right  hand  side  of  this 
expression,  it  can  be  noted  that  for  massless  end  fixtures  each  of  the  reflection 
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coefficients  Rj  must  have  the  fonn  (k-i]i)l{k+i\i),  where  n  is  a  teal  constant.  It  then 
follows  that  d^i/ck  =  -(sin<^;  Ik),  so  that  equation  (14)  becomes 


=  iiy  I Cg, 


(15) 


where  y  is  given  by  equation  (6).  Given  this  result,  it  can  readily  be  shown  (hat  the 
application  of  the  Mittag-Leffler  expansion  to  equation  (8)  yields 


v(o))  =  mu(a>)  =  (iw  / P7)X 

r 


PCOSjkfXo  1 2)COS(Ml  -^r 


(16) 


This  result  is  precisely  the  expression  for  the  system  velocity  which  is  yielded  by  a 
modal  s^proach. 

Although  equations  (8)  and  (16)  demonstrate  wave-mode  duality  in  a 
mathematical  sense  (in  that  the  modal  result  can  be  derived  directly  from  the  wave 
result),  there  is  no  clear  physical  connection  between  the  two  approaches:  away  from  a 
resonance  the  modes  combine  in  a  complex  way  to  reproduce  the  travelling  wave 
result,  with  no  single  mode  being  associated  with  a  clearly  definable  form  of  wave 
motion.  For  broad  band  excitation  the  situation  is  somewhat  different,  in  that  the 
response  will  be  dominated  by  “resonant  modes”,  and  as  shown  in  Section  2.1,  each 
resonant  mode  can  be  represented  by  two  travelling  waves.  The  extent  to  which  these 
results  are  also  applicable  to  two-(toensional  systems  is  considered  in  the  following 
sections. 


3.  Two-Dimensional  Systems:  Initial  Example 
3.1  THE  SYSTEM  CONSIDERED 

As  a  preliminary  introduction  to  the  behaviour  of  two-dimensional  systems,  attention 
is  focused  here  on  the  example  of  a  simply  supported  rectangular  plate  which  is 
subjected  to  a  point  load.  TUs  example  highlights  certain  features  of  the  response 
which  are  further  explored  in  Section  4  with  regard  to  both  free  and  forced  vibrations. 
The  plate  is  taken  to  have  the  planform  dimensions  x  Lj  and  a  co-ordinate  system 
is  centred  at  the  lower  left-hand  comer  of  the  plate  so  that  0  <  Xj  ^  Lj  and 
0  ^  ^2  ^  ^2  •  ^  harmonic  point  load  of  frequency  o  and  complex  amplitude  P  is 
applied  at  the  point  (Xio>X2o) ;  it  is  convenient  for  the  present  purposes  to  derive  an 
expression  for  the  response  of  the  plate  by  employing  the  method  of  images.  With 
this  approach,  the  finite  plate  is  replaced  by  an  inMte  plate  which  is  subjected  to  an 
infinite  array  of  point  loads:  the  point  loads  which  lie  outside  the  boundary  of  the 
finite  plate  represent  the  effect  of  reflections  fi:om  the  plate  boundaries.  Each 
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boundary  reflection  changes  the  sign  of  the  point  load,  and  the  net  effect  is  that  the 
infinite  plate  is  subjected  to  the  following  loading  distribution 

eo 

F(xx,X2)  =  P  “-*10 +x^Q-2niL{)]  x 

(17) 

00 

5;(8(j2  - X20  - 2n2L2)-Hx2  +X20  - 2^2^^ )1. 

nj=:-aO 


where  5  is  the  Dirac  delta  function.  An  expression  for  the  response  of  the  plate  is 
most  easily  obtained  by  applying  the  method  of  Fourier  transforms;  the  spatial  Fourier 
transform  of  the  force  represented  by  equation  (17)  is  given  by 


J  ==^(^1^*2)  ’ 

-oo-oo  n,--* 

(18) 


where 

^(^1  )  “  (F  /  47C^)(^^^*®  ■*■^^20  _ ^  “^-*20  ^  ^  (19) 

The  response  of  the  plate  then  has  the  form  [4] 


u(Xi,X2) 


^  ^77 


dk^dk2  t 


(20) 


where  D  is  the  flexural  rigidity  of  the  plate,  ph  is  the  mass  per  unit  area,  and  ti  is  the 
loss  factor.  As  detailed  in  the  following  sub-sections,  equation  (20)  provides  a  useful 
starting  point  from  which  both  modal  and  wave  descriptions  of  the  system  response 
can  be  derived. 

3.2  MODAL  REPRESENTATION 

Equation  (20)  can  be  used  to  derive  a  modal  representation  of  the  system  response  by 
performing  the  two  summations  before  the  integration  is  carried  out.  In  this  regard  it 
can  be  noted  that 


£  =  -^  X  S(*,  -  nc  /  Lj),  f)  =-^^B(k2-snl  Lj), 

IjSS-OO  Lj  r=-cO  ^2  S=-00 

(21,22) 


so  that  equation  (20)  then  yields 
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=  (4? / ,  (23) 

where  ©  „  is  the  rs  natural  frequency  of  the  plate  and 

ki,  =  ntlLi,  k2s  =  STtlL2,  (o^„=(.DIph)ikl+l4sf .  (24-26) 

Equation  (23)  is  the  standard  modal  representation  of  the  system  response. 

3.3  WAVEGUIDE  REPRESENTATION 

A  wave  based  description  of  the  system  response  can  be  derived  from  equation  (20)  by 
summing  only  over  Wj  before  performing  the  integration.  In  this  case  the  equation 
becomes 


«(JC„X2)  =  (7r/Lj)  I:  Z  J 


»-0O5»-0O  -oo 


D(ikf+*|,)^(l+fn)-phM^  ” 


(27) 


where  k2s  is  given  by  equation  (25).  Now  from  the  definition  of  »  ^nation 

(19),  this  result  can  be  rewritten  in  the  form 


(28) 

The  integral  over  fcj  can  be  performed  by  nodng  that  the  integrand  has  four  poles:  if 

Dk^i  <  pha^  then  two  of  the  poles  are  predominantly  real,  corresponding  to 
propagating  wave  motion  -  the  pole  with  a  positive  real  part  has  a  negative  imaginary 
part  and  vice-versa.  The  other  two  poles  are  predominantly  imaginary,  corresponding 

to  evanescent  wave  motion.  For  >pAa)^all  four  poles  are  predominantly 
imaginary!  the  excitation  frequency  can  be  said  to  be  below  the  cut-on  frequency  for 
propagating  wave  motion.  In  evaluating  equation  (28),  the  integration  contour  should 
be  taken  aroimd  the  uiq;)er  half-plane  for  Xj  ±Xio  -2/tjLj  <  0  and  around  the  lower 
half-plane  for  Xj  ±  Xio  -  2njL,  >  0  (the  notation  ±Xio  is  used  here  to  represent  either 
of  the  two  terms  which  appear  in  the  numerator  of  the  integrand).  In  either  case,  only 
two  of  the  poles  contribute  to  the  integral;  a  typical  contribution  to  the  total  response 
arising  from  tlus  procedure  will  have  the  form 


m,(x„X2)  =  (/P/2L2)Z  sink2,X2oSink2^2  Z  m  ~ 

s^\  nj«0 


(29) 
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where  is  the  relevant  pole.  The  summation  over  B,can  now  be  performed  to  yield 

«,(x„X2)  =  (iP/2L2)2  sin;:2,X2oSinfc2pc2  J  •  (30) 

This  contribution  has  a  very  similar  appearance  to  equation  (8),  the  response  of  a  one¬ 
dimensional  waveguide.  In  fact,  the  present  approach  is  entirely  equivalent  to 
representing  the  response  of  the  plate  as  a  Levy  series  of  the  type 


«(X„X2)  =  K^(Xi)sin(sTOC2  ILj)  .  (31) 

5=1 

With  this  approach,  each  of  the  functions  u^ix^)  satisfies  a  one-dimensional 
differential  equation,  and  the  system  can  be  considered  to  be  comprised  of  a  series  of 
waveguides  which  run  in  the  jc^  -direction.  Each  waveguide  can  be  analysed  by  using 
the  method  outlined  in  section  2.2,  and  equations  (29)  and  (30)  represent  a  statement 
of  this  fact  -  the  total  response  is  produced  by  multiple  reflections  of  (damped)  waves 
which  propagate  in  the  JCj  -direction.  Clearly  this  approach  provides  a  “physical” 
wave-based  view  of  the  system  response,  but  it  should  be  noted  that  this  view  is  not 
unique.  The  system  response  could  just  as  readily  be  expanded  as  a  L6vy  series  in  the 
transverse  direction,  so  that  the  wave  motion  is  taken  to  propagate  in  the  X2- 
direction;  within  the  present  analytical  framework,  this  would  amount  to  evaluating 
equation  (20)  by  summing  only  over  before  performing  the  integration. 

3.4  CYLINDRICAL  WAVE  REPRESENTATION 

A  further  wave-based  description  of  the  system  response  can  be  obtained  by 
performing  the  integral  which  appears  in  equation  (20)  before  evaluating  either  of  the 
summations.  The  integral  yields  the  Hankel  function  representation  of  the  response  of 
an  infinite  plate  to  a  point  load,  and  when  this  result  is  summed  over  all  and  n2 
(i.e.  over  the  whole  array  of  sources  acting  on  the  infinite  plate)  the  following 
expression  for  the  total  response  is  obtained. 

K(^i,Jt2)=(-«7’/8DJfe2)X(±l)[H<o^\fo-„)-HS'H(fa-n)]  .  (32) 


Here  the  index  n  covers  the  whole  set  of  sources,  and  represents  the  distance  of  the 
fith  source  firom  the  point  (Xi,JC2).  The  ±1  which  appears  inside  the  summation  arises 
from  the  fact  that  successive  reflections  reverse  the  sign  of  the  sources,  as  discussed  in 
Section  3.1.  Equation  (32)  provides  a  “physical”  description  of  the  system  response 
in  terms  of  a  source  cylin^cal  wave  which  undergoes  multiple  reflections  at  the 
systems  boundaries. 
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3.5  PLANE  WAVE  REPRESENTATION 

It  has  been  shown  that  equation  (20)  can  be  used  to  derive  both  wave  and  modal 
descriptions  of  the  response  of  a  simply  supported  plate  to  an  applied  point  load.  The 
wave  approach  is  often  considered  to  provide  the  more  “physical”  description  of  the 
nature  of  the  response  (in  terms  of  the  propagation  of  damped  waves),  but  an 
important  issue  vMch  arises  from  the  present  work  is  that  the  wave  description  is  not 
unique  for  a  two-dimensional  system.  In  SEA,  a  “wave  description”  is  normally 
taken  to  mean  a  description  in  terms  of  damped  plane  waves,  and  such  a  description 
has  not  arisen  naturally  from  equation  (20).  A  description  of  this  type  could  however 
be  obtained  by  putting  cos  Band  ^2  =/csin0,  and  converting  the  double 

integral  which  appears  in  equation  (20)  to  an  integral  over  k  and  0.  The  poles  of  the 
integral  over  k  occur  at  the  plane  wavenumbers  of  the  plate,  and  in  principle  the 
resulting  expression  for  the  response  could  be  interpreted  as  a  complex  superposition 
of  plane  wave  components.  Rather  then  pursue  this  line  of  approach  for  the  special 
case  of  the  simply  supported  plate,  the  more  general  issue  of  the  validity  or  otherwise 
of  a  plane  wave  description  for  arbitrarily  shaped  components  is  considered  in  the 
following  section. 


4.  Two-Dimensional  Systems:  Plane  Wave  Description 

It  is  well  known  that  the  modes  of  a  simply  supported  plate  can  be  represented  by  four 
mutually  reflecting  plane  wave  components.  Furthermore,  the  modes  of  more 
complex  systems  of  rectangular  planform  can  be  represented  by  a  combination  of  four 
plane  waves  and  a  system  of  edge  waves  -  this  forms  the  basis  of  Bolotin’s  asymptotic 
method  [6],  which  has  been  interpreted  in  terms  of  waves  by  Langley  [7].  Bolotin’s 
method  is  not  applicable  to  arbitrary  shaped  components  however,  and  thus  it  is  not 
clear  how  plane  waves  might  interact  to  produce  modes  in  this  type  of  system. 
Furthermore  a  plane  wave  representation  of  the  forced  harmonic  response  is  not 
straight  forward  for  any  type  of  component.  These  issues  can  be  investigated  by 
writing  the  forced  response  of  an  arbitrary  plate  in  the  form 


0  0 

where  k  is  the  (damped)  plane  wavenumber  associated  with  the  excitation  frequency  o), 
and  Wp(Xi,JC2)  is  a  particular  integral  representing  the  response  of  an  infinite  plate  to 
the  applied  loading.  The  description  afforded  by  equation  (33)  can  be  shown  to  be 
complete  -  for  example,  if  >4(0)  and  B(0)  are  expanded  as  Fourier  series  then  the 
equation  represents  an  expansion  in  terms  of  a  complete  set  of  Bessel  functions.  A 
numerical  scheme  for  computing  the  response  of  the  plate  can  be  devised  by  re-writing 
equation  (33)  in  the  form 
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u(XuX2)  =  (34) 

fl«l 


N 

1 

n*l 


where  the  coefficients  A„miB„  can  be  found  by  flying  2N  boundary  conditions. 
This  technique  can  be  viewed  as  a  version  of  the  Trefftz  method  [9],  and  recent  work 
in  the  Japanese  literature  has  considered  precisely  this  approach  [10].  If  the  method 
can  be  applied  successfully,  then  it  will  lead  to  a  very  clear  description  of  the  response 
of  the  system  in  terms  of  plane  wave  (propagating  and  evanescent)  components. 
However,  an  investigation  of  the  approach  has  shown  that  the  method  is  subject  to 
severe  ill-conditioning;  this  is  illustrated  in  what  follows  by  the  derivation  of  the 
condition  number  for  an  example  problem. 

To  demonstrate  the  main  features  of  the  response  description  afforded  by 
equation  (34),  it  is  convenient  to  consider  the  special  case  of  a  clamped  circular 
membrane.  In  this  case  Bb=0,  since  no  evanescent  waves  arise  in  a  membrane,  and 
the  boundary  condition  is  m=0  on  the  circular  boundary.  By  writing 
jtj  =  rcoscp  and  JC2  =  rsincp  ,  where  r  and  cp  are  polar  co-ordinates,  the  boundary 
condition  can  be  applied  at  N  discrete  points  to  yield 

(35) 

where  R  is  the  radius  of  the  membrane  and  (p,,  is  the  polar  angle  of  the  mth  boundary 
point.  Clearly  equation  (35)  can  be  written  in  the  matrix  form 

CA  =-Up ,  (36) 

where  the  vector  A  contains  the  unknown  wave  amplitudes.  The  numerical  stability 
of  equation  (36)  is  governed  by  the  condition  number  k  of  the  matrix  C.  Regardless 
of  the  nature  of  C,  the  condition  number  is  related  to  the  eigenvalues  of  the  matrix 
C*^C;  in  the  special  case  wdiere  C  is  Hermitian,  the  condition  number  is  related 
directly  to  the  eigenvalues  of  C  -  in  fact  k  is  given  by  the  ratio  of  the  largest 
eigenvalue  of  C  to  the  smallest  eigenvalue.  For  the  present  problem,  C  can  be  made 
Hermitian  by  considering  an  undamped  system  (k  real)  and  selecting  (p„  =  +  it  /  2 

(\tijich  requires  W  to  be  divisible  by  four),  in  which  case  the  entries  of  C  have  the 
fijrm  =exp{ijkRsin[(TO-rt)27c/ A^} .  Now  it  can  readily  be  verified  that  the 
vector  (1  -1  1  -1....1  -1)  is  an  eigenvector  of  C,  and  furthermore  this  eigenvector  can 
be  expected  to  be  associated  with  the  smallest  eigenvalue  of  the  matrix,  say.  It 
then  follows  that 


(37) 


WAVE-MODE  DUALITY 


11 


This  result  has  been  derived  by  expanding  each  exponential  term  in  the  summation  as 
a  Fourier  series  in  the  variable  B=n2itlN  -  to  leading  order,  all  terms  cancel  except 
those  involving  the  Bessel  function  1^/2.  Now  the  largest  eigenvalue  of  C  is  bounded 
by  the  column  norm,  and  hence  a  reasonable  approximation  is  =  ^  •  It  *1*®® 
follows  that  the  condition  number  is  given  by 

K  =  /X^l »  »  ,lliNT4{NlekRr^  ,  (38) 

where  the  final  expression  is  valid  for  large  N,  Equation  (38)  has  been  validated 
numerically  by  directly  computing  the  condition  number  of  C  for  a  range  of  cases. 
Clearly  the  condition  number  grows  very  rapidly  with  N:  for  example,  if  the 
vibrational  wavelength  is  equal  to  the  membrane  diameter,  so  that  then  k= 540 
for  iV=16,  K=7.6e+09  for  iV=32,  and  K-6.97e+28  for  Ar=64.  Thus  any  attempt 
to  finely  resolve  the  detail  of  the  wave  amplitude  distribution  ^4(8)  will  be  thwarted  by 
ill  conditioning  -  the  physical  reason  for  this  can  be  traced  to  the  fact  that  any  two 
neighbouring  waves  A„  and  i4„+i  become  very  closely  aligned,  and  they  interact 
spatially  with  a  very  long  “beat”  wavelength;  the  plate  (or  membrane)  appears 
relatively  CTnall  on  the  scale  of  this  beat  wavelength,  and  hence  the  two  waves  produce 
near  identical  motion  over  the  plate,  which  gives  rise  to  ill  conditioning.  There  is  a 
kind  of  uncertainty  principle  at  work  here:  increased  angular  resolution  on  ^4(6)  leads 
inevitably  to  decreased  spatial  resolution  between  the  wave  components  and  hence  ill 
conditioning. 

Equation  (34)  has  been  applied  by  the  author  to  a  clamped  skew  plate.  It  has 
been  found  that  the  solution  yielded  by  the  method  passes  through  three  phases  with 
increasing  N:  (i)  for  small  N  the  problem  is  well  conditioned  but  the  solution  is 
inaccurate;  (ii)  for  moderate  N  the  problem  is  reasonably  well  conditioned  and  a  very 
accurate  result  is  obtained  for  the  physical  plate  response  -  even  so,  the  wave 
amplitude  distribution  >4(0)  yielded  by  the  method  is  not  meaningful,  since  the  results 
are  erratic  and  show  no  convergence  with  N\  (iii)  for  higher  values  of  N  the  problem 
is  ill  conditioned  and  the  results  are  very  poor.  This  confirms  that  a  plane  wave 
description  of  the  response  is  possible  in  principle,  although  precise  determination  of 
the  wave  amplitude  distribution  is  not  possible  due  to  ill-conditioning. 


5.  Conclusions 

This  paper  has  considered  various  aspects  of  wave-mode  duality  in  one^  and  two- 
dimensional  systems.  For  one-dimensional  systems  it  has  been  shown  that  the  modes 
of  vibration  can  readily  be  expressed  in  terms  of  standing  waves,  although  it  should  be 
noted  that  this  representation  is  only  valid  at  resonance  -  away  from  resonance,  the 
modal  wavelength  is  not  commensurate  with  the  wavelength  of  a  propagating  wave, 
and  simple  wave-mode  duality  breaks  down.  More  generally  it  has  been  shown  that 
the  forced  response  of  a  one-dimensional  system  can  be  derived  by  employing  a  ray 


12 


R.S.  LANGLEY 


tracing  procedure,  and  this  wave  based  description  can  be  converted  into  a  modal 
description  via  the  Mittag-Leffler  expansion. 

Two-dimensional  systems  have  been  explored  by  considering  initially  the 
response  of  a  simply  supported  plate  to  a  harmonic  point  load.  Equation  (20) 
represents  a  general  result  for  the  response  of  the  plate  which  can  be  manipulated  to 
yield  both  the  modal  description  and  a  number  of  (non-unique)  wave  descriptions. 
The  issue  of  a  plane  wave  description  of  the  response  of  an  arbitrary  component  has 
also  been  explored,  and  it  has  been  shown  that  a  form  of  imcertainty  principle  applies: 
the  precise  distribution  of  plane  wave  amplitudes  cannot  be  determined  due  to  ill- 
conditioning. 

The  non-uniqueness  of  the  various  wave  based  descriptions  raises  an 
interesting  question  as  to  whether  the  wave  viewpoint  can  actually  be  considered  to 
offer  a  more  “physical”  insight  into  the  nature  of  the  system  response.  In  classical 
ffiprhanips  one  tends  to  expect  a  “physical”  description  of  the  behaviour  of  a  system  to 
explain  what  the  system  is  “really”  doing,  and  such  a  description  might  be  expected  to 
be  unique.  The  modal  description  is  unique,  in  that  the  mode  shapes  are  well  defined, 
or  alternatively  in  that  the  Mittag-Leffler  expansion  of  the  system  response  is  well 
defined.  However,  the  concern  in  SEA  is  with  coupled  systems  rather  than  with 
single  structural  elements,  and  the  modes  employed  are  those  of  the  uncoupled 
subsystems:  this  re-introduces  the  issue  of  non-uniqueness,  since  the  subsystem  modes 
can  be  defined  under  a  variety  of  boundary  conditions  -  for  example  free,  or  blocked 
(with  the  addition  of  “static”  modes  to  make  the  modal  basis  complete).  Clearly  the 
wave  and  modal  descriptions  of  the  system  behaviour  are  mutually  compatible,  and 
neither  can  claim  to  offer  a  definitive  (or  unique)  physical  insight  into  the  system 
dynamics. 
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PROPAGATION  IN  STRUCTURES 
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1.  Introduction 

In  the  field  of  energy  transmission  in  dynamical  systems  the  Statistical  Energy 
Analysis  (S.E.A.)  is,  at  present,  the  most  acknwledged  contribution.  Based  on  the 
thermal  exchange  of  mechanical  energy,  S.E.A.  provides  information  on  the  stored 
and  dissipated  energy  and  on  the  transmitted  power  between  coupled  dynamic 
systems.  In  spite  of  the  particular  simplicity  of  this  energetical  formulation,  tlie 
research  of  a  solid  dieoretical  basis  of  S.E.A.  instances  has  required,  and  still 
imposes,  a  remarkable  effort  to  the  scientific  community  [1-6]. 

In  these  last  ten  years  several  methods  have  been  developed  to  meet  new  arising 
requirements.  In  these  methods  [7-9]  the  extension  of  the  original  S.E.A.  statements 
is  performed.  While  in  S.E.A.  complex  structures  of  finite  size  are  considered,  in  tlie 
new  approaches  the  same  thermal  relationships  are  directly  translated  into 
differential  form. 

Aim  of  this  work  is  to  reconsider  the  thorny  but  fascinating  problem  of  the 
vibrational  conductivity  under  the  ligth  of  the  wavelength  scale  effect.  The  basic  idea 
is  that  the  wave  energy  transmssion  is  dominated  by  the  ratio  between  tlie 
characteristic  length  d  of  the  system  and  the  characteristic  wavelength  X  generated 
by  the  excitation.  More  precisely  the  non-dimensional  value  of  the  ratio  p  -  d  /  X 
seems  to  separate  two  different  energy  rate  conditions:  the  small  and  the  large  p 
scale  range. 

2.  Energy  Balance  Equation  and  Constitutive  Relationships 

The  Poyniing  vector  is  defined  as  /=£  v ,  where  a  and  v  are  the  stress  tensor 

and  the  velocity  vector,  respectively.  It  gives,  by  its  modulus  and  direction,  the 

Be 

power  flow  through  a  continous  medium.  The  power  balance  is:  divl^Ti^  " TT’ 
d  € 

being  11^, —  the  dissipated  power  and  the  time  derivative  of  the  total  energy 

d  t 

(kinetic  and  potential)  respectively. 
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The  transmission  potential  function  has  been  introduced  in  [10].  A  general 
definition  of  v  is  given  by:  1=  grad  ip.  The  power  balance  equation  tlierefore 

,  de 

becomes:  V"V’+n«„=jy- 

The  problem  of  providing  the  energy  constitutive  relationships  consists  of  the 
following  steps: 

•  determination  of  the  correlation  ip=ip{e) ; 

•  determination  of  the  correlation  («) . 

When  harmonic  motion  and  time-average  are  considered,  the  following 

1  1 

constitutive  equation  is  accepted:  -Irj  a>  {e),  {e)  =  —  J  ’  where  t], 

fl)  and  r  are  the  loss  factor,  the  circular  frequency  and  the  period  of  oscillation, 
respectively.  As  a  consequence  of  this  assumption  the  time  derivatives  into  the 
energy  balance  disappear.  In  this  case  the  potential  of  transmission  depends  on  two 
different  terms,  and  only  one  (thermal  contribution,  r)  is  proportional  to  the  local 
stored  energy :  V'  “  V'*  ,  while  the  second  term  (deviation,  d)  has  a 

more  complex  fonn  [10]. 

In  the  present  paper  a  study  of  the  power  transfer  through  regions  of  characteristic 
finite  size  d  of  2l  dynamical  system  is  proposed.  More  precisely  the  importance  of  the 
ratio  between  the  characteristic  size  d  and  the  characteristic  wavelength  X  is 
analysed. 

Therefore  the  following  time  and  spatial  moving-average  energy  is  considered: 
(e(.x.y,z)}=-^f(e(i.fi.;}didrid^^  Ds{x<^<x  +  d.  y<it<y+^.  z<^<z  +  d} 

D 

3.  Asymptotic  Thermal  Effects  on  a  Discrete  Linear  Array 
The  equation  of  motion  for  a  linear  spring-mass  system  is: 

+t(u  -«,)  =0 

at 


Let  us  find  a  solution  of  the  form:  ,  V.  —  t ,  where  z  is  an  uknown 

complex  constant.  Two  cases  are  discussed: 

•  Below  the  cut-off  frequency:  0)^2 

In  this  condition  the  two  z  values,  roots  of  the  characteristic  polynomial,  are 
complex  and  conjugate.When  w<<  a>.a  first  order  Taylor  expansion  in  tenns  of  the 

ratio  leads  to  the  expression: 

*/(— ] 

«  e  =>  u(ij)  =  .  (ft))  e  «  e  ' 


that  is  a  propagative-nature  solution. 
•  Above  the  cut-off  frequency:  o)>2 
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When  the  frequency  is  above  the  cut-off  limit,  no  wave  propagates  through  the 
linear  chain.  The  solutions  z.  are  both  real,  with  modulus  less  than  one.  This 

circumstance  leads  to  an  extintion  of  the  motion  ch^n 

from  the  reference  station.  When  (o  >>(o  ^  ,  the  following  approximation  holds  for 
the  two  roots: 

z+(<*>)  =  7 y(^)  =  - 

Below  the  cut-off  frequency  and  in  the  absence  of  damping,  the  phenomenon 
presents  exactly  the  same  propagation  characteristic  as  in  a  coniinous  waveguide.  In 
[10]  the  energy  distribution  equation  is  determined  and  it  does  not  exhibit  a  thermal 
behaviour. 

Above  the  cut-off  frequency  a  sort  of  thermal  effect  can  be  observed.  The  chain 
motion,  when  >>cy ,,  is  well  approximated  by  the  form:  U,  (tf),  . 

Therefore  the  chain  asymptotic  energy  (e)"  obeys  the  law: 

^ey  -2(e)‘  +  {e)"^  ~(~]  suggestive  for  several  reasons.  In 

fact  a  smooth  ihermal-like  asymptotic  trend  of  energy  is  exhibited  by  the  discrete 
system  even  in  absence  of  damping,  when  using  the  time-average  kinetic  energy. 
This  is  a  peculiar  characteristic  of  these  systems,  that  they  don’t  share  with  the 
continous  ones. 

Let  be  the  distance  between  two  consecutive  masses  along  the  chain;  the 
thermal  energy  behaviour  is  possible  only  when  the  wavelength  is  much  bigger  than 
2d  (equivalent  to  the  condition  ct»>a>, ).  The  asymptotic  limit  expressed  by  eq  (5) 

is  therefore  rcached  when  Here  fi  draws  the  bound  between  two 

complete  different  energy  propagation  domains.  This  sudden  change,  when  the 
frequency  crosses  the  cut-off  limit,  is  not  present  in  continous  systems,  mainly 
because  of  the  absence  of  the  cut-off  phenomenon.  The  crossing  is,  in  that  case, 
smooth  and  involves  the  space  average  energy,  but  /r  plays  its  role  in  a  similar 
manner,  at  least  for  one-dimensional  systems. 

4.  Asymptotic  Thermal  Effects  in  One-Dimensional  Waveguides 

The  solution  for  a  harmonically  vibrating  beam  is:  w = ^ , 
being  k  the  complex  wavenumber  and  the  wave  phasors,  depending  on  the 

boundary  conditions.  The  time  and  space-average  energy,  defined  by 
(^(^))  =  mathematics,  can  be  written  as: 
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^  =  fl:|,  ip-l{a^a_) 


where  t  and  d  indicate  thermal  and  deviation  component  respectively.  The  first, 
(e)  ,  smooth,  is  governed  by  exponential  terms  and  is  thermal;  on  the  contrary  the 
second  onc,(e)^ ,  is  harmonically  oscillating.  Under  this  point  of  view  the  situation 

does  not  differ  so  much  from  that  obtained  by  using  only  the  time-average  energy 
[10].  The  relevant  difference  is  here  related  to  the  presence  of  the  fi  dependent 
factors  in  the  energy  expression.  Those  terms  control,  through  fi,  the  relative 
amplitude  of  the  two  energy  contributions  and  their  asymptotic  properties  ( as 

OT  fi-^0  )  reveal  two  different  energy  rale  regions:  the  small  and  the  large  fx  scale 


range. 

When  the  local  energy  value  is  accounted  for,  corresponding  to  ,  no  space- 
average  is  performed.  In  this  case  |i-»(?and  from  the  last  written  equation  it  is 


apparent  that  the  factors  involving  /i  in  the  energy  expression  tend  both  to  i. 
Therefore  the  thermal  and  non-thermal  components  are  of  the  same  order  of 
magnitude.  On  the  contrary  the  opposite  asymptotic  limit,  ,  definiily  inaeases 
the  amplitude  of  the  thermal  components,  while  the  non-thermal  one  tends  to  vanish. 
Moreover  if  /i  =  n/2  (  for  an  integer  n  )  the  amplitude  of  the  non-thermal  component 
is  zero. 

It  can  be  concluded  that  the  thermal  conductivity  has  an  asymptotic  validity  in 


lim 


the  sense  previously  defined  Ler.  {e)  =  (?)"  =  {e\ . 

fA 

To  point  out  better  this  wavelength  scale  effect,  it  is  interesting  to  estimate  the 

8c^ 

thermal  and  non-thermal  transmission  potentials.  It  is:  = - •  Moreover 


Tf  0) 


the  property  holds:  =  0 


{asymptotic  property) 
1,2,3 . 


Therefore  it  can  be  concluded  that,  fw  the  beam,  the  time  and  space-average 
asymptotic  energy  {e^  satifies  the  conductivity  vibrational  principle. 

5.  Asymptotic  Bounds  in  Two  Dimensional  Waveguides:  Non-Thermal 
Energy  Components 

In  plates  we  can  represent  the  solution  as  obtained  by  superposition  of  an  infinite 
number  of  plane  waves  travelling  in  any  possible  direction.  The  displacement  w  can 
be  expressed  as  an  integral  of  the  form: 
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where  ^(^)  =  (i -  n{0)  is  the  complex  wave  vector,  n(0)  the  unit  vector 

associated  U>  the  B  direction  of  i^opagaiion  and  the  position  vector.  Tlie 

time  and  space-average  energy  associated  to  the  displacement  field  is  (omitting  die 
heavy  mathematics): 


A,{e..e,)E,{r,0„9,) 


dO,dO, 


where: 


)<(»,),  A  =a40,)«:(0,).  A  =«.(<?,)  A  =a.(0,)  a:(0,). 

J*x*dl2  my*dt2  / 

f  e’-‘'-didv=- - 

x-dl2  J  y-rf/2  V  V  e 


and 


In  the  previous  expression  of  the  energy  field  two  main  contribution  can  be 
separated. 

In  fact  it  is  easy  to  show  that  the  following  decomposition  holds: 


■is: 


A,{0.9)EXrA0) 


where  5  is  tlie  Dirac’s  generalized  function  and  the  two  energy  components  are 
named  interference  wave  energy  (iwe  )  and  coincident  wave  energy  (ewe) 
respectively.  The  first  is  related  to  incident  waves  propagating  along  different 
directions,  while  the  second  is  due  to  the  waves  propagating  in  a  given  direction. 

The  explicit  form  of  the  ewe  is  instead  recovered  by  using  the  expression  of 
v,(d,,fl,),  given  before,  when  0,  =0,  =0 .  Itholds: 


V,  =-fc,  J«,  v,--2jk,n,y^sik^SLn,  s:2jk,n,  where  nH{cosd,send}  . 
Substituting  into  the  ctve  expression  one  obtains,  after  some  mathematics: 

\(jz fitfY ^^29 e  *  j  ^  ' 


sen(2;t/4COsg)sen(2;r/^seng)^ 
{7t/iYsai29 


j-K|cos(2I:,nr~^) 
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where  tp^LA^  .The  analogy  between  this  part  of  the  plate  and  the  beam  energy  is 

complete.  In  fact  the  first  term  is  thermal  and  satisfyies  the  conductivity  law.  On  the 
contrary  the  second  one  is  non-thennal  but  has  the  same  asymptotic  properties 
discussed  in  section  4  about  the  beam  energy.  Therefore  the  {e)^  provides 

substantially  a  thermal  energy  contribution.  Proceeding  in  the  same  manner  shown  in 
section  4,  when  high  values  are  considered  ( i.e.  ^  vanishes),  the  asymptotic 


ewe  energy  obeys  the  thermal  law  ie,: 


^0 


.  The  asymptotic 


transmission  potential  is:  f 


It  is  important  to  notice  that  the  possibility  to  split  the  ewe  energy  into  two 
independent  components,  is  related  to  the  form  of  the  v,  vectors.  They  arc  in  fact 


two  reals  (i-lA)  and  two  purely  imaginary  {i-2,3). 

Let  us  examine  the  part  of  energy  related  to  the  waves  interference.  It  is 
convenient  to  introduce  the  notations: 


The  v^,  vectors  are  now  generally  complex  and,  thus,  the  integrand  contains 
both  evanescent  and  harmonic  factors  coupled.  After  some  mathematical 
manipulations  it  holds: 


/-/ 

{e  e  /Xe  e 


where:  A 


"'■'e  '"““e 


and  the  symbols  R  and  /  indicate  real  and  imaginary  part  respectively,  and  the 
dependence  on  fx  is  explicitely  indicated.  This  energy  does  not  satisfy  the  thermal 
equation,  as  it  can  be  proved  by  direct  substitution.  Therefore  it  is  worthwile  to 
analyse  the  trend  of  the  functions  versus 

The  exponents  affecting  the  asymptotic  trend  of  these  functions  are  only  the  real 


follows: 


lim 


{0  if  a<0 
[«  if  o:>0  ' 
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Since  a  is  the  real  or  imaginary  part  of  the  generic  z ,  vector,  when  vary  in 
the  integration  region  0s[O;;r]x[O;;r]  a  belongs  to  the  interval  ’-tjl2<a<tjl2 . 
Therefore  in  the  part  of  ©  in  which  a  >  0,  F,  tends  to  zero  when  n  increases;  but  in 
the  remaining  part  of  ©  it  tends  to  infinite.  Looking  at  the  z,.  vector  expressions,  one 

is  easily  convinced  that  for  each  region  91.  c  ©  over  which  a  <  0  exists  a 
corresponding  91,  c  © ,  of  equal  area,  over  which  a  >  0  Consequeniely  the  integrand 
of  the  interference  wave  energy  has  globally  the  same  exponential  increasing  trend  as 
the  contributions  in  the  integri  of  the  coincident  wave  energy.  Thus  a  non-thermal 
component  definitly  exists,  even  when  asymptotics  is  considered.  It  should  also  be 
noticed  that  the  combined  effect  of  an  increasing  and  a  decreasing  component  of  iwe 
can  determine  a  relative  minimum  in  its  contribution  to  the  total  energy. 

6.  Experimental  Validation  of  Theory 

The  rest  of  this  paper  describes  some  experiments  designed  with  the  aim  of 
validating  the  theoretical  predictions. 

The  experimental  tests  have  been  performed  on  one  beam  and  one  plate  excited 
in  the  high  frequency  range.  In  fact  the  wished  variations  of  the  |i  parameter  imply 
the  use  of  short  wavelengths  to  avoid  the  construction  of  very  large  structures. 
Moreover  the  thermal  analogy  is  essentially  formulated  to  perform  a  convenient 
analysis  in  the  high  frequency  range.  Consequentely  a  very  fine  measurement  grid  is 
necessary  and  a  laser  measurement  technique  is  used  both  for  the  beam  and  the  plate. 

Goal  of  the  experimental  analysis  is  to  check  how  the  wavelength  scale  effect,  i.e. 
p,  acts  on  the  energy  transfer  law. 

To  this  aim  a  single  meaningful  parameter  is  proposed  as  an  indicator  of  ^e 
tendency  of  the  energy  to  elude  the  thermal  law,  or  as  a  measure  of  the  deviation 
energy  component. 

In  the  following  the  relative  energy  error  criterion  is  presented  for  the  plate  case, 
being  it  totally  analogous  in  the  simpler  beam  case. 

The  vibrational  conductivity  equation  is: 

=  (7) 

where  P  is  a  constant  depending  on  the  loss  factor,  the  frequency  and  the  wave 
phase  speed  traveling  along  the  structure.  Its  actual  value  for  the  real  structure  under 
study  is  only  roughly  evaluable  due  to  the  uncertainties  affecting  the  mentioned 
quantities.  It  is  thus  preferable  to  determine  it  during  the  experiment,  following  the 
identification  procedure  explained  later  on. 

By  laser,  the  velocity  phasor  w,.,  in  each  point  of  the  measurement  grid  P,  ,  is 

available.  Therefore  the  energy  density  distribution  over  the  grid  is  determined  as: 

Wi.i  “  '’’i.i  • 

Let  us  divide  the  structure  into  rectangular  regions,  or  cells  C, , ,  of  characteristic 
sizes  .  Time  and  ^ace-average  energy  can  be  computed,  for  each  cell,  as: 
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where 


At  a  fixed  frequency  <o ,  a  corresponding  wavelength 
for  each  decomposition  into  cells  of  characteristic  sizes  </,, 

d 

p  parameter  is  determined,  for  example,  as  follows:  ^  -■j 


A  is  generated.  Therefore 
d  ,  a  related  value  of  the 


JdT 


.By  varying  the 


characteristic  dimension  of  the  cells,  at  a  fixed  frequency,  the  wished  p  parameter 
variations  are  obtained  and,  in  correspondence,  several  distributions  of  the  related 
average  energy  (e(p))^  are  computed. 

Since  the  aim  of  the  experiments  is  to  check  the  limit  of  validity  of  the  thermal 
formulation  for  the  energy  transmission  expressed  by  (7),  the  simplest  way  to  solve 
the  problem  is  to  compute  the  error  equation  substituiting  the  measured  energy 
distribution  into  the  thermal  balance  equation  (7).  Expressing  the  energy  balance 
between  the  cells  one  has: 


_ 

(A*)),.,  =«(/*),., 

e(,fi)  is  the  non-thermal  power  component,  i.e.  tlie  error  affecting  the  thermal 
hypothesis. 

The  value  of  the  p  coefficent  is  determined,  by  a  least  square  procedure, 
imposing  that  the  global  thermal  error  over  the  whole  structure, 

/.e.e(p)=^e’ (/<),.,  ,  be  minimum.  This  value  (p,^  provides  the  best  fit  of  the 

n* 

energetic  experimental  data  by  the  vibrational  conductivity  hypotesis.  The  global 

thermal  error  e  (p)  accounts  for  the  square  of  the  total  non-thermal  power  flow. 

In  the  following  it  is  preferable  to  refer  it  to  the  total  dissipated  power  in  the 
structure  in  order  to  obtain  a  more  significant  non-dimensional  relative 

error:*,, ,  E(^)=^(f(p)),^  . 

Aim  of  the  experimental  analysis  is  to  evaluate  the  behaviour  of  (/<)  versus  |X, 
to  check  if  the  energetic  transmission  effects  predicted  by  theory  are  met  in  practice. 


7*  Experimental  Set  Up  and  Results 

The  first  set  of  experiments  were  performed  on  a  hanged  alluminum  beam,  whose 
length  is  1.4  m.  It  was  attached  to  a  frame  structure,  by  two  elastic  wires. 

A  damping  layer  was  applied  on  the  beam  surface.  It  introduces  an  important 
increment  in  damping  and  in  mass  per  unit  lenght  but  not  in  the  beam  stiffness. 
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A  laser  head  was  used  to  perfonn  the  velocity  measurements  (over  140  points)  in 
order  to  recover  the  kinetic  energy  distribution.The  maximum  range  of  ,  allowed 
by  the  available  measurement  chain,  is  0  <  /i  <  5 . 

The  trend  error,  as  defined  in  section  6,  is  plotted  in  figg.l,  2,  3  versus  \i,  at 
frequencies  8  kHz,  12  kHz  and  for  random  vibrations  with  flat  excitation  spectrum  in 
the  range  8-10  kHz  respectively. 

The  asymptotic  limit  of  the  error  as  \i  increases  is  apparent.  Moreover  ihe  sudden 
decrement  in  correpondence  of  the  critical  values  \i=  0.5,  1,  1.5,  2,  3  are  also  clear 
(see  sec.  4).  The  agreement  with  theory  seems  to  be  very  good. 

The  experimental  set  up  for  the  plate  (  0.6  m  x  0.8  m  )  test  is  analogous  to  that 
described  for  the  beam. 

The  maximum  tested  frequency  is  fixed  at  4  kHz  and  a  point  force  is  applied  to 
the  plate  in  x=0.5,  y=0.5.  The  minimum  wavelength  is  estimated  to  be  about  4  cm. 
The  corresponding  maximum  number  of  points  in  the  measurement  rectangular  grid 
is  128  X  64  =  8192.  The  plate  is  hanged  by  two  elastic  wires  and  the  coupling 
between  the  exciter  and  the  plate  is  obtained  by  a  sting  connector. 

The  procedure  described  in  section  6  is  applied  to  produce  tlie  error  parameter  for 
the  previous  test  case  and  its  trend  is  shown  in  fig.  4.  In  fig.  5  the  error  parameter  is 
plotted  for  a  random  force  test  (frequency  3.5-4.5  kHz).  The  trend  of  the  e(p)  curves 
show  the  different  behaviour  of  the  plate  energy  with  respect  to  that  of  the  beam.  A 
direct  comparison  is  shown  in  fig.  6.  In  fact  in  the  plate  test  relevant  errors  are 
present  even  when  the  p  parameter  is  considerably  high  (about  4).  Moreover  it  is 
important  to  point  out  that  in  this  last  region  the  cell  size  (20  cm)  approaches 
dimensions  comparable  with  those  of  the  plate. 

Another  difference  with  respect  to  the  beam  is  the  absence  of  tlie  zero  values  in 
correspondence  of  some  mupltiples  of  wavelength  fractions  as  predicted  by  theory 
(see  sec.5). 

8.  Conclusions 

The  developed  analysis  highlights  different  scale  laws  in  the  mechanical  energy 
transmission.  The  p  parameter  controls  this  characteristic  scale.  In  the  small  scale 
transmission  range  (p  <  1)  the  vibrational  conductivity  principle  fails  for  every  type 
of  considered  structure:  beams  and  plates.  In  the  large  scale  range  (p  »  1)  the  beam 
substantially  obeys  the  thennal  law,  but  the  plate  does  not.  A  physical  explanation, 
based  on  the  coincident  and  the  interference  wave  energy  is  proposed  to  justify  these 
different  behaviours. 

In  two-dimensional  systems,  although  in  the  large  p  scale  range  the  non-thennal 
components  (related  to  the  interference  wave  energy  )  can  be  reduced,  they 
significantly  contribute  to  the  total  energy  field. 

About  two  or  three-dimensional  structures  it  seems  that  the  asymptotic  thennal 
limit  is  reached  very  slowly  as  fx  increases,  Le  only  when  performing  spatial-average 
over  the  entire  structure,  or  over  so  large  portions  of  it,  that  the  real  advantage  with 
respect  the  classical  Statistycal  Energy  Analysis  is  doubtful. 
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ABSTRACT 

The  high  frequency  structural/acoustic  dynamics  has  become  a  subject  of  increasing 
interest  over  the  last  few  years.  Special  methods  like  the  (SEA)  have  been  developed  to 
describe  structural/acoustic  response  in  this  field.  Recently,  new  original  strategies  like 
the  Wave  intensity  Analysis  (WIA)  or  a  class  of  models  called  simplified  energy 
methods  (SEM)  appeared  to  avoid  (SEA)  deficiencies.  Two  forms  of  the  energy  flow 
methods  has  been  developed  for  (SEM).  The  first  one  is  a  pure  differential  energetic 
equation  and  is  established  using  a  plane  wave  hypothesis.  The  second  form  of  the 
energy  flow  methods  takes  a  pure  integral  form  and  is  established  from  a  cylindrical 
wave  hypothesis  and  using  Huygens  principle. 

This  paper  proposes  some  comparative  results  in  attempt  to  clarify  the  validity 
domain  and  the  main  restrictions  of  each  high  frequency  model.  For  this  purpose,  the 
system  into  consideration  is  a  complex  plate  configuration.  A  numerical  study  is 
proposed  in  order  to  compare  the  energy  models  results  to  a  semi-analytic  "exact" 
prediction  of  the  energy  level  of  the  system.  Several  structural  parameters  are  considered 
(damping  ratio....)  to  realise  a  parametric  survey. 

1- INTRODUCTION 

The  (SEA)  is  until  nowadays,  the  main  predicting  method  of  the  high  and  mid-frequency 
vibration  through  complex  structures.  It  seeks  to  calculate  the  spatial  average  of  energy 
for  each  sub-system  by  considering  the  power  balance.  Researches  into  the  (SEA) 
validity  have  shown  that  it  only  applies  to  structures  which  are  reverberant  and  have  a 
high  modal  overlap.  Besides,  Guyader  et  al.  has  shown  that  (SEA)  over-estimates  the 
vibration  energy  levels  between  two  steel  plates  in  L-shape.  Therefore,  it  seems  to  be 
important  to  investigate  some  alternative  techniques. 
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The  first  one  has  been  developed  by  R.S.  Langley.  It  is  a  natural  extension  of  the 
(SEA)  and  is  called  Wave  Intensity  Analysis  (WIA).  It  relaxes  the  implicit  wave  field 
assumption  of  the  SEA  as  well  as  the  m(^al  equi-repartition  of  energy.  The  two  other 
possible  (SEA)  improvement  methods  are  the  so-called  differential  simplified  energy 
method  and  the  integral  simplified  energy  method.  They  represent  two  different 
formulations  derived  from  the  same  high  frequency  hypotheses.  The  (SEM)  is  a  power 
flow  model  based  on  the  original  work  by  Belov,  Rybak  and  Tartakovski,  who  first 
derived  a  differential  equation  of  the  heat  conduction  type  to  characterise  the  "spread" 
of  energy  throughout  an  absorbing  structure.  Since,  power  flow  methods  have  been 
implemented  in  the  case  of  Euler-Bemouilli  beams,  membranes,  Kirchchov-Love  plates 
and  many  coupling  problems. 

In  what  follows,  we  first  present  the  (SEA)  and  (WIA)  fundamental  hypotheses  and 
equations.  Secondly,  we  present  the  two  (SEM)  formulations.  Next,  we  focus  on  the 
coupling  relationships  used  in  the  (SEM)  formulations,  Lastly,  a  numerical  study  is 
proposed  in  order  to  compare  the  four  energy  models  with  exact  results. 

2-  BRIEF  DESCRIPTION  OF  THE  CONSIDERED  ENERGY  METHODS 

2.1.  STATISTICAL  ENERGY  ANALYSIS  (SEA)  AND  WAVE  INTENSITY 
TECHNIQUE  (WIA) 

The  main  goal  of  the  (SEA)  is  the  prediction  of  the  distribution  of  energy  associated  to 
the  modal  densities  for  each  sub-system.  Statements  such  as  weak  coupling,  (subject  of 
important  debate),  equi-repartition  of  energy  between  the  modes  present  in  high  density 
for  any  sub-system,  random  stationary  excitation  forces  and  no  correlation  between  the 
forces  conservative  coupling,  are  the  (SEA)  Hypotheses. 

They  involve  that  each  sub-system  should  be  reverberant  enough  to  consider  diffuse 
fields.  They  involve  too  a  high  modal  overlap  factor  for  each  sub-system.  The  dissipated 
power  and  the  power  exchanged  by  two  sub-systems  may  be  expressed  in  the  following 
forms: 


M  {(!:>} =({<il.>}/®,) 


etTl„  =  Ti, 


(2.1) 


The  coupling  loss  factors  are  given  by  the  following  expression  ([6]): 

ll,=^}Ti(e)cos(e)d9  (2.2) 

where  tjj  are  then  transmission  efficiencies  of  the  coupled  sub-systems. 

The  (WIA)  appears  to  be  a  natural  extension  of  the  (SEA)  approach.  As  a  matter  of 
fact,  this  method  takes  up  the  main  (SEA)  assumptions,  relaxing  nevertheless  the  diffuse 
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wave  field  assumptions  and  considering  the  wave  field  homogeneous  random.  Thereby, 
the  directional  dependencies  of  the  wave  intensity  and  energy  density  in  each  sub¬ 
system  are  represented  by  Fourier  Series.  Furthermore,  if  a  single  term  of  the  series  is 
used,  the  (WIA)  recovers  the  (SEA)  form  in  the  coupling  loss  coefficients  expressions. 
Moreover,  it  is  interesting  to  notice  from  a  modal  point  of  view,  that  the  standard 
assumption  of  energy  equirepartition  between  the  modes  of  a  particular  sub-system,  is 
relaxed  ([2]).  Under  the  assumption  that  the  dynamic  response  of  each  component  is 
represented  in  terms  of  a  random  wave  field,  the  total  energy  density  may  be  expressed 
as; 


<E>  =  2  <T>  =  I J  J <W>/0.0)  c/d  t/o)  (2.3) 

J  B  — 

with  (W)j(6,(o)  =  2po)' Sj(6,a)),  Sj  spectral  density,  Wj  being  the  density  of  a 
particular  wave  type  which  is  attributable  to  a  plane  wave  of  pulsation  o),  and 
propagating  into  the  6  direction  (cf.  Figure  1). 


Figure  1.  Boundary  dexcriptum  according  to  Wave  Intensity  Analysis. 


The  power  flow  vector  (or  intensity)  associated  to  a  particular  wave  type  has  the 
general  expression: 

<l)/0,®)  =  c^j<W>/e,to)u(0)  (2.4) 

where  0(0)  is  the  unit  directional  vector  of  the  power  flow.  In  order  to  find  the 
quantities,  we  have  to  consider  the  energy  flow  equilibrium  equation  for  the  heading  0 
of  the  wave  of  type  j : 

<Pi„3),(0,(o)  =  (P,,>  ,(0,®)  +  (P„.>,(0,®)  -  <P,>,(0.®)  (2.5) 

where  is  the  injected  power  due  to  external  forces,  (Pjb) ythe  dissipated  power, 

(/’a)^the  power  entering  the  sub-structure  through  boundary,  and  (Pc,)j  the  outgoing 
power.  After  having  expressed  the  two  last  powers  in  terms  of  the  intensity  vector  and 
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next  in  terms  of  energy  density  as  well  as  the  dissipated  power,  the  power  equilibrium 
([2])  may  be  written  in  the  form: 


with 


and 


[cl{<W),/vJ  =  P  (2.6) 

P 

2k 

O)Ti.vjN^(0)H(e)de  +  (to/27r  c  J£l,  Jn|,(0)k(0)  co<0  +  tc/2- V|;,)d0 

0  ^ 

-  (“/2«  c  .)X  K  J co<0  +  7r/2  -  v J  T”((t)„i  +  n/2  -  V Jd0 

m 

2k 


In  practice,  two  further  hypotheses  are  made  as  far  as  the  N  functions  are  concerned.  If 
the  considered  panel  has  only  horizontal  reflecting  boundaries,  the  appropriate  Fourier 
components  are  cos(n0).  If  it  has  horizontal  and  vertical  reflecting  boundaries,  the 
Fourier  components  must  have  the  form  cos(2n0)  with  n  even  integer. 

2.2.  SEM  ENERGY  MODELS 

The  first  step  in  the  energy  method  development  is  the  well  known  energy  flow  balance 
written  in  harmonic  form.  In  this  case,  the  time  is  removed  and  the  following  expression 
is  obtained;  if  < .  >  is  the  temporal  average  and  .  indicates  (MES)  hypotheses: 


V.(i) +  ri  to  <e>  =  <£.  .>.  (2.7) 

In  the  following,  a  hysteretic  damping  model  is  considered.  The  assumption  set 
required  to  derive  the  (SEM)  is: 

(i)  ♦  Linear,  Elastic,  dissipative  and  isotropic  systems. 

(ii)  ♦  Slight  hysteretic  damping  loss  factor. 

(Hi)  ♦  Steady  .Ktatc  conditions  with  harmonic  e.xciMtion  a. 

(iv)  ♦  Far p'oni  singularities,  evanescent  waves  are  neglected. 

(v)  ♦  The  interferences  between  propagative  waves  are  not  considered. 

The  assumptions  (1),  (2),  (3)  define  the  general  context  of  the  study,  the  assumption 
(2)  involves  that  the  wave  numbers  are  approximately  equal  to  the  undamped  axes.  The 
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assumption  (5)  has  been  introduced  by  Ichchou  and  Jezequel  in  order  to  generalize  the 
space  average  concept  developed  by  Bouthier  and  Bernhard  ([9]).  It  means  that  in  the 
mid  and  high  frequency  range,  we  assume  the  decorrelation  between  the  propagative 
waves.  At  this  stage,  the  relevant  relation  between  a  partial  active  energy  flow  and 
energy  density  may  be  expressed  in  the  following  form: 

<i>  =  c,<e>u  (2.8) 


2.2.1  Differential  (SEM): 

The  parameter  c^  is  the  group  velocity  concerning  the  wave  type  j.  Since  we  assume 
that  the  dynamical  behaviour  of  our  system  may  be  approximated  by  a  plane  wave 
field  solution,  it  can  be  stated; 


(2.9) 


Thereby,  the  power  flow  balance  (cf  Eq.  (2.7))  may  be  expressed  in  the  form  by  using 
Eq.(2.9): 

2 

— ^ A(e>  +  Ti  (0  (e)  =  (p  >  (2. 10) 

Tj  (0 

In  this  study,  we  only  consider  the  bending  waves  propagating  in  the  plate 


2.2.2  Integral  Simplified  Energy  Method 

A.  Le  Bot  [8]  has  adopted  an  integral  formulation  of  the  (SEM).  The  energy  fields  are 
written  by  applying  the  Huygens  Principle. 

The  scheme  of  this  method  is  based  upon  the  definition  of  a  energy  travelling  wave  in  a 
infinite  isotropic  medium  of  dimension  2,  excited  by  a  driving  point  Sq.  Accounting  for 
the  relationship  linking  the  energy  density  to  the  energy  flow  Eq.  (2.8),  the  power 
balance  leads  to  the  distribution  equation; 


3<e>  <e>  11(0 
— :^  +  — =— +  — <e>= 
or  r  Cj 


(2.11) 


whose  kernel  G  constitute  the  fondamental  propagative  wave. 


0(<!.„M)  = 


Tl-r 


c 

e 

2nr 


G  describes  in  this  case  a  cylindrical  wave  propagation. 
The  associated  energy  flow  vector  is  expressed  as  follows: 
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The  expressions  of  the  fields  <  I  >  and  <  e  >  involve  a  boundary  repartition  of 
secondary  sources  o,  in  addition  to  the  primary  sources  p.  The  principle  of 
superposition  on  energy  variables  is  valid  since  interferences  coming  from  differents 
sources  are  neglected.  So  we  write  for  M  6  £2 : 

<  e  >  (M)  =  |,^p(S)G(S,M)dS  + c(P)f(P,UMp.hp)G(P,M)dP 

<  I  >  (M)  =  J^^p(S)H(S,M)dS  +  £^a(P)f(P.UMp.n^)H(P,M)dP, 

where  f(P,.)  is  the  directivity  of  the  boundary  source  P. 

The  power  balance  at  any  boundary  point  P  exhibits  a  Fredholm  equation  of  the 
second  kind  on  a  [8]: 

o(P)  =  '^^^{^,p(S)G(S.P)dS  +  J,^o(F)aP\Up,..np.)G(P\P)^^  (2.12) 

k/2 

Y(P)=  Jr(P.e)d0. 

-ir/3 

a(P)  absoiption  coefficient. 

This  formulation,  quite  similar  to  the  description  given  by  R.N.Miles  [11]  for 
acoustic  fields,  proposes  further  applications  in  high  frequency  dynamic.  It  has  been 
generalized  to  the  case  of  structures  with  several  types  of  waves  and  coupled  sub¬ 
systems. 

3-  NOTES  CONCERNING  THE  COUPLING  RELATIONSHIPS 

This  section  summarizes  some  of  the  results  concerning  the  description  of  the  energy 
exchange  according  to  each  energy  based  method.  As  mentioned  in  several  references 
dealing  with  high  frequency  dynamics,  this  particular  point  is  one  of  the  major  sources 
of  errors  and  discrepancies  in  the  energy  methods  predictions.  Indeed,  the  use  of  energy 
variables  (scalar)  rather  than  the  displacement  field  (vector)  introduces  difficulties 
concerning  the  characterization  of  discontinuities. 

The  technique  which  has  been  employed  in  this  paper  for  the  coupling  loss  factors 
determination  is  purely  "propagative".  It  is  based  upon  the  calculation  for  the  interested 
system  of  the  reflection  and  transmission  efficiencies.  The  knowledge  of  those 
parameters  allows  the  determination  of  energy  levels  from  (SEA),  (WIA)  thinks  to 
expression  (2.6)  and  finally  (SEMI)  using  relationships  given  below  in  section  3.2. 
However,  the  use  of  reflection  and  transmission  efficiencies  in  the  context  of  (SEMD) 
formalism  is  not  immediate.  Nefske  and  Sung  [12]  who  proposed  one  of  the  earlier  work 
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concerning  the  use  of  the  thermal  analogy  to  predict  the  high  frequency  dynamics,  report 
in  their  paper  a  relationship  able  to  couple  two  Euler  Bernouilli  beams. 

Assuming  pure  conservative  coupling,  Nefske  [12]  express  the  power  exchange 
between  subsystem  1  to  subsystem  2,  by 

-(cji/Tico)de,/dx  =  -(c^j/Ticojdej/dx  =  XjoC,  e,  -XjiCj  e,  ^2  13) 

Recently  R.  S.  Langley  [13]  generalises  this  relationship  in  the  case  of  two  pure 
bending  plate  junction.  The  relationship  proposed  is  then: 

-(c^,/ilo))Vei.n,  =  -(c;,/T|a))Ve3.n,  =  (m/L)[S,Ti,3  e;  -S^ri,,  e,] 

where 

n,2 


fCOS^Oj] 

sinl01 


hj  d0 


Some  authors  have  considered  the  differential  energy  equation  (2.10),  boundary 
condition  and  coupling  conditions  in  depth.  For  instance,  the  general  form  of  the 
boundary  conditions  for  one  propagative  mode  is  given  in  reference  [12],  in  one 
dimension  by  the  following  relationship: 

(c^/Tico)de/dx  =  e 

1  +  C  ,  (2.14) 

g  designate  the  reflection  efficiency  of  the  boundary. 

For  non  dissipative  boundary,  the  reflection  efficiency  is  equal  to  1,  and  the 
expression  (2.14)  leads  to  the  expected  results  showing  that  no  energy  flow  through  the 
boundary.  In  the  case  of  monodimensional  coupled  systems,  Cho  and  Bernhard  [14], 
Ichchou  and  Jezequel  [4]  and  Djimadoum  and  Guyader  [15]  proposed  similar 
relationships  put  into  the  practical  form: 


■(c*,/Ti(o)de,/dx  =  — —  c  ,  e, - — —  c  ,  e, 

'  .  <;i2+<;2i  <;i2+<;2i 

H/Ti(o)de,/dx  =  .  e,  ^  S2  ^2 

(2.15) 


where  x,,  and  x,,  are  respectively  the  reflection  and  the  transmission 

efficiencies. 

A  generalisation  of  this  relationship  to  plate  interfaces  has  been  proposed  by  Cho 
[14]  and  Ichchou  [4].  It  may  be  noticed  that  the  expression  (2.15)  and  (2.13)  are 
different. 
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The  fact  that  both  (SEA)  and  the  differential  (SEM)  use  averaged  values  of  the 
transmission  efficiencies  has  to  be  noticed,  whereas  (WIA)  and  the  integral  form  of 
(SEM)  use  non  diffuse  transmission  and  reflection  efficiencies. 

3,2  BOUNDARY  CONDITIONS  FOR  THE  INTEGRAL  SIMPLIFIED  ENERGY 
METHOD 

The  analysis  of  coupled  structures  needs  the  knowledge  of  the  transmission  and 
reflexion  efficiencies  of  plane  waves  on  boundaries.  Considering  two  coupled  sub¬ 
systems  Q,  and  O,,  the  field  <  l‘«..  >  emitted  in  system  Q,  in  direction  0  by  a  point 
of  boundary  separating  the  two  domains,  is  chosen  as  the  contribution  of: 

<  iL  >  (0)  =  R.(0)  <  tc  >  (e!,.(0))+T.,(e)  <  iL  >  (eL(e)) 

6|,n.(0)  is  the  incident  angle  of  the  wave  reflecting  on  the  border  in  the  direction  0  and 
0?,^.  defines  the  direction  of  the  incident  wave  being  transmitted  in  direction  0  through 
the  boundary. 

The  subsequent  linear  relations  define  the  coupling  conditions  linking  the  unknowns 
o,  and  Gj  associated  respectively  to  £2,  and  £2, .  For  P  e  0£2,  na£2,: 


<j,(P)  =  — [R,p(S)G,(S,P)usp.nl.dS+  (R,0,(F)f,(F,Up,...np,)G,(P',P)Up.p.n'pdP- 

Yi(P)  [4 


iin, 


jT.,p(S)G2(S,P)u,p.n'dS+  jT2iO2(P)f.(P\upp..np0Gi(P\P)Up.pjlJ^^ 

a,  J 

o,(P)  =  — [R,p(S)G,(S,P)Usp.nf.dS+  fR,a.(F)t;(F,Upp,.np,)G3(F,P)Up.p.n'pdP  + 

'y2(p)  ii.  ■  ■  A 


j  T,,p(S)G,  (S,  P)usp  .ii'pdS  +  J  T„a,  (F  )f,  (F ,  Upp,  .n  p,  )Gi  (F ,  P)Up  p  .n;,dP 

u,  <'»u, 


The  numerical  implementation  of  such  a  system  is  easily  obtained  by  a  collocation 
method  and  a  rough  discretisation  of  the  boundary  unknowns  Oj 

4-  COMPARATIVE  RESULTS  AND  PARAMETRIC  SURVEY 

4.1.  CASE  STUDIED 

The  system  which  has  been  considered  is  a  planar  coupling  between  two  bending 
rectangular  plates.  Geometrical  and  physical  characteristics  of  such  plates  are  close  to 
those  used  by  Langley  [13]. 
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The  following  parameters  will  not  vary  during  the  numerical  tests:  Young  modulus 
E=2ell  N/m%  mass  density  p=7800  kg/m^  et  v=0,3.  The  width  of  the  plates  is  taken 
equal  to  1  m.  The  summary  of  the  numerical  tests  is  given  below.  Let  us  note  that  five 
computation  have  been  made  for  each  case.  The  numerical  computation  of  the  "exact 
solution  which  is  given  using  the  classical  direct  stiffness  method,  but  also  the  energetic 
predictions  of  the  four  considered  energy  methods. 

4.2.  DAMPING  INFLUENCE 

The  damping  influence  is  an  important  way  to  qualify  the  reverberation  of  tested  plates. 
In  the  following  simulation,  three  damping  cases  are  tested.  Note  that  the  considered 
plates  are  assumed  to  have  similar  damping  ratio.  The  overall  characteristics  of  the 
plates  tested  are  summerised  in  Table  1 . 

Two  kinds  of  computations  are  achivied  regarding  to  the  nature  of  the  excitation 
source.  In  the  first  case,  single  point  source  is  considered  whilst  the  second  case  deals 
with  multi-point  source. 


TABLE  1.  Plates  characteristics  :  study  of  the  damping  influence 


\  Plate  1  1 

Plate  2 

Length 

Thickness 

n 

1  Length  \ 

Thickness 

V 

Case  1 

1.2  w 

4  mm 

1  % 

3  mm 

1  % 

Case  2 

1.2  m 

4  mm 

5  % 

0.7  m 

3  mm 

5  % 

Case  3 

1.2  m 

4  mm 

10  % 

0.7  m 

3  mm 

10  % 

The  frequency  range  is  fixed  in  the  band  [125  Hz  -  16000  Hz].  The  exact  result 
required  200  interpolating  functions.  The  WIA  results  is  computed  following  the 
indications  given  in  [2],  and  seems  to  converge  using  three  angular  interpolating 
functions.  Finally,  the  DSEM  is  computed  using  a  semi-analytic  result  from  a  dynamical 
stiffness  energy  based  calculation. 

4.2.1.  Single  point  source  case 


Erwrgy  ratio;  single  point  source  and  1  %  damping 


10‘ 
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Figure  I.  Energy  ratio  comparison  in  1%  damping  case:  exact  energy  ratio  values. 

"-0- "  DMES  energy  ratio  values  IMES  energy  ratio  value. s. 


Energy  ratio;  single  point  source  and  5%  damping 


Figure  2.  Energy  ratio  comparison  in  5%  damping  case:  "—'exact  energy  ratio  values. 
"-0-"  DMES  energy  ratio  values  dt  IMES  energy  ratio  values. 

The  first  presented  case  considers  single  point  source.  In  this  case,  the  plate  1  is  excited 
in  point  (0.595  m;  0.54  m),  the  energy  is  calculed  in  point  (0.9  m;  0.25  m)  of  plate  1  and 
in  point  (0.59  m;  0.75  m)  of  plate  2.  Figures  I  to  3  show  the  comparison  between  exact 
energy  ratio  and  those  calculated  from  (DSEM)  and  (ISEM).  The  (SEA)  and  (WIA) 
results  are  not  computed  as  the  energy  equi-repartition  is  not  guaranteed  in  this  case. 


Energy  rallo;  single  point  source  and  5%  damping 


Figure  3.  Energy  ratio  comparison  in  10%  damping  case:  exact  energy  ratio 

values.  "-0-"  DMES  energy  ratio  values  di  IMES  energy  ratio  value, s. 
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Figures  2  to  4  show  the  general  adequation  of  the  simplified  energy  predictions  with  the 
exact  results.  Hence,  (DSEM)  and  (ISEM)  give  from  a  radicaly  different  formalism  very 
close  results.  It  can  be  also  seen  that  the  obtained  results  are  in  good  agreement  with  the 
expected  averaged  exact  results  for  reverberant  and  non  reverberant  case. 


4.2.2.  Miilti-jHihit  .source  case. 

In  this  case,  eight  point  sources  are  considered,  in  order  to  approach  the  delta-correlated 
random  loading  required  specially  by  (SEA)  and  (WIA).  Indeed,  it  is  known  that  the 
exact  calculation  to  delta-correlated  source  is  equal  to  the  result  which  is  obtained  when 
the  response  is  averaged  over  the  ponctual  load.  Here,  the  following  point  sources  are 
(dimensions  in  m); 

(0.595;0.540)  (0.595;0.300)  (0.400;0.600)  (0.400;0.500) 

(0.850;0,750)  (0.850;0.700)  (0.230;0.450)  (0.230;0.900) 


The  results  presented  in  the  following  figures  shows  a  comparison  between  the 
energy  methods  presented  in  the  begining  of  this  paper  and  an  averaged  exact  result.  The 
exact  result  is  obtained  as  an  average  value  over  eight  ponctual  loads  and  over  the  ener^ 
at  eight  points  in  each  considered  plate.  A  third  octave  band  and  an  octave  band 
frequency  average  of  the  obtained  results  is  then  computed. 

Energy  ralio:  multipoint  source  and  1%  damping 


Figure  5.  Energy  ralio  comparison  in  J%  damping  case:  exact  energy  ratio  value.s. 

’  thirth  octave  hand  exact  results.  ’  octave  hand  exact  result.  --  ’  SEA  result,  -x- 


WIA  results.  ”-o~”  DMES  energy  ratio  mines  rf'  IMES  energy  ratio  values. 


The  comparison  between  the  energy  predictions  and  the  frequency  averaged  results 
for  1  %  damping  ratio  show  that  (DSEM),  (ISEM)  and  (SEA)  ^ve  very  close  results. 
This  remarks,  according  to  the  authors  experience,  seems  to  be  valid  for  a  great  number 
of  tested  reverberant  cases.  The  (WIA)  result  seems  to  follow  better  the  third  octave 
band  result  in  this  case. 
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Energy  ratio;  multi-point  source  and  5%  damping 


Figure  6.  Energy  ratio  comparison  in  5%  damping  case:  "  exact  energy  ratio  values. 
'  thirth  octave  hand  exact  results.  '  octave  hand  exact  result.  ’  SEA  result,  -x- ' 
WlA  resvtt.\.  "-o-” DMES  energy  ratio  values  S  IMES  energy  ratio  values 


For  5  %  and  10  %  damping  ratio,  the  tested  systems  are  less  reverberants.  In  this 
case,  an  energy  accurate  prediction  is  obtained  using  (DSEM)  and  (ISEM).  The 
predictions  of  those  methods  are  once  again  very  close  (around  2  dB  of  discrepancy). 
Those  energy  methods  seem  to  give  better  predictions  than  (SEA)  and  (WIA).  We  verify 
the  deficiencies  of  (SEA)  and  (WIA)  in  the  case  of  non  reverberant  structures. 


Energy  ratio:  multi-poini  source  and  10%  damping 


Figure  7.  Energy  ratio  compari.son  in  J0%  damping  case:  exact  energy  ratio 

values  ’  thirth  octa\’e  hand  exact  re.sults  -  ’  octcn’e  hand  exact  result.  --  ’  SEA 
result.  ‘-x~  ’  WIA  re.su I t.s.  "~o-"  DMES  energy  ratio  values  dr  IMES  energy  ratio 

values. 
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5-  CONCLUDING  REMARKS 

Four  energy  methods  have  been  presented,  performed  and  compared  in  the  cases  of  two 
coupled  plates  and  three  coupled  plates.  The  conclusions  are,  regarding  to  numerical 
simulation  presented  in  this  paper  : 

*  (SEA)  and  (WIA)  provide  good  results  when  the  structures  are  sufficiently 
reverberant,  but  overestimate  the  energy  levels  without  giving  the  correct  trend,  when 
the  structures  are  not  reverberant.  (WIA)  improve  (SEA)  results  for  reverberant  coupled 
plates. 

*  (SEA),  (ISEM)  and  (DSEM)  give  very  close  results  for  reverberant  coupled  plates. 

*  (DSEM)  and  (ISEM)  give  accurate  energy  levels  and  provides  good  asymptotic 
trends.  It  provides  suitable  results  in  both  reverberants  and  no  reverberant 
configurations.  Moreover,  (DSEM)  and  (ISEM)  allow  a  spatial  determination  of  hij^ 
energy  field. 

An  important  addition  to  the  present  work  would  be  the  comparison  of  the  predicted 
energy  levels  with  experimental  results.  This  investigation  is  in  progress  and  will 
provide  a  check  of  the  energy  assumptions. 
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!•  Introduction 

A  damped  linear  NDOF  mechanical  system  vibrating  harmonically  under  the  action  of 
external  forces  is  considered.  The  goal  is  to  derive  some  relations  between  various 
quadratic  vibration  characteristics-energy,  power  flow  and  others.  These  relations  turn 
out  to  be  useful  for  estimating  SEA  parameters  of  the  system  via  data  measured  on  a 
part  of  the  ^stem  DOF’s. 

The  approach  used  is  based  on  the  representation  of  a  linear  quantity  (displacement, 
force,  etc.)  by  a  sum  of  two  independent  alternating  in  time  components  (sine-  and 
cosine-components)  and  a  quadratic  quantity  by  three  independent  components:  direct 
one  and  two  similar  alternating  components  of  double  firequenty.  The  relations 
obtained  connect  the  components  of  various  linear  and  quadratic  quantities. 

Two  applications  are  presented.  In  the  first  one,  a  physical  meaning  of  the  famous 
Maxwell-Betty  reciprocity  theorem  is  given.  It  is  shown  that,  for  harmonic  motion,  the 
theorem  means  the  equality  of  the  alternating  components  of  the  cross  power  flow  of 
two  sets  of  external  forces.  In  the  second  application  it  is  shown  how  to  calculate  the 
total  energy,  loss  factor  and  other  characteristics  of  the  whole  system  driven  on  a  part 
of  DOF’s  using  only  the  responses  measured  at  the  driven  points. 

2.  Representation  of  the  vibration  field  characteristics 

We  consider  a  linear  system  with  n  DOF’s  whose  vibrations  are  described  by  a  matrix 
equation 


Mu(0  +  Cu(/)+i:u(0  =  f(0  W 


where  M ,  C  and  K  are  mass,  damping  and  stifihess  w  x  w  -matrices  with  real¬ 
valued  elements,  u(0  =  [«i(0v“»w„(0]^  is  a  w -vector  of  displacements, 
f  {/)  =  [/^  it),...,f„(t)Y  is  a  vector  of  the  external  forces,  T  means  transposition.  It  is 

assumed  that  all  three  matrices  in  Eq.(l)  are  symmetric,  i.  e.  there  are  no  gyroscopic 
elements  in  the  system.  The  damping  matrix  C  is  not  proportional  to  M  or  AT .  The 
equation  (1)  thus  models  rather  general  mechanical  system. 


We  confine  the  consideration  to  time  harmonic  motion  of  frequency  co  .  Beside  the 
complex  representation  commonly  used  in  mechamcs  and  acoustics 

f (0  =  Re(fe‘^ ),  u(0  =  Re(ue"'“' )  (2) 

with  the  complex  amplitudes 

f  =  ^  U  =  ,  (3) 

the  real-valued  representation,  taken  from  electricity,  is  also  used: 

f  (f )  =  f,,  cos  (Bf + f,  sin  cor ,  (4) 

u(r)  =  u  ^  cosfflr + u ,  sincor , 

where  and  are  n  -vectors  with  real-valued  elements.  Complex  amplitudes  (3) 
relate  to  cosine-  and  sine-amplitudes  in  representation  (4)  as 

f  =  f„+/f,,  n  =  u,+ru, .  (5) 

We  also  use  the  velocity  vector  T(r)  represented  in  the  same  manner 
v(r)  =  Re(ve''“')  =  cos  cor +v,  sincor , 


where 


v=-j(on  =  v^+/v, ,  v^=CDU,,  V,  =-(00,,.  .(6) 

Substitution  of  the  representations  (2)-(6)  into  Eq.(l)  gives  the  relation  between  the 
external  forces  and  responses,  in  the  complex  form: 

f  =  Zv,  Z  =  C+iX,  X  =  —K-mM,  (7) 

(H 

where  Z  is  the  impedance  matrix  with  complex  entries, 
and  in  the  real  form: 


f,  =Cv,-A'v,,  f,=Xv^-Cv,,  (8) 

where  the  resistance(damping)  matrix  C  and  the  reactance  matrix  X  have  real-valued 
entries. 

The  following  vibration  energy  characteristics  will  be  considered  further: 


We  confine  the  consideration  to  time  harmonic  motion  of  frequency  to .  Beside  the 
complex  representation  commonly  used  in  mechamcs  and  acoustics 

f (0  =  Relfc’*"),  u(0  =  Re(ue''“’)  (2) 

with  the  complex  amplitudes 

f  =  «  =  [«! . 

the  real-valued  representation,  taken  from  electricity,  is  also  used: 

f(f)  =  f<,coscof+f,sinfflr ,  (4) 

u(0  =  u,  coscor +u,  sincof , 

where  and  are  n  -vectors  with  real-valued  elements.  Complex  amplitudes  (3) 
relate  to  cosine-  and  sine-amplitudes  in  representation  (4)  as 

f  =  f,+jf,,  u  =  u,+»u,.  (5) 

We  also  use  the  velocity  vector  v(/)  represented  in  the  same  manner 
v(r)  =  Re(ve‘‘“')  =  v,  coswt + v,  sintof , 


where 


T=-/(DB  =  V^+/V,,  V^=(0U,,  V,  =  -(0U„.  .(6) 

Substitution  of  the  representations  (2)-(6)  into  Eq.(l)  gives  the  relation  between  the 
external  forces  and  responses,  in  the  complex  form: 

f  =  Zv,  Z=C+iA',  X  =  —K-mM,  (7) 

© 

where  Z  is  the  impedance  matrix  with  complex  entries, 
and  in  the  real  form: 


f.=0.-Xv.,  t=XT,-Cv.,  (8) 

where  the  resistance(damping)  matrix  C  and  the  reactance  matrix  X  have  real-valued 
entries. 

The  following  vibration  energy  characteristics  will  be  considered  fiirther: 


where  v*  is  the  Hermittian  conjugate  for  v  ,  i.  e.  complex  conjugate  plus  transposition. 
The  real  part  of  the  complex  power  flow  is  the  direct  component  (1 1),  and 

(16) 

is  the  so  called  reactive  power  flow.  The  latter  does  not  relate  to  any  physically 
meaningful  part  of  the  instantaneous  power  flow  (10)  and  cannot  be  obtained  from  the 
direct  and  alternating  components  (1 1)  and  (12).  It  characterises  the  part  of  the 
velocity  vector  y(t)  which  is  in  quadrature  with  the  external  forces.  Thus  the  power 

flow  is  represented  by  four  independent  real-valued  characteristics  ,  F,  and  F^ . 

The  first  three  are  the  components  (one  direct  and  two  alternating)  of  the  instantaneous 
power  flow,  the  fourth  one  reflects  phase  properly  of  response  wifli  respect  to  the 
external  force  (see  next  section). 

Other  quadratic  quantities  (9)  can  be  represented  in  the  similar  manner.  However, 
unlike  the  power  flow,  they  all  have  zero  reactive  component  and  thus  are  described  by 
three  real-valued  components — one  direct  and  two  alternating  components. 

For  example,  for  the  Idnetic  energy  these  components  are 

T’o  =(v^A/v^+v[Mv,)/4, 

(17) 

T,=ylMy,l2, 


They  can  also  be  expressed  through  the  complex  amplitudes  of  velocity  (6): 


etc. 


T  =  T,+iT,  =  v^Myl4,  T^=y'Myl\, 


(18) 


3.  Relations  between  the  energy  characteristics 

If  the  equations  (7),  (8)  are  substituted  into  the  equations  for  various  components  of  the 
energy  characteristics  (9),  i.  e.  into  equations  (1 1)-(16)  and  others,  one  can  express 
these  components  through  the  velocity  amplitudes  v^,  and  v  and  the  system 
matrices  M ,  C,  K  and  obtain  equations  similar  to  Eqs  (17)  and  (18)  (they  are 
omitted  here  to  save  space).  When  all  these  equations  are  compared,  the  following 
relations  can  be  derived: 

F,  =  +  2(o£, , 

F,  =  <1),  -  2(oF, , 

F,  =  -2(aio- 


(19) 


F(t)  =  V  ^  (^)f  (f)  —  power  flow  into  the  system, 

T(t)  =  iv^(r)A/v(/)  —  kinetic  energy, 

(r)A"u(0  —  potential  energy,  (9) 

E{t)  =  r(0  +  IV  {t) — total  energy, 

L{t)-  T{t)-W (r)  —  Lagrange  function, 

0(0  =  v^(0Cv(0 —  loss  power. 

Each  of  these  quadratic  quantities  as  a  function  of  time  can  be  represented  as  a  sum  of 
three  components.  Let’s  consider  the  power  flow  into  the  system.  Substitution  of 
Eq.  (4)  into  the  first  equation  (9),  after  the  obvious  trigonometric  manipulations,  yields 

F(0  =  v^(0*^(0  =  ^o  +^cos2Q)r  +  /^siii2o)/ ,  (10) 


where 


(11) 

is  the  direct  (time-averaged)  component,  and 

(12) 

are  the  amplitudes  of  the  cosine  and  sine  alternating  components  of  double  frequency. 
The  three  components  in  Eq.  (10)  are  independent  in  the  sense  that  they  are  orthogonal 
in  the  time  interval  27r  /  co  .  For  the  alternating  components  a  complex  amplitude  can 
be  introduced  by  analogy  with  Eq.  (5): 

F=/^  +  /F^;  F^cos2o)/  +  /^sin2o)/=  Re(Fe"^*").  (13) 

It  is  easy  to  verify  that  this  complex  amplitude  is  simply  a  product  of  the  complex 
amplitudes  of  the  velocity  and  the  force  (5) 

=  (14) 

In  literature  the  complex  power  flow  is  often  used 


The  first  relation  (19)  is  evident  fi-om  the  physical  point  of  view:  the  time-averaged 
power  flow  into  the  system  is  equal  to  the  time-averaged  power  dissipated  in  the 

system,  •  The  next  two  relations  (19)  say  that  the  alternating  power  flow 
components,  and  F^ ,  not  only  supply  the  dampers  in  the  ^stem  by  the  energy  but 
also  cause  the  variations  of  the  total  energy  £„  and  £, .  The  last  relation  (19)  gives  a 
physical  meaning  to  the  reactive  power  flow  :  it  is  proportional  to  the  time-averaged 
fimction  of  Lagrange  Lj ,  i.  e.  to  the  difference  between  the  averaged  kinetic  energy 
and  potential  energy,  Z, ,  =  T,  -  If'o  •  h  is  known  that  the  averaged  kinetic  energy  T,  is 
equal  to  the  averaged  potential  energy  IF,  only  at  the  natural  frequencies.  When 
r,  >  IF, ,  the  system  behaves  with  respect  to  external  forces  as  mass-controlled,  when 
£ ,  <  0 ,  its  behaviour  is  spring-controlled.  Hence,  the  reactive  power  flow  F^ , 

according  to  Eq.  (19),  can  be  considered  as  a  measure  of  closeness  to  a  resonance. 

It  is  worth  noting  that  the  first  three  relations  (19)  are  equivalent  to  the  energy 
conservation  law 


/r(f)  =  ^^+d>(r)  (20) 

Equations  (19)  can  also  be  represented  in  the  complex  form  as 

F=<I>“;2a)£:,  F  =  Oo-i2coLo,  (21) 

where  F  and  F  are  given  in  Eqs  (14)  and  (15),  and  O  =  +  /£,  are 

the  complex  amplitudes  of  the  alternating  components  of  the  loss  power  and  total 
energy  of  the  system. 

A  number  of  useful  energy  relations  can  be  derived  by  considering  vibrations  caused  by 
two  groups  of  the  external  harmonic  forces,  and  f  ^^^(f) ,  of  frequency  co  . 

When  these  forces  act  separately,  the  response  velocities  are  v^‘^(0  and  v^^^(r) ,  and 
when  they  act  simultaneously,  f  (0  =  .  the  response,  due  to  linearity  of 

the  system,  is  a  sum:  v(t)  =  v^^^(0 + .  The  power  flow  in  the  latter  case  is 
composed  by  four  terms 

F(0  =  v^(0-f(0  =  ^"(0+^''(0+^'(0  +  /^^'(0.  (22) 

where  terms  F^(0  correspond  to  separate  action,  and  terms 

F^'(0=[v‘^'(/)ff“>(0  (23) 

are  the  instantaneous  cross  power  flows. 


Each  term  in  the  right  hand  side  of  Eq.  (22),  including  the  cross  terms  (23),  can  be 
represented  as  a  sum  of  the  direct  and  the  alternating  components  like  in  ^.(10). 
With  the  help  of  equations  (7),  (8)  one  can  express  all  the  components  of  the  energy 
characteristics  (9)  through  the  system  matrices  M,  C,  K  and  the  velocities  . 

Omitting  the  cumbersome  manipulations,  one  can  derive  the  following  relations 
between  the  cross-energy  characteristics: 


A'/-Aj'=Q,  A'^+A]'=Q 

(24) 

for  j  =  0,c,s  and  A=T,  W,E,L,<i> — see  Eq.  (9); 

(25) 

(26) 

The  relations  (24)-<26)  establish  all  possible  reciprocity  properties  of  the  system  under 
study.  One  of  these  properties  is  considered  in  the  next  section. 

4.  Physical  meaning  of  the  Maxweli-Betty’s  reciprocity  theorem 

In  its  very  general  form  the  reciprocity  principle  in  mechanics  and  acoustics  can  be 
formulate  as  followsfl):  the  response  of  a  linear  system  to  a  harmonic  concentrated 
force  will  not  change  if  the  driven  and  observation  points  are  interchanged. 
Mathematically,  this  principle  is  usually  written  in  the  form  of  reciprocity  theorems 
which  relate  responses  of  the  system  to  two  arbitrary  groups  of  external  forces.  One  of 
such  theorems,  the  famous  Maxwell-Betty’s  theorem,  can  be  written,  for  the  NDOF- 
system  under  study,  as  the  equality[2] 

[u">f  f  f  <■>  or  f ") .  (27) 

where  f  are  the  complex  amplitudes  of  two  groups  of  external  forces,  and  ^ 

are  the  complex  amplitudes  of  displacement  and  velocity  of  corresponding  responses, 
j  =  1,2 .  The  physical  meaning  of  the  theorem  is  obvious  for  static  ( co  =  0 ):  Tbe  first 
Eq.  (27)  is  equality  of  the  cross-works  of  the  two  groups  of  forces  [2],  but  in  dynamics 
the  meaning  is  not  so  obvious  and,  to  the  author’s  knowledge,  has  not  been  discussed 
earlier  [3]. 

Here  we  demonstrate  that  the  Maxwell-Betty’s  theorem  (27)  physically  means  the 
equality  of  the  alternating  components  of  the  instantaneous  cross-power  flows  for  two 
groups  of  external  forces. 

To  prove  this  statement  it  is  sufficient  to  show  that  the  second  equation  (27)  is 
equivalent  to  the  relations  (25).  As  it  is  seen  from  the  Eq.  (14),  left-hand  side  of  the 
Eq.  (27)  is  the  complex  amplitude  of  the  alternating  component  of  the  cross  power 

flow  (23):  +  if]^ .  The  right-hand  side  of  Eq.  (27)  is  the  complex  amplitude 


of  an  alternating  component  of  +  iF^^ ,  Thus,  the  Maxwell-Betty’s  theorem 

(27)  is  the  equality  of  the  complex  amplitudes  of  the  alternating  components  of  the 
cross-power  flows. 

As  it  can  be  seen  from  Eq.  (26),  the  relations  between  the  direct  and  the  reactive 
components  of  the  cross-power  flows  are  more  complicated.  In  the  simplest  case,  when 
the  system  is  lossless,  the  reactive  components  of  the  cross-power  flow  are  equal,  and 
the  direct  components  have  opposite  signs. 

5.  A  structure  driven  at  one  or  several  points 

In  this  section,  a  finite  linear  structure  driven  at  one  or  several  points  by  harmonic 
forces  is  considered.  It  is  supposed  that  a  NDOF  model  of  this  structure  (i.  e.  the 
matrices  A/ ,  C ,  in  Eq.  (1))  is  not  known.  Available  (measured)  are  only  the 
external  forces  and  the  response  (velocity)  at  the  driven  points.  The  question  which  is 
discussed  here  is  the  following:  what  can  be  said  about  the  vibration  field  of  the  whole 
structure  and,  specifically,  is  it  possible  to  estimate  the  total  vibration  energy  of  the 
structure  and  its  loss  factor  using  only  the  data  measured  at  the  driven  points? 

As  it  is  shown  below,  the  answer  is:  some  energy  characteristics  can  be  exactly 
calculated  fi^om  these  data,  some  cannot.  For  the  latter  characteristics  approximate 
estimates  are  proposed. 

To  use  the  relations  obtained  above  we  assume  that  the  structure  can,  in  principle,  be 
modelled  by  a  NDOF-system  of  the  type  as  in  Eq.  (1).  For  simplicity  we  consider  the 
case  when  only  one  external  harmonic  force  acts  upon  the  structure  (let  it  be  /,  (0 
acting  as  the  first  DOF  of  the  model)  and  the  only  known  response  is  the  velocity  v  j(r) 
of  the  first  DOF.  Thus  the  problem  is  to  compute  the  time  averaged  energy 
characteristics  (9)  using  only  the  functions  /,  (0  and  v ,  (0  as  input  data. 

Using  these  input  data,  i.e.  the  complex  amplitudes  of  the  force  and  the  response,  /, 
and  Vj ,  and  their  sine-  and  cosine-amplitudes,  one  can  immediately  compute: 

-  complex  input  impedance: 
as  a  fimction  of  frequency, 

-  the  instantaneous  power  flow  into  the  system:  Fit)  =  /,  it)v ,  (0 

and  all  the  quantities  related  to  it,  i.  e.  the  real-valued  components  Fq  ,  F^,  F, ,  F^  or 
their  complex  equivalents  F  =/, v ,  =  F^  +  /F,  and  F'  =/i v  j  =  Fq  +  /F^ . 

From  these  data,  using  the  relations  (19)  one  can  obtain  exact  values  of  the  loss  power 
(I>o ,  i.  e.  the  energy  dissipated  in  the  structure  during  one  second,  and  the  time 
averaged  Lagrange  function,  i.  e.  the  difference  between  the  averaged  kinetic  energy  an 
the  averaged  potential  energy:  =  Unfortunately,  that  is  all  that  can  be 


calculated  exactly.  The  most  needed  in  practice  characteristics — the  time  averaged 
total  energy  Eq  and  the  loss  factor  of  the  structure 

=  (29) 

do  not  relate  to  the  input  data  directly.  So,  in  what  follows,  two  methods  for  estimating 
these,  based  on  the  obtained  above  relations,  are  presented. 

As  it  is  seen  from  the  second  and  the  third  relations  (19),  one  can  exactly  compute  the 
quantities  (E,  -  /l©)  and  (£,  +  /  2©) ,  i.  e.  the  alternating  components  of  the 

total  energy  contaminated  by  the  damping  terms.  If  the  losses  in  the  system  are  small, 
these  additional  terms  can  be  neglect^  and  the  estimates  for  the  alternating  energy 
amplitudes  are 

£:,=-F,/2©,  /2©,  (30) 

Since  the  instantaneous  total  energy  is  always  positive,  E{t)  >  0 ,  the  alternating 
energy  amplitude  caimot  exceed  the  direct  component  E^ .  Hence,  the  inequality 

E,>E^,  (31) 

gives  a  lower  estimate  for  the  time-averaged  total  energy  of  the  system,  while  the 
inequality 


q< 


IF,  /(f/  +f:) 


m 


(32) 


is  an  upper  estimate  for  the  loss  factor  of  the  system. 

Another  estimates  for  the  time-averaged  total  energy  can  be  derived  from  the  input 
impedance  (28).  As  it  is  shown  in  [4],  the  total  energy  of  the  system  equals 


(33) 


Strictly  speaking,  this  equation  is  valid  only  for  lossless  mechanical  systems,  for  which 
the  input  impedance  is  purely  imaginary.  We  propose  here  to  use  the  Eq.  (33)  for 
estimating  the  time-averaged  total  ener®f  E,  of  ^sterns  with  losses.  Since  the  steacfy 

power  flow  F,  can  also  be  represented  via  the  input  impedance 


the  loss  factor  (29)  of  the  system  can  also  be  estimated  through  the  input  impedance  as 


(34) 

Combining  the  expression  for  the  time-averaged  Lagrange  function  L  ^  (see  the  last 
relation  (19))  with  the  estimate  (3 1)  or  (33),  one  can  also  obtain  estimates  for  the 
kinetic  energy  and  the  potential  energy  separately: 

To  ^(Eo-Fo/2(o)/2,  (35) 

Wo  =  (Eo^Fo/2o))/2. 


which  characterise  the  velocity  and  strain  amplitudes  averaged  over  time  and  structure. 
The  author  verified  the  estimates  (30>(35)  in  computer  simulation  on  two  mechanical 
systems:  a  single  DOF-system  and  a  finite  free  rod.  The  SDOF  consists  of  a  mass, 
spring  and  dashpot,  the  motion  is  described  by  one-dimensional  equation  (1).  The  rod 
executes  longitudinal  vibrations  due  to  a  harmonic  force  at  one  end  and  is  described  by 
the  classical  Bernoulli’s  equation  of  motion  with  the  complex  Young  module[5]. 

The  main  results  are  the  following. 

The  best  estimates  give  the  equations  (33)-(35).  For  the  SDOF,  they  give  the  exact 
values  of  the  energies  and  loss  factor.  For  the  rod,  the  estimates  (33)-(35)  are  close  to 
the  actual  values  in  all  the  frequency  region  excluding  narrow  bands  around  the  natural 
firequencies  of  the  rod  which  cause  antiresonances  with  respect  to  the  given  force. 
Figure  1  shows  the  rod  response  at  the  driven  point  and  Figure  2  presents  the  loss 
factor  (29)  as  a  function  of  frequency.  It  is  seen  that  the  estimate  (34)  is  good 
everywhere  but  the  bands  near  three  antiresonant  frequencies.  The  explanation  is 
rather  simple.  Eq.(34)  is  exact  for  a  lossless  system  and  gives  a  good  approximation  for 
a  damped  system  at  frequencies  where  damping  does  not  effect  considerably  on  the 
input  impedance.  But  at  the  antiresonant  frequencies,  the  system  behaviour  is 
damping-controlled  and  Eq.(34)  gives  erroneous  results. 

As  for  equations  (31),(32),  they  give  only  one-side  bounds  and  can  hardly  be  used  as 
estimates  -  see  curve  3  in  Figure  2. 
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Figure  1 .  Amplitude  and  phase  of  the  rod  response  at  the  driven 
point  vs  frequency;  the  material  loss  factor  is  0.0 1 . 


M 


Figure  2.  The  rod  vibration  loss  factor  vs  frequency:  1  •  exacts 
2  -  estimate  (34^  3  -  upper  bound  (32). 
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The  concept  of  energetic  mobility  is  presented;  its  use  on  a  single  struc¬ 
ture  and  its  use  for  an  approximate  prediction  of  the  exchanged  powers  and 
of  the  local  energies  after  rigid  coupling,  on  an  assembly  is  exposed. 

The  concept  of  frequency  averaged  active  power  source  is  also  proposed. 
Numerical  simulations  illustrate  this  method  for  two  different  homogeneous 
and  heterogeneous  substructures  rigidly  linked  at  several  points. 

1.  Prelude 

The  energetic  mobility  finds  its  natural  place  at  the  cross  point  of  three 
different  trends: 

-  the  proposals  to  achieve  a  local  energetic  prediction  on  assemblies,  that  is 
not  allowed  by  usual  SEA  (see  [7],  [6],  [8]) 

-  the  wish  of  avoiding  the  description  of  the  energy  equations  like  those 
developed  by  [1],  [9],  often  limited  to  simple  homogeneous  structures  ... 

-  the  attempts  to  use  exclusively  frequency  band  averaged  quantities,  [14], 
[5],  [4]  which  can  better  represent  the  properties  of  similar  industrial  struc¬ 
tures  (see  [13],  [3],  ...). 

2.  Main  scope  and  kernel  of  the  method 

Let  us  assume  an  energetic  additivity  of  the  contributions  of  several  local 
frequency  averaged  active  powers  Pe,  injected  at  points  e,  on  a  separate 
structure,  with  linear  behavior,  to  obtain  the  frequency  averaged  squared 
velocity  (”FASV”)  at  any  point  m,  as  follows: 

<\Vm\^>^f^HmePe  (1) 

e=l 

where  the  brackets  <>  indicate  a  frequency  average  on  the  band  A/  and 
Hme  are  the  energetic  mobilities. 
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On  an  assembly  of  two  substructures  and  5*^^,  rigidly  coupled  at  Nc 
points,  let  us  then  develope  the  FASV  at  coupling  points  c  (or  k),  as  sum 
of  the  contributions  of  the  external  active  injected  powers  Pe  and  of  the 
exchanged  ones  Pk  (the  quantities  after  coupling  are  crown  by  a  tilde  ) : 


iV/  iVc 

<  >  «  E  HLPi  +  E 

e=l  k=l 


(2) 


and 


_  N,  _ 

<  >  «  E  + E  (3) 

e=l  fc=l 

Our  energetic  connectivity,  consists  in  writing,  the  following  coupling 
relations  at  each  rigidly  coupled  point  c  (or  k),  on  and  on 
-  the  frequency  averaged  squared  velocities  are  equal 


<  |V/P  >  =  <  > 


(4) 


-  the  frequency  averaged  active  exchanged  powers  are  opposite 

PI  =  -P[^  (5) 

Solving  the  above  equations,  one  gets  then  the  frequency  averaged  active 
exchanged  powers,  from  the  external  injected  ones,  as: 

{pi}  «  [hI,  +  Hli]  {[Hil]{^i}  -  [HUiPi}}  (6) 

and  the  FASV  at  any  point  m,  after  coupling,  for  instance  on  5^,  is: 

~  ^  Nc  _ 

<  |v;i  I"  >  «  E  hLpI + E  hLpI  (7) 

e=l  c-1 

Notice  that  relations  (4)  and  (5)  are  exact,  while  relation  (1)  is  not. 
Thanks  equations  (6)  and  (7)  we  are  able  to  predict  the  frequency  aver¬ 
aged  kinetic  energy  density  at  any  point  of  an  assembly,  using  exclusively 
frequency  averaged  quantities  of  the  uncoupled  substructures,  i.e.  without 
any  phase  information  between  the  loads  (in  fact  we  will  see  that  the  fre¬ 
quency  averaged  active  powers  injected  at  an  uncoupled  point  are  almost 
unchanged  after  coupling). 


3.  Energetic  mobility  for  a  separate  structure 

The  classical  mobility  Yme  =  ^  (see  [11]),  on  a  structure  with  linear 
behavior,  links  the  velocity  Vm  at  point  m  to  the  load  Fe  at  point  e. 
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We  use  the  classical  mobilities  to  define  our  energetic  mobility  Hmei 
between  these  points  m  and  e,  as  follows: 


Hfne  — 


<  |ymaP  > 
<  Re{Yee}  > 


(8) 


We  will  show  now  that  this  quantity  represents  a  good  estimation  for  the  ra¬ 
tio  between  the  FASV  at  point  m  and  the  frequency  averaged  active  power 
injected  at  point  e,  Pe  =<  Re{FeV*}  >. 


3.1.  SHORT  DEMONSTRATION  FOR  Hme  « 

<|y  PxlP 

In  fact  our  energetic  mobility  (8)  can  be  written:  Hme  =  <fle|yee}><l^tP> 
and,  if  we  assume  (or  notice)  that: 

H.  1  [Pep  IVnieP  frequency  uncorrelated 
H.  2  |PeP  and  Re{Yee}  are  frequency  uncorrelated 

(”  frequency  uncorrelated”  means  that  the  respective  distributions  of  these 
functions  in  respect  to  the  frequency  are  statistically  independent)  the  prod¬ 
ucts  of  the  means  can  be  replaced  by  the  means  of  the  products: 


Hme  « 


<  \Yme?\Fe?  > 


<  Pe{yee}|FeP  > 

The  last  equation  is  evidently  another  form  of  the  researched  one: 


(9) 


H„ 


<  \Vm 


(10) 


3.2.  SHORT  DEMONSTRATION  FOR  <  \Vm\^  >«  Ee=i  HmePe 

The  energetic  additivity  also  lets  itself  be  demonstrated  quite  easily. 

We  consider  a  separate  structure  loaded  by  forces  at  points  e  (or  f). 
The  exact  velocity  obtained  at  point  m  is  then  given  by  Vm  =  Se=i  ^meFe 
and  one  writes  the  following  exact  expressions: 

-  the  frequency  averaged  squared  velocity  at  point  m  is 

Ne  Ne 

<  114,12  E  <  Re{YmeF.Y*jF}}  »  (11) 

e=l  /^e=l 

-  the  frequency  averaged  active  powers  injected  at  points  e  are 

Ne 

P,  =  <  Pe{yee}|FeP  >  +  E  <  R^iFeFfY,}}  > 

/#e=l 


(12) 
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Then,  using  the  simply  assumption  that 
H.  3  Fe  and  Yme  frequency  uncorrelated 

one  can  neglect  the  second  terms  of  (11)  and  (12),  (because  one  takes  an 
average  on  values  which  oscillate  about  zero),  compared  to  the  first  ones 
(which  are  averages  of  strictly  positive  values),  and  one  obtains  the  two 
following  relations: 

P,=  <  R€{F,v;}  >  «  <  |FeP  >  <  Re{Yee)  >  (13) 

(using  also  H2)  and 

Ne 

e=l 

the  last  one  can  be  further  approximated  by: 


<  IK.!'  > 


Ne 

E 

e=l 


<  ly^^el'  >  <  |Fe|'  > 

<  Re{Yee}  >  <  Re{Yee}  > 


where  the  energetic  mobilities  Hme  appear,  multiplied  by  Pg. 
The  energetic  additivity  is  nothing  else  as: 


(15) 


<  IKl'  > 


Hme  Pt 


(16) 


This  additivity  means  that  it  is  possible  to  find  a  frequency  averaged 
kinetic  energy  density^  only  in  terms  of  frequency  averaged  active  injected 
powers^  i.e.  without  any  phase  information  between  the  loads. 

Let  us  also  notice  that  (13)  means  that  the  frequency  averaged  active  powers 
are  almost  the  same,  when  injected  ^separately”  or  ” together”. 


4.  Energetic  mobility  for  coupled  structures 

We  consider  now  two  structures,  rigidly  linked  together  at  Nc  points  c  (or 
k).  Assumption  H3  cannot  hold,  as  the  coupling  forces  Fc  depend  on  Yce‘ 

(i?)  =  [ni  +  n"]  ■'  {K'/Kffo  -  (17) 

More  physically,  we  cannot  assume  that  the  exchanged  powers  act  together 
as  they  were  separate  (as  with  the  previous  relation  (13))  because  they 
obviously  don’t  exist  without  the  external  injected  ones  ! 
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The  previous  expression  for  some  transfer  energetic  mobilities  must  be  cor¬ 
rected  to  verify  the  energetic  additivity,  for  each  coupling  point  c  : 

-  on  substructure  S^,  if  the  excited  point  e  is  different  to  c 


Hi 


<iniP> 

<Re{Yl}>  ^ 


(18) 


-  on  substructure  if  the  excited  point  e  is  different  to  c: 


.//  <  > 

“  <  Re{Yj/]  > 


a 


II 

c 


in  all  other  cases  (for  any  points  m  and  e),  as  previous, 


hL 


<  \yL?  > 

<  Re{Yl}  > 


and  = 


<  > 

<  > 


(19) 


(20) 


We  use  (for  each  coupling  point)  the  following  correcting  factors: 


olc  = 


and  (also  only  in  terms  of  frequency  averaged  quantities) 

Hi  -h  H" 


ai^  = 


HI  +  +  2  <  > 


(21) 


(22) 


4.1.  HOW  TO  FIND  THE  CORRECTING  FACTORS 

For  one  rigid  coupled  point  c,  if  only  subsystem  is  externally  excited  by 
Fe,  the  exact  frequency  averaged  exchanged  power  becomes: 


Pi  =  -<\FifRe{Yj} 


|y/eP _ _ 

Re{Yj}  iy/|2  -H  |y/'p  +  2iie{y/y/^*} 


> 


(23) 


Then,  assuming  that 

H.  4  YJ  and  YJ^  are  frequency  uncorrelated 

one  can  neglect  the  second  term  in  the  following  mean  product 

<  i2e{y/y"*}  >  =  <  Re{Yj}Re{Yj^}  >-<  /m{y/}/m{y"*}  > 
(because  the  product  of  the  imaginary  parts  oscillates  about  zero,  while  the 
real  parts  are  allways  positive)  and  one  replaces  the  mean  product  of  the 
real  parts  by  the  product  of  the  mean  real  parts: 
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<  Re{Yj}Re{Yj^}  >  w  <  Re{Yj}  ><  Re{Yj^}  > 
Applying  also  HI,  H2,  H3,  one  gets  the  following  approximate  power  : 


C 


p  <  l^/eP  > 

^<Re{Yj}> 


<\YjP><Re{Yn>  I 

<Re{YJ)><Re{Yji)>  ^ 


where  some  energetic  mobilities  appear  again 


1 


<IF"P> 

<Re{yVH> 


+  2  <  Re{Yj}  > 
(24) 


<  \Yje?  > _ 1 _ 

<  Re{Yj}  >  +  ff//  +  2  <  Re{Y/}  > 


(25) 


one  recognizes  then  the  previous  correcting  factor  and  gets 


Pi  « 


P  <  |y/eP  > 

<  Re{Yj}  >  HI  +  HP 


-P. 


Hi 


HI  +  HP 


(26) 


The  last  expression  is  conform  to  (6).  The  same  factors  cic  were  found 
analytically  to  work  also  for  two  coupling  points. 

N.B.  In  the  symmetric  coupling  of  two  identical  substructures,  assumption 
H4  does  not  hold,  the  correcting  factors  are  not  valid,  but  fortunately 
they  are  also  not  necessary  in  this  case  (see  [12]). 


4.2.  THE  CONCEPT  OF  MEAN  ACTIVE  POWER  SOURCES 

We  also  must  underline  that  the  external  mean  active  powers  injected  at 
uncoupled  points,  often  can  be  considered  as  unchanged  after  coupling: 

Pe  ^  Pe  (27) 

In  fact  Pe  =<  ReiFeVf}  >  can  also  be  written  as: 

P,  «<  Re{Y,,)  X  |Fe|2  > 

and  the  mean  input  mobility  at  e  is  quite  unchanged  by  coupling  at  c: 

^  Re\Yce\  RelYcey  ^ 

Then,  force  sources  are  also  ’’mean  active  power  sources”,  because 
<  |Fep  >=<  |Fe|^  >  implies  Pg  «  Pe 
In  the  same  manner,  Pe  =<  Re{FeV*}  >  can  also  be  written  as: 

Pe  w<  Re{Zee}  ><  > 

Then  we  can  affirm  that  velocity  sources  are  also  ”mean  active  power 
sources”,  because 

<  jVeP  >=<  IKP  >  also  implies  Pe  «  Pe 
Let  us  conclude  by  a  slogan:  ”we  are  all  mean  active  power  sources!”. 
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5.  Numerical  Simulations 

We  will  not  submerge  the  reader  with  a  detailed  analysis  of  all  the  numerical 
cases  treated  to  better  understand  the  concept  of  energetic  mobility;  our 
wish  is  now  to  simply  illustrate  the  different  possibilities  announced  in  the 
previous  analytical  part,  through  some  numerical  samples. 


Figure  1.  Simply  Supported  plates,  alone  or  rigidly  coupled 


5.1.  ON  A  SINGLE  STRUCTURE 

We  compare  (in  Figure  2),  on  an  homogeneous  thin  supported  plate,  the 
energetic  mobility  Hme\  the  ratio  between  the  FASV  at  point  m  and 
the  frequency  averaged  active  power  injected  at  point  el,  when  the  plate 
is  loaded  at  three  points.  We  do  this  for  two  types  of  loads:  force  sources 
and  velocity  sources.  We  can  also  report  that  increasing  the  structural 
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500  1000  1500  2000  2500  3000  3500  4000  4500  5000  500  1000  1500  2000  2500  3000  3500  4000  4500  5000 

flHz]  f[Hz] 

a)  for  force  sources  b)  for  velocity  sources 


Figure  2.  Comparison  between  Hmei  and  the  ratio 
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damping,  reduces  the  differences  (’’error  on  the  definition”). 

We  further  can  compare  (in  Figure  3)  the  result  of  the  energetic  additivity 
with  the  exact  calculation  of  the  FASV  at  a  point  m. 

Data  of  plate  PI  are  in  appendix;  results  are  similar  at  any  other  point. 


500  1000 15002X10  2500  3000  3300  4000  4500  5000 
f[Hzl 

a)  for  3  force  sources 


500  1000  1500  2000  2500  3000  3500  4000  4500  5000 
f[Hzl 

b)  for  3  velocity  sources 


Figure  3,  Comparison  between  the  exact  <  >  and  the  one  given  by  (1) 


We  can  report  again  that  increasing  the  structural  damping,  also  increases 
this  ”error  of  the  energetic  additivity”  in  the  high  frequency  domain,  where 
the  classical  mobilities  become  smoothed;  on  the  other  hand,  increasing  the 
bandwidth  reduces  this  error. 

This  indicates  that  the  error  depends  on  the  number  of  fluctuations  in  the 
averaging  frequency  band,  rather  then  on  the  modal  overlap,  or  on  the 
modal  density:  another  logic  as  the  usual  one  applied  to  energetic  problems 
is  here  required  to  handle  to  the  energetic  mobilities. 

5.2.  ON  AN  ASSEMBLY  OF  TWO  DIFFERENT  SUBSTRUCTURES 

We  take  now  two  simply  supported  plates,  PI,  identical  to  the  previous  and 
P2,  for  times  thicker  and  something  smaller.  Three  rigid  links  are  taken  at 
points  cl,  c2,  c3.  Two  forces  load  at  points  el  and  e2,  on  PI  (see  appendix). 
We  compare  (on  Figure  4)  the  exact  FASV  after  coupling  at  c2  (the  worst 
result),  with  those  obtained  by  (6),  at  coupling  point  c2. 

Better  results  are  obtained  at  the  others  coupling  points  (for  instance  cl) 
and  at  others  uncoupled  points  (for  instance  m  on  P2) . 
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a)  Exchanged  power  at  c2  b)  Comparison  on  <  \Vc2\^  >  /2 


Figure  4>  Comparison  between  exact  and  energetic  calculations:  the  worst  case 

5.3.  ON  AN  ASSEMBLY  OF  TWO  DIFFERENT,  HETEROGENEOUS 
STRUCTURES 

We  add  on  PI  some  point  attciched  masses,  link  PI  to  P2  and  perform  the 
same  calculations,  as  in  the  previous  case  (see  Figure  5).  This  case  is  quite 


a)  Exchanged  power  at  c2  b)  Comparison  on  <  1142]^  >  /2 

Figure  5,  Comparison  between  exact  and  energetic  calculations:  PI  heterogeneous 

complete:  we  can  analyse  the  coupling  at  one  heterogeneity,  the  load  on 
one  heterogeneity  and  all  the  possible  transfers  involving  an  heterogeneity. 
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Figure  6.  Heterogeneous  plate  PI  rigidly  coupled  to  plate  P2 


Results  at  the  uncoupled  points  are  also  goods  (Figure  7),  even  when  we 
compute  the  FASV  directly  at  the  point  of  the  heterogeneity  (point  ml). 
Compared  to  the  case  of  homogeneous  structures,  the  errors  do  not  in¬ 
crease  sensibly  in  general:  the  EMMA  works  well  even  for  heterogeneous 
structures. 

This  is  very  interesting  because  all  the  methods  based  on  energetic  equa¬ 
tions  have  difficulty  in  this  case. 


500  1000  1500  2000  2500  3000  3500  4000  4500  5000 
f[Hz] 

a)  Comparison  on  <  jKniP  >  /2 


500  1000  1500  2000  2500  3000  3500  4000  4500  5000 
f{Hzl 

b)  Comparison  on  <  |Km2p  >  /2 


Figure  7.  Comparison  between  exact  and  energetic  calculations:  PI  heterogeneous 
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6*  Conclusions 

The  energetic  mobility  links  the  frequency  averaged  (f.a.)  active  injected 
power  at  a  point  to  the  f.  a.  squared  velocity  obtained  at  another  point. 

An  energetic  additivity  allows  one  to  calculate  the  f.  a.  squared  velocity 
obtained  at  a  point  m  loading  a  structure  at  several  points  e,  using  exclu¬ 
sively  the  f.a.  active  injected  powers,  that  is  to  say,  without  any  phase 
information  between  the  loads. 

A  general  energetic  connectivity  allows  one  to  predict  f.a.  quantities, 
like  the  local  squared  velocities  and  the  local  active  exchanged  powers,  on 
an  assembly,  only  as  function  of  the  f.a.  quantities  on  each  substructure, 
before  coupling  (point  injected  powers  or  squared  velocities). 

The  f.a.  active  power  injected  at  an  uncoupled  point,  is  found  to  be  almost 
unchanged  by  coupling,  whatever  are  the  forces.  We  can  then  consider  any 
loading  system  as  a  ’’mean  power  source”. 

The  Energetical  Mean  Mobility  Approach  (EMMA)  is  approximate  but  ap¬ 
plies  quite  well  even  to  heterogeneous  structures,  because  its  ingredients 
are  the  classical  mobilities,  which  can  furthermore  be  directly  measured  on 
industrial  systems.  EMMA  is  also  quite  robust  because  it  uses  only  fre¬ 
quency  averaged  quantities,  which  vary  less  on  similar  industrial  systems. 
An  experimental  application  of  the  method  will  be  soon  presented  and  the 
sensitivity  to  some  parameters  will  be  also  described. 
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Appendix 

DATA  USED  IN  THE  NUMERJCAL  SIMULATIONS 

Plate  PI.  Dimensions:  Lx  =  1.0[m],  Ly  =  0.7[m],  h  =  0.001[m]; 

Material:  p  =  7800[kg/mP]y  E  =  2.110^1[Pa],  u  =  0.33,  7}  =  0.01. 

Modal  density:  0.2;  modal  overlap:  0.4  to  10.8;  nomber  of  modes:  40  to  47; 
mean  wavelength  A  =0.22  to  0.046  [m]  for  200  Hz  wide  frequency  bands. 
Loaded  points:  el(0.4;0.2),e2(0.7;0.3),e3(0.5;0.6). Measured  point  m(0.2;0.5) 
Force  sources:  Fe  =  1/Vee  and  velocity  sources:  Vg  =  l[m/s]. 

Plate  P2.  Dimensions:  Lx  =  0.9[m],  Ly  =  0.7[7n],  h  =  0.004[m]; 

Material:  p  =  7800[kg/m%  E  =  2.110^1[Fa],  =  0.33,  rj  =  0.01. 

Modal  density:  0.05;  modal  overlap:  0.08  to  1.3;  nomber  of  modes:  8  to  11; 
mean  wavelength  A  =0.44  to  0.09  [m],  for  200  Hz  wide  frequency  bands. 
Assembly  of  PI  and  P2. 

Coupling  points  (the  same  on  both  plates):  cl(0.2;0.5),c2(0.4;0.2),c3(0.7;0.3) 
Measured  points:  m2(0.5;0.6)  on  P2  and  ml(0.6;0.3)  on  PI;  loaded  points 
el(0.5;0.6),e2(0.4;0.4)  on  PI.  Constant  unit  loading  forces  Fg  =  l[iV]. 

Mean  active  injected  powers  given  by  Fg  =<  Re{Yee}  >  (I*®-  considered  as 
separate  sources). 

Plate  PI  with  point  attached  masses:  0.1kg  at  point  cl(0.2;0.  5),  0.2kg  at 
point  el(0.5;0.6)  and  0.5kg  at  point  ml(0.6;0.3). 

The  excited  and  linked  points  are  unchanged,  so  are  the  external  loads. 


IRREGULARITY,  DAMPING  AND  COUPLING  STRENGTH  IN  S^E A. 
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Common  expaience  indicates  that  SEA  predictions  tend  to  become  more  accurate  as 
damping  levels  increase  and  are  more  accurate  fen*  subsystems  which  are  irregular. 
This  paper  discusses  some  reasons  for  this  behaviour  and  suggests  measures  by  which 
these  effects  can  be  quantified  in  terms  oi  wave  or  modal  parameters.  These  reasons 
involve  wave  coherence^  global  mode  localisation  and  orthogonality  of  global  modes 
within  each  subsystem.  Particular  reference  is  made  to  the  SEA  of  a  system 
comprising  two,  coupled  subsystems  and  numerical  examples  are  given  for  the  case  of 
two  coupled  plates. 


1.  Introduction 

Inaccuracy  of  SEA  predictions  can  be  attributed  to  two  main  causes.  First,  the 
fundamental  underlying  assumptions  in  SEA  may  fail,  so  that  the  SEA  equations  may 
not  predict  the  frequency  and  ensemble  average  behaviour  of  the  system  under 
consideration,  even  over  wide  bandwidths.  When  this  is  the  case,  the  system  is  said  to 
be  strongly  coupled,  while  the  SEA  equations  hold  for  a  weakly  coupled  system. 
Secondly,  there  may  be  large  variability  between  the  frequency  average  response  for  a 
particular  realisation  of  the  system  and  the  ensemble  and  frequency  average  of  SEA. 
This  may  be  due  to  averages  being  taken  over  relatively  narrow  bands  (finite 
frequency  band  averaging  effects)  or  perhaps  to  there  being  only  modest  levels  of 
uncertainty  in  the  system  (so-called  mid-finequency  range  effects).  In  this  paper  only 
weak/strong  coupling  issues  are  of  concern,  with  frequency  averages  assumed  to  be 
taken  over  a  frequency  band  £2  which  is  wide,  containing  many  modes  of  vibration. 

It  is  as  weU  to  emphasise  the  difference  between  strongly  (weakly)  coupled  and 
well  (poorly)  coupled  subsystems.  In  this  paper  two  subsystems  are  said  to  be  well 
coupled  if  energy  can  pass  freely  through  the  coupling  between  them  -  typically  the 
transmission  coefficient  of  their  coupling  is  large  and  so,  too,  is  the  appropriate 
coupling  loss  factor.  Strong  or  weak  coupling,  on  the  other  hand,  gives  an  indication 
of  the  qualitative  nature  of  energy  flow  through  a  system  and  depends  not  only  on 
coupling  transmission  but  also  on  energy  dissipation  within  the  subsystems  -  typically 
this  depends  on  the  relative  magnitudes  of  coupling  and  damping  loss  factors. 
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Damping  can  be  quantified  in  tenns  of  loss  factor  rf,  modal  overlap  M  (here,  M  = 
nA  is  the  product  of  the  asymptotic  modal  density  n  of  the  structure  and  the  half-power 
bandwidth  A)  or  the  decay  in  amplitude  experienced  by  a  wave  as  it  propagates 
through  the  system.  As  damping  increases  so  the  system  becomes  more  weakly 
coupled  and  SEA  predictions  tend  to  become  more  accurate.  When  weakly  coupled 
the  system  response  depends  only  on  the  gross  subsystem  properties  (area,  modal 
density  etc.)  and  energy  flow  though  a  coupling  depends  only  on  local  system 
properties.  When  the  coupling  is  strong  (i.e.,  when  the  damping  is  light  enough)  the 
response  becomes  depen^nt  on  the  detailed  of  the  subsystems  under 

consideration  (specific  shape  etc.)  and  energy  transmission  depend  on  global 
properties.  Hence  system  detail,  and  subsystem  irregularity,  become  important. 
Irregularity,  be  it  in  geometric  or  physical  properties,  is  a  somewhat  nebulous 
quantity:  systems  may  appear  more  or  less  irregular,  but  quantifying  the  degree  of 
irregularity  is  less  straightforward. 

In  the  next  section  a  wave  interpretation  is  reviewed.  Here  the  strength  of 
coupling  depends  on  the  coherence  of  waves  incident  on  the  coupling  between  two 
subsystems.  Damping  and  irregularity  both  decrease  these  coherence  effects.  This  is 
followed  by  a  discussion  in  terms  of  the  global  modes  of  the  structure.  In  this  case 
damping  effects  are  described  in  terms  of  modal  overlap,  while  irregularity  is 
quantified  in  terms  of  global  mode  localisation  and  the  orthogonality  of  global  modes 
within  each  subsystem.  Finally  this  global  mode  view  is  rephrased  in  terms  of 
subsystem  or  local  modes. 

F^cular  reference  is  made  here  to  the  SEA  of  a  system  comprising  just  two 
subsystems,  a  and  f?,  which  have  the  same  (small)  loss  factor.  Subsystem  a  is  excited 
by  "'lain-on-the-roof"  excitation.  The  SEA  equations  relating  ensemble  (and 
broadband  frequency)  averages  are 

Pin^=03riE^^P^;  0  =  fi)7jE|,  +  P„^;  (1) 

where  Pin  and  Pat  are  the  input  and  coupling  powers,  E  the  subsystem  energy,  (o  is  the 
centre  frequency  and  tfab  is  the  coupling  loss  factor.  Furthermore  natjab  ~  ntTjha^ 
Numerical  examples  are  presented  for  a  system  comprising  two  plates,  coupled  along 
a  straight  edge  and  with  all  edges  simply  supported.  Irregularity  is  introduced  by 
allowing  the  plates  to  have  varying  shapes  while  their  gross  properties  (e.g.,  their 
areas,  which  are  fixed  in  the  ratio  1:1.4)  and  the  length  of  the  coupled  edge  (0.9) 
remain  constant.  An  analytical  solution  exists  for  rectangular  plates  [1],  other  results 
being  predicted  from  traditional  SEA  [2]  and  from  fmite  element  calculations  [3]. 


2.  Irregularity,  Damping  and  SEA:  a  Wave  Perspective 

The  failure  of  SEA  can  be  described  in  terms  of  wave  coherence  [4].  Consider  the 
line  of  coupling  between  two,  2-dimensional  subsystems  a  and  b  as  shown  in  Figure  1. 
Time  harmonic  waves  a*  and  V  are  incident  on  the  coupling  at  an  angle  9  and  at 
frequency  n>.  (For  simplicity  it  is  assumed  that  the  subsystems  have  the  same 
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wavenumber.)  They  give  rise  to  transmitted  and  reflected  waves  where,  for  example, 
a~  =  r„(d)a*  +  t{d)b~ .  If  the  coupling  is  conservative  then  [4] 


P  ^  P  _  p 

*  ab  *  sea  *  coh  *  ^2  j 

P  —  P.  _  P. 

*8ea  “*  *ine^a  ^  ^inejb 

where  Pms  is  the  coupling  power  assumed  in 
the  normal  wave  approach  to  SEA  [2],  Puka 
and  PiMjb  are  the  incident  powras  and 
71(0)  =lt(0)l .  The  coherent  power 

Pcoh  -  +  t\a*b~*^  (3) 


Figure  I .  W«vetJiiitiniiticiii  and  reflects 
Id  a  bounduy  between  two  ndnyalenii. 


depends  on  both  the  amplitudes  of  and  the  relative  phase  between  the  incident  waves, 
*  denoting  the  complex  conjugate.  Generally  waves  are  incident  at  all  angles  d,  the 
powers  then  being  integrals  over  ft 

For  discrete  frequency  excitation  of  a  specific  system  by  a  single  source,  the  wave 
amplitudes  are  of  course  coherent.  In  the  traditional  wave  approach  to  SEA  [2]  it  is 
assumed,  however,  that  the  frequency  average  coherent  power  <Pcoh>Q  is  negligibly 
small  (o  denotes  an  average  quantity).  The  argument  fcH*  making  this  assumption 
arises  from  the  observation  that  the  relative  phase  between  a*  and  typically  varies 
very  rapidly  with  frequency.  Similarly  the  ensemble  can  be  defined  by  assuming  this 
relative  phase  (and  perhaps  other  dynamic  properties)  is  random.  On^  might  then 
assume  the  average  coherent  power  is  negligible. 

The  frequency  or  ensemble  average  coherent  power  can,  however,  be  very 
substantial,  so  that  P^a  becomes  an  inaccurate  estimate  of  Pab>  The  coupling  is  then 
strong,  in  a  wave  sense.  This  is  because  the  incident  waves  are  caused  in  part  by 
reflections  of  the  outgoing  waves  frx>m  distant  parts  of  the  structure.  Certain 
frequencies,  and  hence  certain  values  of  the  relative  phase,  correspond  to  system 
resonance,  and  hence  large  wave  amplitudes,  and  give  a  disproportionate  contribution 
to  the  frequency  or  ensemble  average  coherent  power.  If  both  outgoing  waves 
produce  significant  reflections  then  <Pcot>  can  be  very  substantial. 

The  average  coherent  power  is  always  positive  and  is  found  to  depend  on  a 
coupling  strength  parameter  /where 


y 


2 


(4) 


and  where,  for  a  given  ft  relates  the  amplitude  of  an  outgoing  wave  to  that  of  its 
reflection  from  distant  parts  of  the  structure,  which  later  returns  to  the  coupling  (e.g., 
lfr‘"(©)=exp(-/4(©))  l&*^(e)l).  If  y»l  the  coupling  is  strong:  waves  are  transmitted 
well,  attenuated  poorly  and  transmission  through  a  coupling  depends  on  the  global 
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properties  of  the  structure  (i,e.,  reflections  from  parts  distant  from  the  coupling).  The 
coupling  power  is  predicted  poorly  by  Weak  coupling,  on  the  other  hand,  occurs 
if  y«l.  Attenuation  is  relatively  strong,  transmission  relatively  weak  and  local  (i.e., 
coupling)  properties  determine  local  transmission.  Now  the  tracUtional  wave  approach 
to  SEA  gives  accurate  predictions.  In  general  waves  are  incident  at  all  angles  0,  and 
max()(6))  gives  a  somewhat  conservative  estimate  of  the  overall  strength  of  coupling. 

Increasing  damping  increases  n  (since  waves  attenuate  more  rapidly  as  they 
propagate)  and  hence  decreases  y,  the  strength  of  coupling  and  <?«>*>•  Increasing 
irregularity  scatters  some  of  the  energy  carried  by  a  wave  leaving  the  coupling  at 
angle  6  into  wave  components  which  propagate  in  different  directions.  Hence  the 
coherent  reflection  which  arrives  back  at  the  coupling  at  the  same  angle  9  is  decreased 
and  so,  too,  is  the  consequent  contribution  to  ^cok>-  The  relative  phase  of  waves 
incident  at  different  angles  varies  along  the  line  of  coupling,  so  that  they  give  very 
small  contributions  to  the  total  coherent  power,  this  being  the  integral  along  the  line  of 
coupling.  Thus  /includes  the  effects  of  both  dissipation  and  subsystem  irregularity. 

In  principle,  reflection  coefficients  can  be  calculated  numericily  for  couplings  and 
subsystems.  For  the  case  of  rectangular  plates  this  is  straightforward.  The  response  is 
then  found  by  a  Fourier  series  decomposition  into  components  with  specifrc  trace 
wavenumbers  [1],  each  trace  wavenumber  component  being  transmitted,  reflected  and 
propagating  without  being  scattered  into  other  trace  wavenumber  components.  In  this 
sense,  two  rectangular  plates  can  be  regarded  as  the  most  regular  of  systems.  Figure  2 
shows  an  example,  where  the  coupling  power  is  compared  to  the  traditional  SEA 
expression  [2]  as  a  function  of  /ioo  =  /t«(^0).  The  value  of  at  which  max()(0))  = 
j(0)  =  1  is  shown,  this  marking  the  transition  from  strong  to  weak  coupling  as  /ioo 
increases.  For  very  low  levels  of  damping  the  SEA  estimate  of  coupling  power  from 
equation  (1)  tends  to  a  value  corresponding  to  equipardtion  of  energy,  namely 

=_J!!6 _  (5) 

Pin  V,  ««  +«» 

For  high  /i^o,  Pat  tends  to  a  value 
independent  of  geometry  and 
determined  by  the  coupling  loss 
factor.  Clearly,  coherence 
effects  in  the  regular,  rectangular 
system  are  very  significant  when 
the  coupling  is  strong. 

Introducing  non>uniformity  into 
the  end  supports  [5]  or  the 
coupling  [6]  causes  a  trace 
wavenumber  component  to  be 
scattered  into  components  of 
different  directionality,  the 
irregularity  thus  introduced 


Figure  2.  Coupimg  power  tbeoiy,  redinsularplatet  [\]; 
—  traditional  SEA  [2];  “  '  low  and  high  Uinits.+  =  1  • 
Plate propeitiei:  £x2.1ell,pB8e3.  w>03,thiclciieM=0.01. 
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causing  the  average  coherent  power  to  be  reduced. 


3.  Global  Modes  of  Vibration 

In  this  section  the  re^nse  of  a  system  comprising  two  subsystems  is  described  in 
terms  of  the  global  modes  of  vibration,  depressions  are  developed  for  the  time  and 
frequency  average  input  power  and  subsystem  energies  in  terms  of  the  mode  shapes. 
The  dependence  of  these  quantities  on  system  irregularity  and  modal  overlap  is  then 
explor^.  It  is  assumed  hoe  for  simplicity  that  the  density  is  constant  throughout  the 
system,  damping  is  pr(^x»tional  so  Aat  the  response  can  be  decomposed  in  terms  of 
the  undamp^  global  modes  of  vibration,  all  modes  have  equal  (small)  loss  factor  q 
and  that  time  and  frequency  average  kinetic  and  potential  energies  are  equal. 

3.1  GLOBAL  MODAL  DECOMPOSITION 


The  response  at  point  xi  po*  unit  time  harmonic  force  at  point  Xi  can  be  written  as  a 
sum  of  global  mode  components  as 


(6) 


where  is  the  /’th  mode  shape  and  where 

1 


ay(fi))  = 


(7) 


is  the  modal  receptance,  rq  being  the  /th  natural  frequency.  The  mode  shapes  are 
assumed  to  be  mass  normalised  so  that 


lp^M)0dx)dx  =  Sj^ 


(8) 


where  p  is  the  density.  The  time  average  input  power  and  kinetic  energy  density  at  X2 
are  given  by 


W  j 

=  ^j{xi)i^k{xi)[p  ^y(jC2)^t(^2)] 

<»^Re{ay(©)a*H}/4p 
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Note  that  the  input  power  is  a  sum  of  modal  contributions  while  the  kinetic  energy 
density  depends  on  cross-modal  terms.  Typically  PjAto)  is  very  small  if  neither  modey 
nor  mode  k  is  resonant  at  frequency  (o,  is  moderate  if  one  mode  is  resonant  and  very 
large  if  both  modes  are  resonant 

3.1.1  Frequency  average  response 

Suppose  now  that  broadband  excitation  of  constant  unit  power  spectral  density  acts 
over  a  bandwidth  £2.  Frequency  averages  of  equations  (9)  can  be  taken,  the  frequency 
average  kinetic  energy  density,  for  example,  being 


M  Q 

Note  that  if  the  damping  is  light  then  Uj  shows  a  distinct  resonance  peak  around  its 
natural  frequency  coj.  Then  Fjt  tends  to  be  small  except  for  those  mode  pairs  j  and  k 
which  are  resonant  in  Q  and  which  "overlap”,  i.e.,  whose  natural  frequencies  lie 
within  each  others  bandwidths.  The  terms  Fjj  are  necessarily  large  if  (Oj  lies  in  £2.  For 
such  resonant  modes  Fjii  closely  approximates  the  integral  over  (0,<»)  and 

where  A=onj  and  whne  a  is  now  the  centre  frequency  of  £2. 

3.1.2  Subsystem  responses 

Let  statistically  independent  excitations  (i.e.,  “rain-on-the-roof’)  be  applied  at  all 
points  xi  in  subsystem  a.  The  total  kinetic  energies  in  subsystems  a  and  b  are  then 
found  by  integrating  equation  (10)  over  xi  and  X2  and  are  given  by 

M  At  ^J2) 

V'Jf  =  J  (xi  K  (jci  )dxi ;  yrf  =  J  (xj  Vt  U  )^2 

<1  b 

where  the  integrations  in  are  earned  out  over  subsystems  a  and  b  respectively. 
The  input  power  is  given  to  a  good  approximation  by 

{Pin)=20nXrii¥f  =2flw|((r,)+(7;)) 


(13) 
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3.2  DEPENDENCE  ON  IRREGULARITY  AND  MODAL  OVERLAP 

Equations  (12)  and  (13)  indicate  how  the  frequency  average  input  power  and  coupling 
power  {Pat)=2<an{Tt)  depend  on  the  global  mode  sh^s  through  the  terms 

These  are  here  termed  the  kinetic  energy  distribution  factors  for  the  (/,it:)'th  mode  pair. 
Since  the  mode  shapes  are  mass  normalised  then 

For  j  =  indicates  the  proportion  of  kinetic  energy  stored  in  subsystem  a  when 

the  system  vibrates  in  the  /th  mode.  For  j  ^  k,  gives  a  measure  of  the 
orthogonality  of  the  mode  pair  over  subsystem  a. 

Equation  (12)  can  be  re-written  as 

M = IrjjvfwT  - 1  (15) 

J  JMJ 


When  the  modal  overlap  M  is  small,  the  terms  are  small  and  the  first  sum  on  the 
right  of  this  equation  dominates.  The  cross-modal  terms  become  increasingly 
important  as  M  increases.  Some  aspects  of  this  behaviour  will  now  be  amplified  and 
approximations  developed  assuming  that  Fjt  are  given  by  equations  (1 1). 


32  J  Low  modal  overlap  -  global  mode  localisation 

If  the  modal  overlap  is  small  (M  «  1),  the  response  (i.e.,  the  kinetic  energy,  equation 
(15))  in  the  undriven  subsystem  is  dominated  by  the  terms  Thus 


P^_1Ej!¥ML 

Pin  ^T0f 


This  is  in  contrast  to  the  SEA  prediction  in  the  strong  coupling,  equipartition  limit  (5). 
Large  contributions  to  the  response,  and  hence  large  contributions  to  the  coupling 
power,  arise  from  those  modes  for  which  the  product  is 

large.  Such  modes  are  not  only  relatively  well  excited  (i.e.,  yrj[^^  large),  but  also 
respond  relatively  strongly  in  the  undriven  subsystem  (i.e.,  large).  Modes  whose 
mode  shapes  are  large  only  within  one  subsystem  are  localised  within  that  subsystem: 
they  are  either  weakly  excited  or  respond  weakly  in  subsystem  b,  and  hence  give  only 
a  small  contribution  to  the  response  there.  Thus  indicates  the  degree  to  which 

the  /th  mode  is  localised  witldn  one  subsystem  or  the  other. 

If  Fjj  is  the  same  for  all  modes  in  Q,  then  the  response  for  low  M  can  be  written  as 
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The  localisation  parameter  A  is  related  to  system  irregularity.  It  determines  the 
response  in  the  low  modal  overlap  limit,  is  equal  to  1  for  highly  irregular  systems  (for 
which  the  SEA  equipartition  estimate  is  accurate)  and  decreases  as  the  amount  of 


irregularity  decreases.  In  terms 
of  global  modes,  then, 
irregularity  can  be  quantified 
partly  by  the  degree  to  which 
global  mode  localisation  occurs. 


Numerical  examples.  Figure  3 
shows  frequency  average  power 
ratios  for  two-plate  systems  of 
different  geometry  found  by 
finite  element  analysis  [3]  as 
functions  of  for  a  rectangular 
plate.  Each  plate  is  either 
rectangular  (R),  quadrilateral  (Q) 
or  pentagonal  (P)  in  shape.  Also 
shown  are  the  rectangular  plate 
and  SEA  theoretical  predictions. 


Fot  strong  coupling  (low  enough  figunS.  o^'pt™gr"””'P*‘^°‘*^^‘*P*P**'**^********^*^'***^**' 
/loo)  plate  shape  is  important  .~nclaiigalu’plMei;---lnditioMlSEA; - 400Hzffeqi]eocy 

Figure  4  shows  for  the  tvemges,  centre  frequency  IkHi,  various  plaleiyilenii. 


first  120  modes  of  the  2-plate 
system.  Results  for  both  RR 
(i.e.,  coupled  rectangular- 
rectangular  plates)  and  PP  plates 
are  given.  Th^  is  a  marked 
tendency  for  the  RR  global 
modes  (i.e.,  the  modes  of  the 


more  regular  system)  to  be  more 
localised,  in  that  the  energy  is 
stored  primarily  within  one  or 
the  other  plate  (i.e.,  is  either 
small  or  large).  The  kinetic 
energy  for  each  of  the  global 
modes  of  the  PP  plate  system,  on 


the  other  hand,  tends  to  be  more 


fjm 


evenly  distributed  between  the  4.  OloW  mode  loc«Iif*li<»:y>'»»»ftinclion  of  natural 

two  plates.  Figure  5  shows  the  frequency)^  flnt  120  mode*  of  (a)  RR  and  (b)PP  plate  lyitenu. 
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cumulative  probability 

distribution  for  for  the 
first  120  modes  of  each  system. 

This  illustrates  again  the 
tendency  for  global  mode 
localisation  to  occur  to  a 
greater  degree  in  the  regular 
RR  plates  than  in  the  irregular 
FP  plates.  The  result  of  this  is 
that  the  response  in  the 
undriven  plate  and  the  coupling 
power  are  substantially  less  for 
the  RR  plates  in  the  low  /to* 
low  A#  region.  Table  1  shows 
the  localisation  parameters  A 
calculated  for  RR  and  PP 
systems.  The  values  of  A 
depend  on  the  specific  modes 
in  A  with  A  being  consistently 
smaller  for  the  regular,  RR 
plates,  for  which  Pai,  is  then 
also  smaller  (Figure  3). 

322  Higher  M  ~  global  mode 
shape  orthogonality 

As  the  modal  overlap  Af  table  l.  Mode  shape  lUtiftics^RR  and  PP  plates, 

increases  so  cross-modal  (a)  fint  120  modes  and  (b)400Hz  band, 

interaction  terms  become  centre  frequency  IkHz 

important,  being  substantial 

for  modes  that  overlap.  Since  monotonically  increases,  these  cross-modal  terms 
give  negative  contributions  to  both  <Pab>  and  <T^  (equation  (15)),  which 
consequently  decrease  as  M  increases. 

As  Af  00  then  <?«*>  and  <r^  ->  0  as  one  would  expect.  This  can  be  shown  by 
reordering  the  summations  and  integrations  in  equation  (12)  and  noting  that  global 
mode  shape  incoherence  implies 

11=1 

Rewriting  <r,>  in  terms  of  the  interactions  between  neighbouring  modes  gives 

(^i) = 

j  j  L”*-(>-i).«*o 


Figure  5.  CumidMive  probability  distribution  of  fint 
120  modes  of — ^RR«iKl-->PPpl«let. 


(19) 
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If  only  those  modes  lying  in  12  are  included  in  the  sums  and  if  /],  is  constant  for  all 
such  modes  then 


where  v„  represents  the  average  interaction  of  a  mode  with  its  m’th  neighbour.  For 
finite  M,  and  especially  if  A/  ~  1,  these  expressions  depend  on  the  detailed  statistics  of 
and  the  specific  natural  fiequency  separations  that  determine  1;^.  Neglecting 
nrni-resonant  modes  (i.e.,  modes  outside  iJ)  can  lead  to  noticeable  errors  if  M  is  large. 

Because  of  the  clear  band-pass  nature  of  the  sum  over  m  can  be  truncated  to 
exclude  modes  which  do  not  overlap.  Inde^,  as  an  approximation  one  can  regard 
as  a  band  pass  filter  of  width  xd,  and  truncate  the  sums  at  ±aM/2  so  that  only 
Aose  modes  whose  natural  frequencies  lie  within  each  others  noise  bandwidths  xd/2 
remain.  The  coupling  power  is  ^proximately  then 


These  equations  indicate  how  the  response  varies  with  modal  overlap  and  irregularity: 
for  very  tow  M,  the  response  is  determined  by  global  mode  localisation  (i.e..  A);  for 
moderate  M  localisation  and  cross-modal  orthogonality  within  a  subsystem  (i.e.,  v„) 
determine  the  response;  for  high 
M  cross-modal  terms  dominate, 
the  response  tending  to  zero. 

There  is  a  clear  tendency  for 
regular  systems  to  have  small  v« 
for  small  m.  In  this  case  the  low 
modal  overlap  response  which  is 
determined  by  X  persists  to 
relatively  higher  levels  of 
damping  than  in  irregular 
systems. 

Numerical  example.s.  Figure  6 
shows  for  two-plate  RR 

and  PP  systems.  For  RR  plates 
few  mode  pairs  interact  strongly, 
with  many  being 

negligible.  This  is  particularly 


150  200  2S0 

Figure  6.  Ciosi-modal  interaction:  eftnecion  of 

natural  frequency  leiMuation,  frequency  band  800>1200  Hz: 
(a)  RR  and  (b)  PP  {rfate  syitems. 
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true  for  low  m.  This  is  because 
in  this  regular  case  the  global 
modes  form  clear  groups,  each 
with  an  integral  number  of  half¬ 
wavelengths  across  the  plate 
width.  Modes  within  each  group  '* 
are  generally  relatively  well 
spaced  (i.e.,  neighbouring  modes 
have  diffnent  numbers  of  half 

10 

wavelengths  across  the  plate)  and 
modes  from  different  groups  are 
orthogonal.  Irregular  plates  do 
not  have  this  distinct  modal  ^ 

structure.  Thus  significant  cross- 
modal  interaction  occurs  at  a  Figure  7.  Frequency  average  coupling  power,  equation  (20). 
higher  level  of  damping  for  the  frequency  band  800>1200  Hz:  — RR«id---PP plate  fynems. 
rectangular,  regular  system. 

Figure  7  shows  the  frequency  average  coupling  powers  for  the  two  systems, 
calculated  from  equation  (20).  There  is  close  agreement  with  the  finite  element 
calculations  (Figure  3)  except  when  M  is  large.  This  is  due  to  the  contributions  of 
non-resonant  modes  outside  A  which  have  been  ignored  in  equation  (20). 


4,  Irregularity  and  Coupling  Power:  Local  Modes 

The  previous  section  requires  that  a  global  modal  analysis  be  performed.  In  order  to 
reduce  computational  effort  it  becomes  useful  to  descri^  the  global  modes  in  terms  of 
local  modal  properties.  In  this  section  expressions  for  the  response  are  given  using 
component  mode  synthesis  [7],  from  which  the  previous  parameters  can  be  derived. 

For  time  harmonic  excitation  of  component  mcxle  s  in  subsystem  u,  the  response  of 
the  r’th  component  mode  and  the  consequent  kinetic  energy  in  subsystem  b  are 

where  is  the  subsystem  mass  matrix,  f,  is  the  magnitude  of  the  force  applied  to 
component  mode  s  and  P  is  a  matrix  of  global  mode  shapes,  whose  elements  are 
component  mode  re^nses.  For  uncorrelated  broad  band  component  mode  excitation, 
<Tb>  can  be  found  by  summing  over  all  modes  {sea}  and  integrating  over  X2  to  give 


(23) 
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In  practice,  unconelated  component  modal  excitation  approximates  “rain-on-the-roof’ 
excitation.  In  the  notation  of  the  previous  section  equation  (23)  can  be  written  as 

(24) 

m,p 


where  the  distribution  factors  are  weighted  by  the  mass  matrix  and  excitation 
distribution  respectively.  Similar  expressions  can  be  found  for  the  potential  energy. 


5.  Concluding  Remarics 

This  paper  discussed  some  aspects  of  irregularity,  damping  and  coupling  strength  with 
particular  reference  to  the  SEA  of  a  system  comprising  two  subsystems.  In  summary, 
the  coupling  is  weak  (in  a  wave  sense)  if  wave  coherence  effects  are  negligible,  this 
being  the  case  if  max(}^  <  1.  In  this  case  P,ea  is  an  accurate  estimate  of  the  frequency 
and  ensemble  average  coupling  power  When  the  coupling  is  strong,  the  response 
depends  on  the  detailed,  rather  than  the  gross,  subsystem  properties. 

In  the  strong  coupling  regime,  a  wave  analysis  can  be  used  to  find  the  response  by 
including  the  effects  of  reflections  from  distant  parts  of  the  system.  Alternatively, 
global  mode  properties  can  be  used  to  relate  the  system  response  to  the  normal  SEA 
estimate.  When  the  damping  (i.e.,  the  modal  overlap)  is  very  small,  global  mode 
localisation  determines  the  response  in  a  frequency  band  through  the  parameter  A.  As 
the  modal  overlap  increases,  cross-modal  interaction  effects  become  more  important. 
These  manifest  themselves  through  terms  which  quantify  the  orthogonality  of 
the  (J,kYih  modal  pair  within  subsystem  a  or  b.  To  calculate  the  response  a  global 
modal  analysis  is  required.  While  an  individual  mode  is  sensitive  to  uncertainties  in 
system  properties,  averages  over  a  number  of  modes  are  relatively  insensitive. 
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1.  Introduction 

One  of  the  issues  in  the  development  of  the  SEA  theory  has  been  the  validity  of  the 
method  for  the  case  of  strongly  coupled  subsystems.  In  the  earliest  paper  presenting  the 
SEA  formulation,  Lyon  and  Maidanik  [1]  used  a  light  coupling  assumption  to  derive  the 
fundamental  power  flow  equations  for  two  coupled  resonators.  In  a  later  paper  Scharton 
and  Lyon  [2]  removed  the  light  coupling  assumption  by  redefining  the  subsystem 
“blocked”  energies.  The  validity  of  applying  SEA  to  strongly  coupled  subsystems  has 
been  questioned  by  a  number  of  people  [3, 4]. 

In  this  paper  the  SEA  coupling  formulation  is  developed  to  include  arbitrarily  strong 
coupling  and  validations  are  included  using  numerical  and  experimental  results.  It  is 
shown  that  the  limiting  case  for  the  SEA  validity  is  not  strong  coupling  but  low  modal 
overlap.  In  some  cases  strong  coupling  increases  the  system  modal  overlap  and  actually 
improves  the  predictive  accuracy  of  the  SEA  model.  However,  strong  coupling  does 
make  the  inverse  problem  of  back-calculating  coupling  factors  from  measured  results 
more  unstable. 

2.  Coupled  Subsystems 

The  SEA  method  is  based  on  a  statistical 
analysis  of  the  power  flow  between  coupled 
modes  in  a  system.  A  simple  case  is  depicted  in 
Fig.  1,  where  a  vibrating  system  is  considered 
to  be  the  connection  of  two  distinct  subsystems, 
attached  at  a  junction.  The  modes  of  the 
complete  system  can  be  considered  to  be  the 
sum  of  the  coupled  modes  of  the  two 


Figure  L  Vibrating  System  Consisting 
of  Two  Coupled  Subsystems 
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subsystems.  Mathematically  this  is  described  by  a  pair  of  differential  equations  for  the 
response  u  with  excitation  p  of  the  form 


+  +  =/>i  +/ii2-;;-2-+yi2-^  +  *’l2"2 


m2 


C^U2 


dt 

dui 


dt^ 

d^u\ 


8t 

8u\ 


+  '!2-Tr‘*’^2«2  =P2  +/^21-71-  +  ^21-^  +  '^21  "l 


0t 


(1) 


where  m  is  the  mass,  r  is  the  dissipation,  and  A  is  the  spatial  derivative  operator.  The 
vibration  response  of  either  subsystem  is  driven  in  part  by  the  motion  of  the  other 
subsystem  at  the  junction  through  inertial  (//),  gyroscopic  and  elastic  (x)  operators. 

For  linear  and  passive  subsystems  the  uncoupled  natural  modes  are  found  by  solving 
two  individual  eigenvalue  problems  with  the  junction  motion  restrained  (blocked) 


m. 


+  n 


'”2— 1-  +  ''2 
dr 


-^  +  Aia}^=Pi 


dt 


+  A2af^  =P2 


(2) 


For  subsystems  with  proportionate  damping  (or  an  approximation  for  light  damping), 
two  sets  of  undamped  and  orthogonal  natural  modes,  and  ,  are  found  with 
associated  natural  frequencies,  (o^  and  . 

The  responses  of  the  “unblocked”  system  are  then  expanded  in  terms  of  the  blocked 
mode  shapes  having  modal  amplitudes  V  and  modal  excitations  P,  yielding  a  set  of 
coupled  equations 


A/i 


M2 


d^U 


dt^ 


d‘^U 


dr 


dt 


=  Pa+I. 

<7 

=  ^<r+i: 


Ma<T~ 


d^Vc 

dt^ 

d^U 


^Yaa~ 


dVr 


dt 


*  +  tC 


i*  ^  a  , 
f^ara  5”  ^  ^ 

dr 


dUg 


"(3) 


dt 


For  each  a  and  a  these  equations  are  identical  to  those  of  the  general  pair  of 
coupled  resonators  shown  in  Fig.  2.  Scharton  and  Lyon  [2]  have  shown  that  the 
frequency  averaged  power  flow  11 12  between  the  coupled  resonators  is  given  by 


^12  =  ^12(^1  “^2) 


(4) 
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Figure  2.  Coupled  Resonators 

where  the  energies  are  E\  =[M\  +  Mcl^{dU\ldi'^  ,  £2  “  i^2  ■ 

Bi2  is  a  complicated  function  of  the  system  parameters,  but  not  of  the  energy  levels. 
This  result  is  valid  for  arbitrarily  large  coupling  parameters  Kc,  Gc,  and  .  The 
subsystem  energies  are  defined  in  a  way  which  includes  some  of  the  energy  of  the 
coupling  elements. 

Fahy  and  Yao  [5]  have  shown  that  this  result  does  not  hold  for  dissipative  coupling 
elements.  However,  for  the  most  common  cases  where  the  dissipative  coupling  forces  are 
small  compared  to  the  other  coupling  forces,  Eq.  (4)  is  a  good  approximation. 

Applying  Eq.  (4)  to  tiie  system  in  Fig.  1,  fte  average  net  power  flow  is  found  by 
averaging  the  value  of  B12  over  a  frequency  band  Ao  containing  and  iV2  modes 
in  subsystems  1  and  2,  respectively.  This  gives 

<n,2)  =  (B,2>JVlA^2(|^-^] 

where 

and  _ _ _ _ 

/i  =  +  Afc/4)(M2  +  A/c/4) 

Y  =  Ggj  +  Mcl^M^  +  Afj./4) 

K  =  Kc/ ^(Mi  +  McI^M2  +  A/c/4) 

It  is  interesting  to  note  that  in  this  form  the  frequency  averaged  coupling  parameter  is 
independent  of  the  damping  in  the  system. 
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An  alternate  form  for  Eq.  (5)  is  obtained  by  defining  the  coupling  loss  factors 
mi  =(^12)^2/®  and  %i  =  >712/^2  -  Then 


(012)  =  ®  (>7i2 


(6) 


3.  Power  Flow  through  Edge  Coupling 

The  SEA  coupling  parameters  in  Eq.  (6)  for  connected  subsystems  can  be  derived  from 
both  a  wave  formulation  and  a  modal  formulation.  A  convenient  model  to  validate  the 
power  flow  derivations  for  a  subsystem  connected  at  an  edge  point  is  shown  in  Fig.  3.  In 
this  case  the  power  flow  from  the  longitudinal  motion  of  a  bar  into  an  ideal  viscous 
dashpot  R  is  evaluated.  This  simulates  the  net  power  flow  out  of  a  subsystem  at  a 
junction  but  does  not  include  the  energy  returned  by  the  reverberation  of  the  receiving 
subsystem. 


Figure  3,  1  -D  Bar  with  Edge  Power  Flow 


In  the  wave  formulation  a  wave  traveling  in  the  +x  direction  with  velocity  amplitude 
Fine  =  expiikx  -  icot)  is  considered  to  be  incident  on  the  dashpot  termination  of  the 
bar  (x  =  L).  A  wave  exp(-ikx  -  m  t)  will  be  reflected  from  the  end,  and  some 

power,  Ilabs*  will  be  absorbed  by  the  dashpot.  With  the  boundary  condition, 
icoRV  -ES  dV  jdx  at  jc  =  I,  it  is  convenient  to  define  a  termination  absorption 
coefficient  as 


^  _  ^abs  _  I  _  l^-l  _ 

nine  {l  +  RlpScif 

E  is  the  elastic  modulus,  p  is  the  density  and  S  is  the  cross-sectional  area  of  the  bar  with 
cjr  =  ^E  ip  and  k  =  G)l Ci, 

The  wave  solution  assumes  that  the  incident  and  reflected  waves  are  incoherent,  so 

the  total  mean-square  velocity  is,  (F'^)  =  (Finc)  +  (l^ref)  =  (^~^)(^inc}  -  absorbed 
power  can  be  related  to  the  SEA  expression  for  dissipated  power  to  find  an  expression 
for  the  effective  loss  factor  7 
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2-a 

In  the  modal  foraiulation  the  wave  equation,  p  dV^  jst^  =  E  dV^  jsx^  ,  for  the 
longitudinal  velocity  V is  solved  with  the  boundary  condition  imP-ES  dV fdx  at  (he 
excitation  point  (x  =  0),  and  icoR  V -ES  dV jdx  at  the  dashpot  (x “  L).  This  gives  the 
bar  response  function 

V  _  1  co^k{L-x)-i{RlpSci)%mk{L-x) 

P  ”  pSci  {RlpSci)coskL-i%mkL 

The  bar  energy  is  proportional  to  the  mean  square  velocity.  Averaging  over  the 
length  of  the  bar  and  over  frequency  (above  the  first  resonance)  for  a  constant  amplitude 
excitation  gives 


(f^)^  1  l  +  jRlpScif 

l^p^Y  pScL  2(rIpSci) 


This  result  can  be  related  to  the  SEA  power  flow  relation 


Ilju  —II 


out 


pSci 


=  (07J 


(10) 


(ii) 


where  ij  is  (he  loss  factor  and  M  =  pSL.  Solving  for  the  loss  fiictor  gives 

Cl  (12) 

l  +  iR/pScif 

This  expression  for  the  loss  factor  can  be  related  to  the  boundary  absorption 
coefficient  a  using  Eq.  (7) 


(13) 

(oL  2- 


which  is  identical  to  (he  result  in  Eq.  (8)  obtained  from  the  wave  formulation. 
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For  the  case  of  edge  connected  subsystems,  such  as  shown  in  Fig.  4,  the  absorption 
coefficient  used  above  is  replaced  with  a  transmission  coefficient,  defined  in  the  wave 
formulation  as 


Hira  AR\R2 
nine  lZ,+Z2|^ 


(14) 


where  R  is  the  real  part  of  the 
subsystem  connection  impedance 
Z.  With  no  significant  power 
dissipation  at  the  connection, 

^ref  =  (1  “  ^12)^mc  • 

In  the  wave  formulation  the 
power  transmitted  into  sub¬ 
system  2  is  assumed  to  be 
incoherent  with  the  power  transmitted  back  into  subsystem  1.  Then, 


n|ra=ni_>2=® '712^1 

Also,  the  incident  and  reflected  waves  are  assumed  to  be  incoherent,  so 

Ex  =  Af,  [(vL)  +  (F^f ))  =  2  M,  G,  (ni„,  +  )  (16) 

where  G)  is  the  subsystem  conductance  (real  part  of  mobility). 

Combining  Eqs.  (14-16)  gives  an  expression  relating  7  to  r 


mi 


1  ^12 
2  <0  M\  G]  2  —  rj2 


(17) 


In  the  modal  formulation  subsystem  1  is  considered  to  be  driven  with  excitation  P ) 
at  point  a.  The  SEA  power  balance  relation  for  subsystem  1  is 


^l,in  "^1  diss  +ni2 

/  2\  /  2\ 

\P\)G\a=<^mEx  +\Pj)ElJ 

where  Gxa  is  the  input  conductance  of  the  excitation,  is  the  damping  loss  factor  of 
subsystem  1,  is  the  junction  velocity,  and  Ry  is  the  input  resistance  of  subsystem  2  at 
the  junction.  The  SEA  power  balance  relation  for  subsystem  2  is 

^12=“  ri2^(liss 

{yj)E2j’=‘»mE2 


(19) 
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Combining  these  two  power  balance  equations  gives 

i^j)  _G\a  .  (20) 

{P\)  '71^1  + 72^2 

Next,  a  reciprocal  condition  is  considered  in  which  the  connection  junction  is  driven 
with  Pj’  resulting  in  a  junction  velocity  Vj-  =  Pj'l  (Zy  +  Zjj).  The  SEA  power  balance 
relation  for  subsystem  1  in  this  case  is 


^1,111'  -nj^diss' 

{^/)%  ) 


These  two  conditions  are  related  by  the  reciprocity  relation  which,  when  averaged  over 
point  a,  is 


M.M 

W)  (f/) 


(22) 


Combining  Eqs.  (20-22)  gives 

In  principle  Eq.  (23)  could  be  averaged  over  frequency  for  a  particular  modal 
solution  for  the  two  subsystems  in  a  manner  similar  to  that  done  for  the  response  of  the 
1-D  bar  in  Eq.  (9).  However,  an  approximate  general  formulation  can  be  found  by  noting 
tiiat  Gi  peaks  at  the  resonances  of  the  system  (for  light  damping),  at  which  frequencies 
the  reverberant  energy  ratio  is 


Ej  _tk  +  fk\ 

E2  m2 

The  frequency  averaged  transmission  coefficient  is  then  given  by 

/  V  4a>»;iMi(Gi) 

^  ^  771  l?2  +  >721 


(24) 


(25) 


m  m2 
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Solving  for  rJ^2,  using  (Gi)=(;r/2)(n(<o)i/Mi)  and  Tfx\  =  7i2(”(®)l/”(^)2)>  where 
n(fl>)  is  the  subsystem  modal  density,  and  defining  the  modal  overlap  factors, 
(«/2)^  =  (ff/2)  <0  ,  gives 


'712 


1 


('•12) 


7tcon{a))\ 


■Mi 


(26) 


When  the  modal  overlap  increases  to  unity  (which  is  the  upper  limit  of  this 
approximation),  Eq.  (26)  is  identical  to  Eq.  (17).  This  indicates  that  the  wave  solution 
assumption  of  incoherence  is  valid  in  finite  systems  only  for  high  modal  overlap.  The 
form  of  Eq.  (26)  is  not  convenient  to  use  at  low  modal  overlap  because  of  the  subtraction 
in  file  denominator.  The  average  transmission  coefficient  is  also  a  fimction  of  the  modal 
overlap. 

A  better  correction  for  low  modal  overlap  can  be  obtained  using  the  example  shown 
in  Fig.  5  of  two  beams  connected  at  a  right  angle.  The  fl^uency  dependent  transmission 
coefficient  for  fiexural  motion  is  plotted  in  Fig.  5a  using  an  exact  impedance 
formulation.  Also  plotted  are  the  calculated  frequency  averaged  values  and  the  infinite 
system  value  ti2,oo  (“s®**  i®  the  wave  solution).  The  normalized  coupling  loss  factor 

values  are  plotted  in  Fig.  5b. 

Also  plotted  in  Fig.  5b  is  an  curve-fit  approximation  for  the  coupling  loss  factor 
based  on  two  limiting  values.  First,  for  high  modal  overlap  the  coupling  loss  factor 
converges  to  the  infinite  system  value.  Second,  for  low  modal  overlap  the  coupling  loss 

factor  is  reduced  by  the  factor  •  A  convenient  curve-fit  is 


8 

( 

\ 

8> 

7t(on{(o)x  2-ri2,co 

1  _ 

^  v2;r(^i+^)y 

/ 

This  result  is  valid  for  point-coupled  subsystems.  For  line  arid  area  connections  an 
additional  term  is  needed  to  take  into  account  the  effects  of  wavelength  matching  along 
the  connection  [6]. 

For  systems  with  more  than  two  subsystems  the  modal  overlap  includes  the  coupling 
as  well  as  the  damping  loss  factor.  This  is  seen  in  the  example  shown  in  Fig.  6  where  the 
two  beams  used  previously  have  an  additional  beam  attached.  The  modal  response  is 
more  dense,  and  modal  overlap  is  achieved  at  lower  frequencies. 

While  edge  connected  subsystems  are  considered  to  be  strongly  coupled  when  the 
value  of  the  transmission  coefficient  approaches  unity,  the  next  two  sections  consider 
even  more  strongly  coupled  subsystems. 
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Figure  5.  Transmission  Coefficient  and  Coupling  Loss  Factor  for  Edge  Connected  Beams, 
- Analytical  Solution,  ♦  400  Hz  Average,  Using  Eq.  (27),  Infinite  System  Values 


0  500  1000  1500  2000 

Frequency,  Hz 


Frequency,  Hz 

Figure  6.  Transmission  Coefficient  and  Coupling  Loss  Factor  for  Edge  Connected  Beams; 
- Analytical  Solution,  ♦  400  Hz  Average,  “  Using  Eq.  (27),  Infinite  System  Values 
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4.  Beam-Plate  System 

One  example  of  strongly  coupled  subsystems  is  the 
case  of  a  beam  attached  to  a  plate  along  its  length 
as  illustrated  in  Fig.  7.  In  some  cases  it  is  desirable 
to  define  separate  subsystems  for  the  plate  and  the 
beam  modes.  The  question  is  how  to  define  the 
subsystems  in  keeping  with  the  “blocked”  Figure  7.  Beam  on  a  Plate 

subsystem  definitions  used  above.  This  can  be 

answered  by  evaluating  the  impedance  of  the  beam-plate  junction. 

The  drive-point  impedance  of  the  beam-plate  junction  can  be  evaluated  using  the 
wavenumber  integral  formulation 


_L__L 


(28) 


where  the  line  impedances  as  a  function  of  die  wavenumber  along  the  length  of  the 
beam  are  given  by 


Zp  =  -AB'kl 

^  G)  ^  ^ 


k^p^kxj 


(29) 


By  is  the  bending  rigidity  and  ky  is  the  free  bending  wavenumber  of  the  beam.  Fp  is 
the  bending  rigidity  per  unit  length  and  kp  is  the  free  bending  wavenumber  of  the  plate. 

A  numerical  evaluation  of  this  integral  (with  care  in  dealing  with  the  branch  cut  in 
the  complex  square  root  function)  for  a  particular  case  is  shown  in  Fig.  8.  This 
impedance  should  be  the  sum  of  the  two  SEA  subsystem  impedances.  At  low  frequencies 
the  junction  impedance  converges  to  the  free  plate  impedance.  However,  at  high 
frequencies  the  junction  impedance  does  not  converge  to  the  free  beam  impedance. 
Rather,  it  converges  to  the  impedance  of  an  equivalent  beam  constrained  by  the  elasticity 
of  the  plate.  This  equivalent  beam  can  be  approximated  by  including  a  plate  width  equal 
to  Xjky  ,  as  illustrated  in  Fig.  8.  A  similar  result  is  obtained  for  the  torsion  of  the  beam. 

As  an  illustration  of  tiie  use  of  these  subsystems  in  an  SEA  model,  a  ribbed  plate 
tested  by  Heckl  [7]  (see  Fig.  9)  is  analyzed.  Three  sections  of  the  plate  are  used,  each 
with  bending  and  inplane  modes  modeled  separately.  An  equivalent  beam  is  used  with 
bending  and  torsional  modes  modeled  separately.  Fig.  9  shows  a  good  comparison 
between  the  SEA  model  and  the  measurements. 
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Figure  8.  Impedances  of  Beam-Plate  System; 
Junction  Numerical  Solution, 

- Flat  Plate,  - Equivalent  Beam 
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Figure  9.  Vibration  Ratio  across  a  Beam  on  a  Plate; 

♦  Measurements,  SEA  Model 


5.  Fluid-loaded  Plate 

Another  example  of  strongly  coupled  subsystems  is  the  case  of  a  plate  in  contact  with  a 
fluid  of  significant  impedance.  The  impedance  of  a  line  force  driving  on  the  plate  is 
given  by 

1  1 ‘-“’•'dt, 

T/,  2«-_J„Z-,(*,)  +  Z"/(t,) 

where  Z"p  and  Z"y  are  the  area  impedances  of  the  plate  and  fluid,  respectively  [8]. 

Fig.  10  shows  a  numerical  evaluation  of  the  impedance  for  steel  in  water  compared  to  the 
two  asymptotes  of  a  free  plate  and  one  with  the  fluid  inertia  loading.  Using  this  result  in 
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an  SEA  model  for  the  transmission  across  a  simple  support  on  a  fluid-loaded  plate,  the 
results  shown  in  Fig.  1 1  are  obtained. 


Figure  10.  Impedances  of  Fluid-loaded  Plate; 

—  Numerical  Solution, - Free  Plate,  Fluid-loading 


Figure  11,  Transmission  Coefficient  of  Fluid-loaded  Plate  across 
a  Simple  Support;  —  Numerical  Solution,  SEA  Model 
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Abstract.  A  mathematical  model  is  developed  to  describe  the  energy  flow  equation  asso¬ 
ciated  with  the  dynamics  of  a  viscoelastic  continuum  excited  externally  and  subject  to 
boundary  conditions.  The  model  is  applied  to  a  selection  of  simple  examples  to  illustrate 
the  concepts  of  an  energy  flow  density  vector,  energy  flow  line,  energy  potential  and  an 
energy  equipotential  surface.  On  this  basis,  a  brief  comparison  between  mechanical  and 
thermal  energy  flows  is  conducted. 

Key  words;  Energy  Flow  Equation,  Energy  Flow  Density  Vector,  Viscoelastic  Continuum 


1.  Introduction 

Based  on  the  fundamental  equations  and  principles  of  continuum  mechan¬ 
ics,  a  general  theoretical  approach  is  developed  to  assess  directly  the  energy 
flow  or  power  flow  in  a  general  continuum  subject  to  external  excitation  and 
prescribed  boundary  conditions.  To  achieve  this  aim,  the  proposed  mathe¬ 
matical  model  examines  the  energy  transmitted  from  point  to  point  within 
the  continuum  through  an  energy  flow  density  vector  being  functionally 
dependent  on  a  stress  tensor  and  a  velocity  vector.  This  allows  determi¬ 
nation  of  the  rate  of  energy  flow  at  each  point  in  a  defined  direction,  the 
construction  of  energy  flow  equations  and  their  time  averaged  forms  as  well 
as  defining  the  energy  flow  line,  the  energy  flow  potential  and  equipotential 
surface  within  the  continuum. 

The  proposed  mathematical  model  generalises  the  more  traditional 
approaches  adopted  in  statistical  energj'  analyses  or  power  flow  analyses  as 
described  by  Lyon  and  Maidanik  (1962),  Scharton  and  Lyon  (1968),  Lyon 
(197.5),  Goyder  and  White  (1980a,b,c),Fahy  (1994),  Keane  and  Price  (1997) 
and  many  others  in  their  investigations  of  high  frequency  excited  dynamical 
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Figure  1.  Energy  transmission  from  one  part  to  another  in  the  continuum 


systems.  Normally,  for  a  specific  dynamical  system,  e.g,  two  oscillators  or 
rods  connected  through  a  spring-dashpot  coupling,  the  relevant  equations 
of  motion  are  derived  and  through  their  analysis  and  solution  the  energy 
flow  or  power  flow  passing  through  the  system  caused  by  an  external  exci¬ 
tation  is  evaluated.  In  this  paper,  following  the  original  discussion  on  the 
flux  of  energy  in  vibratory  motion  described  by  Love  (1927),  we  investigate 
and  develop  energy  flow  concepts  from  a  more  generic  viewpoint,  presenting 
energy  flow  equations  derived  from  the  equations  of  continuum  mechanics. 

This  is  illustrated  by  a  brief  description  of  the  proposed  mathematical 
model  developed  from  the  linear  field  equations  associated  with  the  dynam¬ 
ics  of  a  viscoelastic  continuum.  By  this  means,  the  energy  flow  equations  are 
derived  for  dynamically  excited  systems,  such  as  a  rod  in  tension  or  com¬ 
pression,  a  rod  in  torsion,  a  Timoshenko  beam,  a  shear  plate  and  a  circular 
plate  under  a  concentrated  load.  Furthermore,  on  this  basis,  the  hypoth¬ 
esis,  proposed  by  Nefske  and  Sung  (1987)  and  investigated  by  Wohlever 
and  Bernhard  (1992)  and  Carcaterra  and  Sestieri  (1995),  that  the  flow  of 
mechanical  energy  through  a  structure  may  be  modelled  in  a  manner  similar 
to  the  flow  of  thermal  energy  in  a  heat  conduction  problem  is  investigated. 


2*  Viscoelastic  Continuum  and  Energy  Flow  Mathematical  Model 

It  is  assumed  that  the  continuum  and  structures  under  investigation  in  this 
paper  are  constructed  of  materials  described  by  a  linear  Voigt  viscoelastic 
model  (see,  for  example,  Fung  1977).  Let  us  examine  the  motion  of  a  con¬ 
tinuum  system  B  from  time  to  to  ti,  >  to)  u-s  schematically  illustrated  in 
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figure  1.  In  the  frame  of  the  Lagrangian  coordinate  .r,,  (i=l,2,3),  the  con¬ 
tinuum  occupies  the  domain  Q,  with  surface  S  which  has  the  unit  vector  ui 
defined  along  the  outer  normal.  In  this  study  it  is  assumed  that  the  vari¬ 
ables  Ui  and  Vi  represent  displacement  and  velocity,  respectively;  <Tij  a  stress 
tensor  ;  ey  a  strain  tensor;  Qjki  an  elastic,  constant  tensor;  dijki  a  viscous 
constant  tensor;  Su  displacement  boundary  with  a  prescribed  displacement 
Ui',  St  traction  boundary  with  a  prescribed  traction  f,-;  /,  a  body  force  per 
unit  volume  acting  in  the  continuum  and  p  the  density  of  the  continuuni. 
Under  these  circumstance  the  linear  field  equations  describing  the  dynamics 


of  the  continuum  system  are  expressed  as: 

Dynamic  equation:  CTijj  i- f  =  pvi^ti  (1) 

Constitutive  equation:  (Jij  =  Cijki^ki  +  dijijfjti.t,  (2) 

Displacement-strain  relation:  Cij  —  (tiij  (^) 

Displacement-velocity  relation:  Vi  =  (4) 

Boundary  conditions:  u,  =  on  5„,  (5) 

(TijVj  =  Ti  on  5V, 


where,  for  example,  =  dvi/dt,  —  Oijfdxj,  etc. 

Energy  Flow  Density  Vector 

The  energy  transmission  from  one  part  to  another  in  a  continuum  excited 
by  external  forces  can  be  investigated  by  analysing  the  energy'  flow  across 
the  closed  surface  s  within  the  continuum  B  illustrated  in  figure  1.  Let 
As  denote  an  elemental  surface  on  s  and  Vi  an  unit  normal  to  As  with 
its  positive  direction  pointing  outward  from  the  (negative)  interior  to  the 
(positive)  exterior.  The  interactions  between  material  lying  on  either  side  of 
this  surface  cause  internal  actions  defined  by  the  traction  or  stress  vector 
Ti  representing  the  force  per  unit  area  acting  on  the  surface  s.  Through 
the  rate  of  work  done  by  this  traction  Tu  the  rate  of  energy  flow  along  the 
direction  Vi  is  given  by 

q''  =  -Vi  Ti  .  (7) 

A  positive  value  of  q''  represents  the  transmission  of  energy  per  unit  time 
through  the  unit  area  As  from  the  material  within  s  to  the  outside. 

It  follows  from  Cauchy’s  formula  (see,  for  example.  Green  and  Zerna 
1954),  the  traction 

Ti=<TiiVj,  (8) 

and  hence  the  rate  of  energy  flow 

q’' = -ViOijVj  =  qjVj.  (9) 
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Here,  the  energy  flow  density  vector 

qj  =  -Vi(7ij  =  -CTjiVi  (10) 

is  defined  by  the  dot  product  of  the  velocity  Vi  and  stress  tensor  <Tij  and  is 
a  vector  field  function  dependent  on  the  coordinate  a:,  and  the  time  t.  In  a 
continuum  mechanics  approach  this  energy  flow  density  vector  qj  specifies 
the  energy  transmission  from  one  part  to  another  in  the  dynamical  system 
and  allows  the  determination  of  the  rate  of  energy  flow  at  each  point  in  or 
on  the  continuum  in  any  direction  with  unit  normal  t'j  through  application 
of  equation  (9). 

Energy  Flow  Line 

An  energy  flow  line  is  defined  as  a  line  in  the  direction  of  the  energy  flow  in 
the  continuum,  and  satisfies  the  differential  equations 


dxi  Iqi  =  dx2/ q2  =  dxsiqs.  (11) 

These  energy  flow  lines  are  the  vector  lines  of  the  vector  field  of  the  energy 
flow  density  qi  and  give  a  geometrical  description  of  the  vector  field. 

Energy  Flow  Potential 

If  the  vector  field  of  energy  flow’  density  q^  is  assumed  irrotational,  there 
exists  a  single-valued  function  y>,  called  an  energy  flow  potential  satisfying 
the  relation 

qi  =  —dipidxi  =  — (12) 

The  necessary  and  sufficient  conditions  for  the  existence  of  the  energy  flow 
potential  is  the  irrotational  condition  of  the  vector  field  qi,  i.e. 

^ijkgk,j  —  ),j  “  0?  (1^) 

where  eijt  is  the  permutation  symbol.  Based  on  Stokes  theorem  (see,  for 
example,  Fung  1977),  the  energy  flow  line  in  a  single  connected  domain  of 
continuum  will  not  be  a  closed  line,  if  there  exists  an  energy  flow  potential. 

Equation  (12)  shows  that  when  an  energ>'  flow  potential  exists  the  energy 
flow  lines  are  everywhere  perpendicular  to  a  system  of  surfaces,  viz.  the 
equipotential  surfaces  (p  =  constant.  Again,  if  from  the  point  (xi,Xi,X3)  a 
linear  element  dl  extends  in  the  direction  (^,  ^)’  1)*®  ''*1®  energy 

flow  resolved  in  this  direction  is 

q‘  =  -p^idxifdl  =  —dipidl.  (14) 

The  rate  of  energy  flow  in  any  direction  is  therefore  equal  to  the  rate  of 
decrease  of  tp  in  that  direction. 


pl2.teij  13/06/1997;  10:49;  no  v.;  p. 


ENERGY  FLOW  EQUATION 


Taking  dl  in  the  direction  of  the  normal  to  the  surface  =  constant,  we 
see  that  if  a  series  of  such  surfaces  are  drawn  corresponding  to  equidistant 
values  of  v?,  the  rate  of  energy  flow  at  any  point  will  be  inversely  proportional 
to  the  distance  between  two  consecutive  surfaces  in  the  neighbourhood  of  the 
point.  Hence,  if  any  equipotential  surface  intersects  itself,  the  rate  of  enerp 
flow  is  zero  at  the  intersection.  The  intersection  of  two  distinct  equipotential 
surfaces  would  imply  an  infinite  rate  of  energy  flow. 

Input,  Absorption  and  Transmission  of  Energy 

At  every  point  in  the  continuum  there  occurs  a  dynamical  physical  process 
involving  an  input,  absorption  and  transmission  of  energy.  Their  rates  are 
defined  as  follows. 

Rate  of  energy  input  represents  the  rate  at  which  energy  enters  the  con¬ 
tinuum  and  this  is  defined  by  the  power  of  the  applied  external  body  force 
fi  at  the  input  point  in  the  continuum,  i.e. 

=  Vifi  =  Qf.  (15) 

Rate  of  energy  absorption  describes  the  ability  of  the  continuum  to  absorb 
energy  and  equals  the  sum  of  the  rate  of  change  of  mechanical  energy  E  and 
the  rate  of  energy  dissipation  D,  i.e. 

ir^  =  E  +  D.  (16) 

Here  the  densities  of  mechanical  energy  E,  kinematic  energy  It ,  strain  energy 
U  and  energy  dissipation  D  are  defined  as 

E  =  K  +  U,  U  =  Cijkieijekif2,  K  =  0=1  dijkieki,ieij,tdt.  {11) 

Rate  of  energy  transmission  is  the  difference  between  the  rates  of  energy 
input  and  absorption,  i.e. 

ir  =  ir^-w\  (18) 

This  describes  the  ability  of  the  continuum  to  transmit  energy  from  a  point. 

Energy  Flow  Equation 

From  the  governing  equations  of  the  continuum  expressed  in  equations  (1)- 
(6),  Xing  and  Price  (1997)  show  that  the  equation  of  energy  flow  balance  of 
the  continuum  takes  the  form 

qjj  =  -  E-  D  =  -ir^  =  oi*  -S'm  q"  =  Qt  on  St,  (19) 

where  the  boundary  energy  flows  q^  on  the  displacement  boundary  5„  and 
qr  on  the  traction  boundary  St  are  respectively  given  by 

=  -ViOijUj.t,  qT  =  -Vifi.  (20) 
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This  equation  defined  at  any  point  in  the  continuum  states  that  the  diver¬ 
gence  of  the  energy  flow  density  vector  {qjj)  equals  the  rate  of  energy  trans¬ 
mission  TT,  being  the  difference  between  the  rates  of  energy  input  (r')  and 
absorption 

The  application  of  the  time  average  operation  to  the  local  equation  of 
energy  flow  balance  expressed  in  equation  (19)  gives  the  following  time  aver¬ 
aged  equation  of  energy  flow  balance 

{qj)j  =  {qj)  -  (E)  -  {D)  =  (tt),  (g")  =  (g„)on  (g")  =  (gT)on  St-  (21) 

For  the  case  of  a  harmonic  motion  or  a  stationary  random  process  (see, 
for  example,  Newland  1975;  Price  and  Bishop  1974)  in  the  absence  of  any 
body  forces  it  follows  that  the  results  of  the  time  averaged  equation  of  energy 
flow  balance  in  equation  (21)  reduces  to  the  simpler  form 

{qj)j  =  -{D),  (g-')  =  (g„)  on  5„,  (g")  =  (gr)  on  5t.  (22) 

If  the  energy  flow  potential  expressed  in  equation  (12)  exists,  this  equation 
can  be  further  expressed  as 

=  “(9“)  =  “<5?')  on  St-  (23) 

These  two  equations  state  that  for  the  case  of  a  harmonic  motion  or 
a  stationary  random  process  in  the  absence  of  any  body  forces,  the  time 
average  of  the  energy  flow  distribution  in  the  continuum  is  only  dependent 
on  the  distribution  of  the  material  damping.  Furthermore,  if  there  exists  no 
damping,  the  time  average  of  the  possible  energy  flow  potential  must  satisfy 
the  Laplace  equation. 

To  illustrate  these  concepts,  this  mathematical  model  is  applied  to  a 
selection  of  simple  examples  as  demonstrated  in  the  following  sections. 


3.  Rod  in  Tension  or  Compression 

In  this  example,  it  is  assumed  that  the  longitudinal  axis  of  the  rod  (0  <  x  < 
Xi)  coincides  with  the  x-axis  of  a  rectangular  Cartesian  axis  system.  The 
governing  equations  describing  the  linear  dynamics  of  a  Voigt  viscoelastic 


rod  with  unit  sectional  area  are  as  follows. 

Dynamic  equation:  r,i  -b  /  =  pu  ,,  (24) 

Constitutive  equation:  T  —  Ce  de^t-,  (2b) 

Displacement-strain  relation:  e  =  u,*,  (26) 

Displacement-velocity  relation:  r  =  u_j,  (27) 

Boundary  conditions:  T  =  T,  x  =  0,  (28) 

U=  U,  X  =  Xy,  (29) 
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The  energy  flow  density  vector  q,  the  energy  flow  potential  9  and  the 
energy  flow  equation  are  respectively  written  as 

q  =  -vT\  q  = 

q^  =  qf  -  E  -  i),  q  =  qo  on  x  =  0,  q  -  qi  on  x  =  Xu  (31) 

where 

qf  =vf,  qo=-VoT,  qi  =  -Titi,*, 

K  =  pvy2,  l/=C‘eV2,  D  =  I  de.,e.,dt. 

’Jto 

For  stationary  rairdom  processes,  it  follows  from  equation  (31)  that  the  time 
averaged  equations  take  the  form 

{q).r  =  (9/)  -  (^)>  (9)  =  (90)  on  =  0’  (9)  =  (91)  0“  =  ""I- 


4.  Rod  in  Torsion 

Let  us  assume  that  the  longitudinal  axis  of  the  rod  coincides  with  the  z-axis 
of  a  cylindrical  coordinate  system;  M,  m  and  9  represent  the  internal  torque, 
the  distributed  torque  and  the  twist  of  the  rod,  respectively.  The  governing 
equations  of  the  rod  in  torsion  are  represented  as 


Dynamic  equation: 

+  rh  = 

(33) 

Constitutive  equation: 

M  =  GJe  +  de^f) 

(34) 

Displacement-strain  relation: 

(35) 

Displacement-velocity  relation: 

u;  = 

(36) 

Boundary  conditions: 

II 

1! 

0 

(37) 

II 

II 

(38) 

The  energy  flow  density  vector  q,  the  energy  flow  potential  and  the 
energy  flow  equation  are  respectively  expressed  in  the  following  way: 

q  =  —uM,  q  =  — V’.i,  (39) 

q^,=qj-E-D,  q  =  qo,  z  =  0,  q  =  qu  z  =  Zi,  (40) 

where 

=r  a;m,  qo=—uJoM<, 

K  =  pJuJ^l2,  U=GJe^/2,  D  =  f  de 


pi2.tex:  13/06/1997;  10;49i  no  v.;  p. 


J.  T.  XING  and  W.  G.  PRICE 


5.  Timoshenko  Beam 

The  governing  equations  describing  the  linear  dynamics  of  a  Timoshenko 
beam  in  bending  are  as  follows  (Timoshenko  et  al  1974): 

Dynamic  equations:  ~  Q  —  P^^,t->  (‘^^) 


Constitutive  equations:  M  =  CVk  +  dA/K,»,  (42) 

Q  =  GA')'  +  (43) 

Geometrical  relations:  k  =  V’,x)  ')  =  i'  A  (44) 

Deflection-velocity  reJations:  v  =  ^  (‘^^) 

Boundary  conditions:  M  =  M,  Q  =  Qi  x  =  0,  (46) 

w  =  w,  Ip  =  ip,  -t  =  (47) 

The  energy  flow  density  vector  q  and  the  energy  flow  potential  ip  are 
respectively  defined  as 

q  =  -(vQ  -i-uM),  q  =  -<P,t-  (4*) 


The  energy  flow  equations  and  their  time  averaged  forms  for  stationary 
random  processes  are  the  same  as  those  derived  in  equations  (31)  and  (32), 
respectively.  However,  in  this  case,  the  relevant  quantities  are  defined  as 
follows: 

qo  = -{voQ  A  qi  = -(Qid\t  + Mihh  K  ==  piAv' +  Iu;-)/2., 

qj  -  vf,  U  =  (C’.7k“  +  GA'1^)I2,  D  =  I  {dMK.tii,t  +  dg7,t7, <)«(*• 


6.  Shear  Plate 

In  the  following  analysis,  the  subscripts  a  and  /?  take  values  1  or  2  and  the 
repeated  subscript  summation  convention  applies.  For  example,  the  plate 
stress-resultants  described  by  the  transverse  shear  force  Qa  S'l^d  the  moment 
Ma(3  length,  the  unit  outward  normal  vector 

gent  vector  of  the  midplane  of  the  plate  have  components  Qu  Q2, 

Mi2,  etc.  This  notation  allows  the  governing  equations  describing  the  lin¬ 
ear  dynamics  of  a  shear  plate  to  be  expressed  in  the  forms  (Reismann  and 
Pawlik  1980): 

Dynamic  equations:  Qa,a  +  /  = 

-Qot-  pI^a,U 
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Constitutive  equations:  =  D[{1  — 


(51) 

Qa  =  Gh'ya  +  dQ7a,t, 

(52) 

Geometrical  relations: 

(53) 

la  =  i’a  +  ly.a,  «  =  V' 

o,ai 

(54) 

Deflection-velocity  relations:  t>  =  w.t,  oJa  =  i’a.u 

(55) 

Boundary  conditions:  w  =  w,  i>‘'  =  w''  on 

(56) 

M"  =  =  M" 

on  5/, 

(57) 

Q"  -H  M7  =  0"  M7 

on  5/, 

(58) 

where 

(59) 

M'’’'  —  esapVaMp  =  eza^^a^^p-t^y 

The  energy  flow  density  vector  qa  is  defined  as 

qa  =  —(^Qa  + 

(60) 

If  52 1  =  5i,2,  there  exists  an  energv’  potential  ip  satisfying 

qa  =  -¥’,<>• 

(61) 

The  energy  flow  equation  is 

qa,a  =  f-E  -D,  q-'  =  fa  on  q"' =  f 

on  5  f, 

(62) 

where 

qj  =  vf,  fa  =  ff  =  -(Q''w,t  +  rji"), 

K  =  pijiv^  +  /w„u;o)/2,  V  =  [I>(1  -  fl)KapKa0  +  pKK  +  Gh'^alc,]/^, 

D=  f  {dMKai3,tKap,t  +  dq')' a .tl a ,idt • 


7.  Circular  Plate  under  Concentrated  Load 

Let  us  examine  a  clamped,  circular  plate  of  radius  a,  acted  upon  by  a  trans¬ 
verse  concentrated  load  /  =  F(i)  at  the  centre  of  the  plate.  In  this  example, 
it  is  convenient  to  use  a  plane  polar  coordinate  system  (r,  9).  Because  of  axi¬ 
al  symmetry,  the  rotation  =  0  and  the  rotation  Vv  and  the  deflection  w 
of  the  plate  are  functions  dependent  only  on  r  and  <.  According  to  the  equa¬ 
tions  given  in  section  6,  the  energy  flow  equations  described  in  equations 
(62)  reduce  to 

{Tqr),rlr  =  u\iF{t)f){r)-E-b  ioxQ<r<a,  qr{a,t)  =  0,  (63) 
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assuming  qr{0,t)  is  bounded.  The  energy  flow  density  vector  q,-  lies  along  the 
radial  direction  and  the  energy  flow  lines  are  a  set  of  lines  radiating  from 
the  centre  of  the  plate.  Furthermore,  from  equation  (61),  the  energy  flow 
potential  <f>  can  be  obtained  and  the  resultant  equipotential  surfaces  are  a 
set  of  increasing  radial  circles  around  the  centre  of  the  plate. 

An  integration  of  equation  (63)  over  the  circular  area  of  radius  r,  [r  <  a), 
gives 

r-f- 

2nrqr  =  w  t{0,t)F{t)  -  2KrEdr-  2KrDdr.  (64) 

Jo  Jo 

For  a  stationary  random  process  or  a  sinusoidal  excitation,  the  time  average 
of  this  equation  takes  the  form 

27rr(g,)  =  (u;,,(0,  t)F(t))  -  f  2xr(X))dr.  (65) 

Jo 

Letting  the  integration  radius  r  -  a  and  using  the  boundary  condition  given 
in  equation  (63)  produces  the  result 

(u!,t(0,t)F(t))  =  /  2'Kr{D)dr.  (66) 

Jo 

This  demonstrates  that  the  average  energy  input  of  the  load  is  totally 
absorbed  by  the  damping  of  the  material  of  the  plate.  If  the  latter  is  neglect¬ 
ed  then  the  average  energy  input  of  the  load  must  be  zero  to  keep  the  motion 
of  the  plate  bounded. 


8.  Discussion:  Energy  Flow  Potential  and  Thermal  Analogy 

In  some  analyses  of  power  flow,  it  has  been  hypothesized  that  the  the  energy 
flux  density  may  be  represented  by  a  gradient  of  total  energy  density  (for 
example,  Nefske  and  Sung,  1987).  As  previously  discussed,  the  necessary  and 
sufficient  conditions  for  the  existence  of  an  energy  flow  potential  expressed 
in  equation  (12)  is  that  the  energy  flow  density  vector  field  is  irrotational, 
i.e.  equation  (13)  is  valid.  For  the  structural  members  described  in  sections 
3-5,  this  condition  is  valid  and  an  energj'  potential  exists.  As  an  example, 
let  us  further  investigate  the  rod  in  tension  or  compression  as  described  in 
section  3.  From  equations  (30)-(31)  it  follows  that 

q=  f  (qf  -  E  -  D)dx  +  qo,  qi  =  f  (q/ -  E  -  D)dx  +  qo,  (67) 
Jo  •'0 

(l>=-  Tl  i\qs  -E-  E)dC  +  qo]dx  +  4>(0,  t),  (68) 

Jo  Jo 
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where  <j>iO,t)  denotes  the  value  of  the  energy  flow  potential  4>  at  the  end 
X  =  0  which  is  assumed  zero  if  this  end  is  chosen  as  the  base  point  of  the 
energy  flow  potential.  Equation  (68)  shows  that  the  energy  flow  potential 
depends  on  the  rate  of  energ}’’  input  qj ,  the  rate  of  of  change  of  mechanical 
energy  E  and  the  rate  of  energy  dissipation  D.  Therefore,  in  a  general  case, 
it  may  be  difficult  to  represent  it  only  by  the  total  mechanical  energy  density 
E. 

To  examine  the  thermal  energy  analogy  hypothesis,  let  us  assume  that  the 
rod  discussed  in  section  3  is  now  replaced  by  a  semi-infinite  nonviscous  rod 
(i.e.  D  =  0)  such  that  a;i  =  oo  with  no  waves  reflected.  It  is  thus  of  interest  to 
examine  how  the  energy  of  the  wave  produced  by  the  force  applied  at  .r  =  0 
transmits  along  the  rod.  The  general  solution  of  this  problem  is  represented 
by 

u{x,t)  =  f{x-ct).  (69) 

This  corresponds  to  the  following  densities  of  strain  and  kinetic  energy  and 
energy  flow  density  vector 


U  =  jf\  q  =  Ccf'\  (70) 

respectively,  where  f'{i)  =  dfjd^.  Using  the  relation  =  C Ip  and  equation 


(17),  we  obtain 


(71) 


From  the  energy  flow  equation  (31),  the  energy  transmission  along  the  rod 
is  given  by  the  first  order  partial  differential  equation 


X  +  E^t  —  0, 


(72) 


subject  to  the  boundary  condition  E{0,t)  =  q/c  at  a:  =  0.  The  behaviour  of 
this  equation  is  not  similar  to  the  one  representing  the  flow  of  thermal  energy 
in  a  heat  conduction  problem,  (see,  for  example,  Courant  fc  Hilbert  1962). 
If  the  rod  is  of  finite  length,  reflected  waves  occur  at  xi  and  this  simple 
equation  becomes  invalid.  Therefore,  from  tliis  analysis,  we  conclude  that, 
in  general,  there  lacks  a  direct  similarity  between  the  flow  of  mechanical 
energy  through  a  structural  system  and  the  flow  of  thermal  energy  in  a  heat 
conduction  problem  confirming  the  findings  of  Carcaterra  &  Sestieri  (1995) 
and  the  development  of  any  hypothesis  or  modelling  based  on  such  analogy 
is  of  limited  value. 
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1.  Introduction 


Statisticid  Energy  Analysis  (SEA)  [1]  is  a  useful  tool  for  investigating  transmission 
paths  for  sound  and  vibration.  A  well-known  disadvantage  of  SEA  is  that  it  is  difficult 
to  treat  systems  in  which  high  losses  occurs  between  the  subsystems.  A  solution  to 
this  dilenuna  would  be  to  include  the  non-conservative  coupling  element  as  a  subsystem 
and,  by  this  way  turn  the  system  into  a  conservatively  coupled  case.  However,  it  is  well 
known  that  the  conventional  three-subsystem  model  [2]  cannot  be  collapsed  into  a 
meaningful  non-conservatively  coupled  two-subsystem  model.  The  problem  can 
therefore  not  always  be  avoided  by  introduction  of  an  additional  subsystem.  Practical 
problems  may  as  well  arise  for  cases  where  it  is  problematic  to  excite  the  intermediate 
element. 

This  fact  highlights  that  the  conventional  three-subsystem  model  is  a  reduced  model. 
It  has  been  previously  shown  by  several  authors  [3-6]  that  a  conservatively  coupled 
three-subsystem  model  requires  introduction  of  so  called  indirect  couplings  to  become 
complete. 

The  indirect  couplings  account  for  the  transfer  of  power  across  subsystem  2.  This 
type  of  coupling  is  believed  to  account  for  the  non-resonant  transfer  path  between 
subsystems  1  and  3  and,  in  fact,  has  been  included  in  SEA  for  some  special  cases.  Most 
notable  is  the  so  called  ‘mass-law’  another  example  is  coupling  via  the  stiffness  of  the 
intermediate  element. 

The  subsystem  response  in  SEA  is  normally  considered  to  be  resonant.  A  non¬ 
resonant  path  across  an  intermediate  subsystem  does  therefore  not  effect  the  resonant 
ena-gy  of  the  intermediate  subsystem.  One  motivation  to  why  indirea  transmission  is 
considered  to  be  non-resonant  is  that  the  non-resonant  part  of  the  energy  in  a  subsystem 
cannot  store  energy  and,  thus  is  inefficient  at  destroying  power  in  this  element. 
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However,  the  non-resonant  behaviour  of  the  subsystem  can  yield  a  mechanism  that  is 
effective  at  transferring  power  across  the  element. 

As  mentioned  above,  the  so-called  ’mass-law’  of  a  limp  wail  between  two  rooms  is 
a  well  known  example  of  non-resonant  transmission.  The  vibrational  level  of  the  wall 
does  not  matter  as  long  as  it  is  not  related  to  the  indirect  transmission,  e.g.  vibration 
introduced  from  structural  coupling  does  not  effect  the  sound  transmission  since  a  limp 
wall  is  unable  to  radiate  this  vibration  into  any  of  the  connecting  rooms.  Another 
motivation  is  that  the  transmission  across  a  limp  wall  is  invariant  to  dissipation  in  the 
wall.  The  transmission  mechanism  must  therefore  be  non-resonant 

It  may  at  first  seem  strange  to  connect  indirect  couplings  that  are  insensitive  to  the 
dissipation  in  the  intermediate  element  with  non-conservative  coupling  that  consumes 
power  in  the  element.  However,  an  energy  flow  model  that  incorporates  indirect  and 
direct  coupling  can  be  shown  to  yield  a  complete  solution  for  the  conservatively  coupled 
three-subsystem  case.  It  should  therefore  be  possible  to  obtain  information  about  the 
non-conservatively  coupled  case  simply  by  reducing  the  information  that  is  used  to  yield 
the  complete  solution.  The  order  of  presentation  is  therefore  to  first  examine  the 
conservatively  case  and  thereafter  to  continue  with  the  non-conservatively  coupled  case. 


2.  Theory 


The  investigated  case  consists  of  three  rectangular  plates  coupled  along  simply 
supported  joints,  as  depicted  in  Figure  1(a).  The  interaction  between  ie  plates  is  carried 
out  by  moments.  Excitation  is  provided  by  forces  of  rain-on-the-roof  character.  The 
analysis  is  based  on  thin  plate  theory  with  homogeneous,  isotropic  plates  of  uniform 
thic^ess  and  applies  for  modal  and  viscous  damping.  Only  viscous  damping  will  be 
discussed  as  modal  damping  complicates  the  presentation.  The  model  can  ^  applied  to 
plate  edge  boundary  conditions  that  allow  the  eigenmodes  to  be  divided  in  separate  shape 
functions.  Note  that  the  plates  incorporate  bending  (out-of-plane)  motion  only. 


The  approach  which  is  used  in  this  study  was  originally  developed  for  beams  by 
Davies  et  d  [7]  and  later  extended  to  plates  by  Dimitriadis  et  al  [8,6].  The  derivation  is 
lengthy  and  the  idea  is  therefore  to  sketch  only  the  basic  stqps  of  the  analysis  and  their 
outcome.  A  more  detailed  examination  is  given  in  references  [6,9] 


The  power  that  is  injected  into  the  subsystems,  the  power  that  is  transmitted  across 
the  junctions,  the  kinetic  energy  for  the  plates  and  the  power  that  is  dissipated  in  each 
subsystem  can  be  written  as 
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for  subsystems  1,  2  and  3,  respectively.  The  direction  of  the  arrow  in  the  subscript  of 
the  energy  flow  indicates  the  direction  of  the  energy  flow  that  is  considered  to 
have  positive  sign.  The  rain-on-the-roof  excitations  are  denoted  as  Sj. 

The  content  of  equation  (3)  is  similar  to  what  has  been  obtained  previously  by  other 
authors.  Equation  (3)  is  identical  to  the  so  called  “energy  influence  coefficients’’  that 
were  introduced  by  Guyader  et  al  in  reference  [10],  Equation  (3)  is  similar  (and  in  some 
situations  identical)  to  the  “Greens  function”  that  Langley  used  in  reference  [4], 


The  power  balance  can  also  be  expressed  as  a  function  of  the  energy  flow  and  the  power 
that  is  dissipated  in  each  subsystem,  i.e.  as 


/  ^Ptn,  1 1 

|-[v]| 

(J,  1 

1-w+wj 

i  S3  1 

\ 

(5) 


Figure  1  a)  The  U-shs^d  plate  assembly.  The  plates  are  considered  to  be  rectangular,  thin  and 
simply  supported  in  the  analytical  model,  b)  The  conceptual  energy  flow  balance  for  the  case 
where  rain>on-the>roof  excitation  acts  in  plate  1. 
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2.1.  CONSERVATIVE  COUPLING:  UNCOUPLED  SUBSYSTEM 
ENERGY 


The  average  energy  of  an  uncoupled  plate  that  is  subjected  to  rain-on-the-roof  excitation 
can  be  shown  to  be  [6,7] 

,and  =  ,  (6a,b) 

^  '  2€jAj  2£jAj 

where  the  energy  per  mode  is  signified  by  Oj  and  the  average  density  of  uncoupled 
modes  is  denoted  as  n/co).  Specific  viscous  damping  is  denoted  as  €j  and  plate  area  is 
denoted  Ay.  A  feature  which  is  oftentimes  forgotten  is  that  the  excitation  (Sj)  is  a  part  of 
the  energy  per  uncoupled  mode  (it  would  otherwise  be  normalised  with  respect  to  the 
spectral  density  of  the  excitation).  This  fact  implies  that  the  average  energy  per 
uncoupled  mode,  by  definition,  must  be  zero  for  a  receiving  subsystem  when  excitation 
occurs  only  in  the  sending  subsystem. 

This  fact  is,  perhaps  better  understood  if  one  states  that  a  receiving  subsystem 
cannot  be  uncoupled  if  it  receives  power  from  another  subsystem  that  is  connected  to  it. 
The  receiving  subsystem  must  in  ftiis  situation,  by  definition,  be  of  the  coupled  type. 

The  dissipative  powers  fulfil 

f/i3 giAi  ^  Ui2  ^  CiAi  1/32  -  gsAs  ^ 

Usi  csAs  Uii  eiAi  C/23  ^2A2 

which  happens  to  be  the  same  as  the  ratio  between  the  uncoupled  average  energies  per 
mode.  This  fact  can  be  used  together  with  the  knowledge  that  the  energy  flow  out  from 
subsystem  1  equals  the  power  that  is  dissipated  in  subsystems  2  and  3 

PP21  =  C/21  +  C/31  » and  that  PP31  —  C/31  (6f,g) 

Similar  findings  apply  for  the  other  energy  flow  components. 

The  energy  flow  can  thus  be  re-expressed  as  a  function  of  the  average  uncoupled,  i.e. 
as 

Spu>2  =  t/2i(si  -  MUaVt/sifSi  -  =  ffl7}i2ni(ft-ft)  +  ©i?'i3ni(ft-fc).  (7a) 

V  £2A2  /  \  €3A3  / 

and 

Spy>2  =  Uilss  -  ^2^^2Vc/i3(53  -  ©7^32^3(63-62)+  ©7]'3in3(ft-6i) .  (7b) 

\  BtAi  f  V  fiAi  / 

Equation  (7a, b)  shows  that  the  conservatively  coupled  three-subsystem  case  can  be 
put  in  a  form  where  the  energy  flows  become  functions  of  the  average  energy  per  mode. 
Two  additional,  so  called,  indirect  couplings  must  be  introduced  to  yield  this  solution. 
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2.2.  CONSERVATIVE  COUPLING:  COUPLED  SUBSYSTEM 
ENERGY 


Equation  (1)  can  be  rewritten  as  a  ftinction  of  subsystem  energy 
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The  form  of  equation  (8)  is  found  if  the  parts  of  equation  (5)  is  solved  separately  and 
thereafter  assembled.  No  terms  in  the  matrix  [V][Rr^  become  zero  as  is  normally 
assumed  in  SEA.  Therefore,  coupling  coefficients  should  also  be  introduced  for  the  two 
plates  that  are  not  directly  coupled  to  each  other,  i.e.  indirect  couplings  should  be 
included  to  yield  a  complete  solution  for  the  power  input  balance. 
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Figure  2.  Ibe  extended  energy  flow  model  with  its  subsystems,  kinetic  energies  (S^),  pow^  inputs 
{Spj),  energy  flow  components  {anjijEj)  and  power  losses  {(mjjEp.  Note  that  the  spectral  density 
the  subsystem  enery  is  abbreviated  to  Ej  for  the  energy  flow  components  and  the  power  losses. 


2.3.  TERMINOLOGY 


The  energy  flows  of  equation  (2)  can  be  rewritten  to  become  a  function  of  coupled 
subsystem  energy 


Spi.>2 

SP3,>2 


=  [pp][Rr 


(nn+n'ii) 
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Comparison  of  equation  (7)  and  equation  (9)  shows  that  the  energy  flows  can  be 
expressed  as  a  function  of  imcoupled  and  as  a  fiinction  of  coupled  subsystem  energy. 
Scrutiny  of  the  equations  shows  that  the  couplings  change  when  they  are  changed  to 
from  a  function  of  uncoupled  to  become  a  function  of  coupled  energy.  TTie  change  in  the 
couplings  is  the  same  as 
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which  can  differ  markedly  from  unity. 

Equation  (10)  shows  that  it  is  advisable  to  ideologically  separate  couplings  that  refer 
to  the  uncoupled  case  from  those  that  belong  to  the  coupled  case.  The  couplings,  again, 
change  if  the  energy  flows  (Pij)  are  instead  extracted  from  ensembles  or  other  ‘statisticar 
situations  rather  than  from  the  single  case  in  equation  (7a,b). 

Discussion  can  therefore  easily  be  confused  when  these  factors  cannot  be  clearly 
distinguished  from  each  other.  The  following  terminology  is  therefore  adopted:  factors 
that  refer  to  average  energy  per  mode  (and  a  weak  coupling  approx,  of  coupled  energy) 
and  energy  flows  that  refer  to  ‘statistical’  (archetypal)  situations  are  termed  Coupling 
Loss  Factors  (CLFs)  (as  is  commonplace  today);  factors  that  refer  to  average  uncoupled 
energy  and  energy  flows  for  a  particular  case  is  termed  Uncoupled  Energy  Row 
Coefficients  (UEFCs);  and  factors  that  refer  to  coupled  subsystem  energy  and  energy 
flows  for  a  particular  case  are  termed  Coupled  Eno’gy  Flow  Coefficients  (CEFCs). 

The  CLF,  the  UEFC  and  the  CEFC  are  expected  to  become  identical  in  situations 
where  the  archetypal  trend  starts  to  show  in  the  single  case.  Note  that  the  notation  in 
the  algebra  does  not  cater  for  the  above  mentioned  differences  and  that  the  same 
coefficients  merrily  are  used  for  various  coupling  types  without  further  censure. 


2.4.  NON-CONSERVATIVE  COUPLING:  UNCOUPLED 
SUBSYSTEM  ENERGY 


The  flow  of  energy  in  equation  (7a,b)  becomes 

and  5/»3.>2=(nr|32n303+cnt?3in3(ft-ft)  (lla,b) 

respectively,  when  no  excitation  occurs  in  subsystem  2,  i.e.  when,  by  definition  02  =  0. 
Unfortunately,  equation  (lla,b)  does  not  support  ’energy  flow  reciprocity’  which  makes 
it  less  attractive  for  introduction  into  a  non-conservative  two-subsystem  model. 

However,  it  can  be  seen  from  equation  (lla,b)  that  the  energy  flow  that  is 
communicated  between  subsystems  1  and  3  yields  a  transmission  path  that  fulfils  the 
requirement  of  ’energy  flow  reciprocity’  and  is 

Sp'i->3  =  o>rf'nni{6i  -  ft)  .  (12) 

The  case  that  is  considered  to  produce  positive  values  for  is  when  energy  flows 
in  the  direction  from  subsystem  1  to  subsystem  3  equation  (12)  applies  for  energy-flow 
across  the  fictitious  subsystem  interface  of  Figure  3(b). 
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The  power  balance  can,  afta  some  steps  of  algebra,  be  stated  as 

»  (13a, b) 

for  subsystems  1  and  3,  respectively  (Figure  3(c)). 

Introducing  the  weak  coupling  approximation  Ej  =  njGj  for  the  coupled  subsystem 
energy  yields,  after  some  extra  steps  and  further  motivation,  the  approximate  power 
balance 

SPin,  1 
SPin.  3 

The  difference  between  equation  (13a,b)  and  equation  (14a,b)  may  at  first  seem 
surprising  but  is  invoked  by  that  fact  that  a  response  (that  is  larger  than  zero)  cannot 
exist  in  the  receiving  subsystem  in  equation  (13a,b)  without  violating  the  total  power 
balance  of  the  system. 

Equation  (14a,b)  shows  that  the  non-conservative  case  can  be  introduced  into  SEA  if 
indirect  Coupling  Loss  Factors  (CLFs)  and  suitable  radiation  factors  are  derived. 
However,  few  indirect  CLFs  are  available  today.  Development  of  such  factors  is 
desirable  as  it  shows  promise  at  expanding  the  applicability  of  SEA  to  a  wider  range  of 
cases. 
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Figure  3  a)  The  energy  flow  model  in  which  the  physical  subsystem  interfaces  are  used,  b)  The 
conceptual  energy  flow  balance  fin  which  the  energy  flows  of  Figure  3(a)  are  re-e;ipressed  into 
one  indirect  and  two  radiating  path  s.  c)  The  non-cooservatively  coupled  energy  flow  model  the 
way  it  can  be  expressed  in  SEA.  The  dashed  lines  symbolise  the  fictitious  subsystem  interface  that 
must  be  introduced  into  the  model. 
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2.5.  NON-CONSERVATIVE  COUPLING:  COUPLED  SUBSYSTEM 
ENERGY 


Most  measurements  or  calculations  refer  to  systems  in  which  a  response  occurs  in 
the  receiving  subsystem.  It  is  obvious  that  such  cases,  by  definition,  must  refer  to 
coupled  rather  than  uncoupled  subsystem  energy.  The  weak  coupling  approximation  of 
the  coupled  subsystem  en^gy  may  not  be  sufficient  for  all  of  these  cases. 

The  experience  from  the  discussion  above  is  that  one  should  be  cautious  not  to  take 
the  benefits  of  the  uncoupled  subsystem  energy  for  granted  also  for  coupled  subsystem 
energy.  A  separate  evaluation  is  therefore  motivated  for  this  kind  of  subsystem  response 
coordinate. 


The  power  that  is  injected  into  the  subsystems,  the  kinetic  energy  for  the  plates  and 
the  energy  flow  out  of  plates  1  and  3  and  the  power  that  is  dissipated  in  the  plates  can 
be  written  as 
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and 
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respectively.  Note  that  equation  (17)  does  not  contain  the  symmetry  that  is  required. 
The  energy  flow  out  from  the  subsystems  can  be  rewritten  as 
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where  the  power  that  is  dissipated  in  the  intermediate  element  (the  Uij  terms  on  the 
diagonal)  has  been  s^arated  from  the  energy  flow  between  subsystems  1  and  3. 

Equation  (15)  thus  becomes 


SPin.l  (tH+I712(1)+J7'i3)  -(rf'31+»?32(l))  |  Sei  1 

SPin,3  I  1  5e3  )  .  iTln(3)+t]'l3)  (r?3+l7'31+»)32(3))  J  Sb3  I 


when  it  is  rewritten  to  become  a  function  of  coupled  subsystem  energy. 
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Two  additional,  (off-diagonal)  radiation  factors  can  be  seen  to  appear  in  equation 
(18).  Therefore,  no  terms  in  the  matrix  [V][R]'*can  be  separated  purely  from  a 
knowledge  of  the  power  inputs  and  subsystem  responses.  To  access  the  complete 
information  content  in  the  right  hand  side  of  equation  (19)  requires  explicit  knowledge 
of  the  enfflgy  flows  and  the  dissipative  powers.  Therefore,  the  input  power  balance  must 
be  given  the  simplified  interpretation 
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Figure  4.  ITie  energy  flow  model  for  the  non-conservatively  coupled  two-subsystem  case  in  which 
coiq>led  subsystem  energy  is  utilised,  a)  The  complete  model  for  the  case  of  viscous  damping,  b)  A 
simplified  interpretation  of  the  input  power  balance.  The  inclination  of  the  two  lowest  arrows 
signifies  that  the  radiation,  re-radiation  and  dissipation  is  combined  and  treated  as  a  single  factor. 


Note  that  the  power  input  is  explicitly  balanced  by  equation  (20).  It  is  only  the 
function  of  the  pseudo  coupling  and  loss  factor  data  that  is  inaccurately  interpreted  with 
respect  to  the  derivation  of  the  energy-flow.  The  form  of  equation  (20)  is  identical  with 
the  results  of  other  authors,  e.g.  [11-13],  even  though  types  of  subsystem  response 
coordinates  other  than  coupled  subsystem  energy  have  been  used  in  these  examinations. 

Furthermore,  comparison  of  the  simplified  interpretation  (equation  (20))  and  the 
weak  coupling  £q>proximation  (equation  (14a,b))  shows  close  similarity.  Therefore,  it 
may  be  anticipated  that  the  simplified  interpretation  of  the  power  balance  improves 
when  the  coupled  subsystem  en^gy  resembles  the  uncoupled  subsystem  energy. 

However,  one  should  be  cautious  not  to  draw  too  much  on  this  similarity  and  the 
experience  from  the  conservatively  coupled  two-subsystem  case.  The  author’s  experience 
from  numerical  simulations  is  that  the  success  of  equation  (20)  does  not  depend  on  the 
strength  of  the  indirect  coupling.  What  matters  is  how  large  the  on-diagonal  radiation 
factor  is  in  comparison  with  a  subsystem’s  Dissipation  Loss  Factor  (DLF).  Cases  in 
which  one  subsystem's  DLF  is  smaller  than  its  radiation  factors  can  be  shown  to  yield 
satisfactory  estimates  of  the  energy  flow  when  this  subsystem  is  the  excited  subsystem, 
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while  poor  results  are  obtained  when  the  situation  is  the  reverse  and  it  instead  becomes 
the  receiving  subsystem. 

In  short,  such  cases  can  be  expected  when  a  receiving  subsystem  is  unable  to  destroy 
the  power  transfer  from  an  indirectly  connected  subsystem  (which  is  where  the  source  is 
located).  This  type  of  cases  is  invoked  when  the  receiving  subsystem  is  either  lightly 
damped  or  is  unable  to  accumulate  energy.  Examples  of  the  latter  are  when  the 
subsystem  is  rigid,  limp  or  at  anti-resonant  frequencies.  An  explanation  for  this 
‘asymmetric’  behaviour  is  given  below. 

The  power  balance  of  the  total  system  is  obtained  by  summing  the  rows  of  equation 
(19),  which  yields 


SPinA  +  SpinA  =  {(71l+T?i2(l)-r7l2(3))S£i  +  (7?3-J732(l)+n32(3))SE3}  •  (21) 

Comparison  of  the  subsystem  and  total  system  power  balances  of  equation  (20)  and 
equation  (21),  respectively,  shows  that 

SPi„,  1  -  fl){t?l+t?12(l)-ni2(3))SEi  =  fi)(T7'l3+t?12(3))5£,  -  0){n'3l+r^31(i))SE3  =  (22a) 

=  fl)(n3-^32(l)+n32(3))SE3 

when  3  =  0  and 

SPin.3  "  fi>(»/3-J?32(l)+n32(3)>S£3  =  fi)(n'31+7732(l))SE3  '  3+^71 2(3 =  (22b) 

=  fl)(l7l+^7l2(l)-^7l2(3))SEi 


when  i  =  0. 

The  actual  energy  flow  is  yielded  by  use  of  the  indirect  couplings.  Examination  of 
equations  (22a,b)  shows  that  the  energy  flow  is  likely  to  be  ov^estimated  since  the  off- 
diagonal  radiation  factors  tend  to  be  smaller  than  the  on-diagonal  radiation  factors.  Tlie 
matrices  that  are  involved  shows  that  the  off-diagonal  radiation  factors  tend  to  be  smaller 
than  the  on-diagonal  radiation  factors.  Excq)tions  can  be  found,  e.g.  at  frequencies  where 
the  kinetic  energy  is  much  larger  in  the  receiving  than  in  the  excited  subsystem.  The 
determinant  of  matrix  [R]  is  negative  at  such  frequencies  and,  thus  a  sign  change  can  be 
expected  for  the  couplings.  Furthermore,  the  on-  and  ofr-diagonal  radiation  factors  cancel 
which  reduces  the  error  in  the  energy  flow  estimate.  The  effect  of  the  off-diagonal 
radiation  factors  in  equation  (20)  is  that  the  energy  flow  is  over-estimated. 

Equations  (22a, b)  show  that  one  excitation  case  can  be  poorly  described  while 
excitation  of  the  other  subsystem  can  yield  good  results,  i.e.  equation  (22a, b)  may 
independently  yield  a  poor  or  reasonable  approximation.  It  can  be  seen  that  the  relative 
size  of  the  radiation  factor  sum  (e.g.  r}32(3)  -  l32(l))  with  respect  to  the  dissipation 
loss  factor  (e.g.  775)  of  the  receiving  subsystem  (e.g.  3)  is  what  matters. 

The  author's  experience  from  numerical  examinations  of  the  three-plate  case 
suggests  that  successful  application  of  equation  (20)  does  not  depend  on  whether  the 
indirect  energy  flow  is  weak  or  strong.  As  mentioned  above,  it  is  the  re-radiation 
strength  of  the  receiving  subsystem  that  matters.  The  energy  flow  that  is  communicated 
between  subsystems  1  and  3  can  be  quite  weak  and  equation  (20)  still  yield  valid  results 
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as  long  as  the  re-radiation  is  small  in  comparison  with  the  dissipation.  This  indicates 
that  it  should  not  matter  whether  large  distances  or  several  subparts  exists  between 
subsystem  1  and  3  or  if  the  intermediate  element  is  lightly  or  heavily  damped. 

The  derivation  of  the  above  mentioned  equations  does  only  rely  on  the  form  of  the 
power  balances.  It  may  therefore  be  speculated  that  they  hold  also  for  the  case  in  which 
the  intermediate  element  (subsystem  2)  encircles  subsystems  1  and  3.  A  possible  future 
use  of  equation  (20)  may  therefore  be  as  an  approximate  tool  in  the  experimental  survey 
of  dominant  transmission  paths  in  structures  that  are  not  (too)  lightly  damped.  An 
examination  of  this  kind  was  applied  for  joint  with  air-pumping  and  mechanical  point 
connections  in  parallel  by  Sun  et  al  [12].  The  numerical  survey  implies  that  it  should 
be  possible  to  take  the  use  of  equation  (20)  even  further  (althou^  with  caution). 

In  sum,  the  DLFs  and  radiation  factors  must  be  separated  for  the  non-conservatively 
coupled  two  subsystem  model  to  yield  the  actual  energy  flow.  The  energy  flows  are 
otherwise  incorrectly  derived.  Measuring  the  power  inputs  and  subsystem  energies  of 
two  non-conservatively  coupled  subsystems  does  not  yield  enough  information  to 
separate  the  DLFs  from  the  radiation  factors  with  the  current  approach.  A  simplified 
interpretation  of  the  power  balance  (equation  (20))  is  therefore  found  necessary.  The 
approximation  of  equation  (20)  is  such  that  it  tends  to  overestimate  the  energy  flow. 

The  DLFs  may  be  assessed  from  a  separate  measurement  if  they  remain  unchanged 
when  the  subsystems  are  decoupled.  However,  it  should  be  recognised  that  the  inverse' 
non-conservative  power  balance  need  not  be  used  when  the  DLFs  are  already  known. 
Instead,  the  energy  flow  can  simply  be  derived  from  the  dissipative  and  input  powers  of 
subsystems  1  and  3.  The  advantage  of  the  non-conservatively  coupled  two-subsystem 
model  is  that  it  yields  the  radiation  factors  which  may  serve  as  a  measure  of  the 
efficiency  of  the  dissipative  joint.  However,  most  cases  cannot  be  decoupled  and 
practical  application  of  this  approach  may  thus  be  restricted. 


3.  Conclusions 

Two  non-conservatively  coupled  subsystems  was  demonstrated  as  a  special  case  of 
the  three-subsystem  configuration.  Die  physical  subsystem  interfaces  cannot  be  directly 
applied  in  the  non-conservatively  coupled  two-subsystem  model  for  the  simple  reason 
that  only  a  single  interface  can  be  used  in  the  non-conservatively  coupled  two- 
subsystem  model.  A  fictitious  interface  was  therefore  introduced  to  account  for  the 
transfer  of  energy  between  the  non-conservatively  coupled  subsystems. 

Two  kinds  of  non-conservatively  coupled  energy  flow  models  were  derived  for  cases 
in  which  uncoupled  and  coupled  subsystem  ena-gies  are  used.  The  first  type,  that  refers 
to  uncoupled  subsystem  energy,  can  be  used  in  a  ’forward’  fashion  when  setting  up  a 
SEA  model,  while  the  second  type,  that  uses  coupled  subsystem  energy,  is  appropriate 
for  ‘invo'se’  computational  or  experimental  analysis  procedures. 

Two  versions  of  the  power  balance  were  deduced  for  the  coupled  case.  The  first 
version  contains  a  complete  information  set  that  cannot  be  revealed  from  the  power 
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inputs  to  and  responses  of  two  subsystems.  The  crux  of  the  matter  for  the  non- 
conservatively  coupled  two-subsystem  model  is  that  four  radiation  factors  must  be  used 
when  the  power  input  is  expressed  as  a  function  of  coupled  subsystem  energy.  A 
second,  simplified,  version  was  therefore  introduced  for  approximate  analysis  of  the 
energy  flows.  This  simplification  can  yield  perfectly  valid  results  when  exciting  in  one 
of  the  subsystems  and  truly  fail  when  the  other  subsystem  is  excited.  The  degree  of 
approximation  depends  on  how  large  the  receiving  subsystem’s  dissipation-loss  and 
radiation  factors  are  in  comparison  with  each  other. 

A  few  speculations  about  extending  the  use  of  the  non-conservative  power  balance 
were  made  to  suggest  directions  for  further  research.  The  non-conservative  two- 
subsystem  case  may  be  applied  in  the  search  of  dominant  transmission  paths  in 
structures  that  are  not  too  lightly  damped.  However,  un-cautious  use  of  the  simplified 
power  balance  is  not  recommended  as  it  yields  the  energy  flow  by  approximation  only. 

In  conclusion,  a  dual  interpretation  of  the  conservatively  coupled  three-subsystem 
case  and  the  non-conservatively  coupled  two-subsystem  case  can  be  made  if  indirect 
couplings  are  introduced.  Further  development  of  such  factors  for  introduction  to  SEA  is 
therefore  desirable  and  may  help  expand  the  applicability  of  SEA. 
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Equation  (2)  should  be  renamed  as  equation  (2a).  Manipulating  the  upper  and  lower  rows 
of  equation  (2a)  to  include  the  energy  flow  to  subsystem  2  )tields  that 

lSp,.A  r  PP21  PPn  PPi3  If  5,  \  f  \ 

=  {-PP31-PP21)  {-PP32-PPn)  {-PP13-PP23)  S2  52  .  (2b) 

Up3.J  L  PP31  PP32  PP23  JU3  1  I  53  I 

The  superscript  +  in  the  matrix  [PP''']  signifies  that  a  row  has  been  added. 

The  3rd  sentence  in  the  paragraph  before  equation  (5)  should  read 

Equation  (3)  is  similar  (and  in  some  situations  identical)  to  the  energy  part  of  the  “Greens 

function”  formulation  that  Langley  used  in  reference  [4]. 

Equation  (5)  should  read 


Summing  the  [L/]  and  [PP"*"]  matrices  for  the  dissipated  power  and  the  energy  flow  out  of 
the  subsystems,  respectively  yields  the  diagonal  [V]  matrix  for  the  power  input 

The  1st  sentence  in  the  paragraph  before  equation  (15)  should  read 

The  experience  from  the  discussion  above  is  that  one  should  be  cautious  to  take  the 
benefits  of  the  uncoupled  subsystem  energy  for  granted  also  for  coupled  subsystem 
energy. 


Equation  (17)  should  read 


■PP2I  PPl3 
-PP3I  PP23 


(17) 


Addendum 

The  power  input  for  the  non-conservatively  coupled  case  can  be  divided  into  the 
following  subparts 

Ei !  S  1’ 

where  the  power  which  is  lost  in  the  non-conservative  junction  is 
and  the  power  which  is  lost  in  the  subsystem  is 


(19b) 

(19c) 

(19d) 


Re-expressing  equation  (19c)  as  a  function  of  coupled  subsystem  energy  yields  four 
radiation  factors.  Re-expressing  equation  (19d)  as  a  function  of  coupled  subsystem 
energy  yields  two  dissipation  loss  factors  on  the  matrix  diagonal. 
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Abstract 

Predictive  SEA  is  mainly  based  on  the  wave  approach.  For  plate  networks  the  main 
computational  procedure  is  associated  with  the  c^culation  of  the  infinite  plate  to  plate 
random  incid^ce  transmission  coeffid^ts.  This  p^per  outlines  a  method  for  such  a 
procedure  based  upon  generalising  the  ID  amcept  of  a  pdnt  impedance  to  2D  concept 
oi  a  line  wave  impedance.  FcHmulae  are  present  for  the  line  wave  impedance  of  an 
infinite  Timoshenko  beam  and  a  thin  s^-infinite  plate,  and  for  the  cross  line  wave 
impedance  of  a  strip  plate  of  finite  width. 

These  formulae  are  used  to  calculate  plate  to  plate  SEA  coupling  loss  factors. 
Experimental  results  are  compared  with  this  theory  for  the  particular  case  of  an 
assembly  consisting  of  two  plates  omnected  to  the  (fiagmially  opposite  flanges  of  an 
I-beam.  good  agreem^t  is  shown.  The  theory  using  strip  plates  is  shown  to  be 
supericr  and  asymptotic  to  two  other  approximate  theories  one  of  which  can  be 
assumed  accurate  at  low  frequencies  and  one  at  high  fiequendes. 

The  theory  has  been  ext^sively  validated  against  the  measured  respemse  results 
from  many  test  assemblies. 


1.  Introduction 

Predictive  theory  based  on  the  modal  approach  to  SEA  is  v^y  difficult  to  apply  to 
complex  structural  assemblies,  firstly  bemuse  of  the  computational  load  and  seccmdly 
because  of  the  many  assumptions  that  seem  to  be  necessary.  On  the  other  hand  the 
wave  approach  to  the  calculation  of  SEA  coupling  loss  factcxrs  is  computationally 
effident  and  seems  to  be  governed  by  a  single  assumptimi.  This  assumption,  that  the 
infinite  canonical  form  of  each  junction  need  only  be  studied  and  that  the  resulting 
infinite  transmissiem  matrix  can  be  used  to  calculate  finite  coupling  loss  factors,  is 
clearly  valid  'em  the  average’  emee  wavelengths  have  become  much  smaller  than 
typical  subsystem  l^gths.  In  fact  experience  has  shown  this  assumption  to  be  valid 
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down  to  frequencies  associated  with  modal  overlap  factors  of  about  one,  and  for  many 
vihro-acoustic  problems  such  frequencies  lie  below  the  frequency  range  of  interest 

Anoth^  advantage  to  the  use  of  the  wave  approach  is  in  the  choice  of  SEA 
subsystems.  At  least  for  plate  and  beam  assemblies  this  chdce  beccHnes  scmiewhat 
automatic,  as  against  involving  engineering  judgment,  by  the  need  to  match  a 
transmission  matrix  element  to  a  coupling  loss  factor.  Thus  each  wavetype  within  a 
plate  or  a  beam  has  to  be  modelled  as  at  least  one  subsystem. 

The  critical  theory  fcHr  predictive  SEA  is  thus  associated  with  the  calculation  of 
these  infinite  transmission  matrices.  This  pap^  describes  sudi  a  calculation  procedure 
for  a  general  line  connection  of  plates.  It  is  based  on  the  use  of  line  wave  impedance 
matrices,  analogous  to  the  use  of  point  impedance  matrices  for  beam  netwc^ks. 
Formulae  are  presented  for  the  line  wave  impedance  of  semi-infinite  plates,  infinite 
beams  and  infinite  strip  plates  The  method  by  which  these  can  be  used  to  calculate  the 
required  transmission  matrices  is  described. 

Predictions  using  this  theory  are  th^  compared  with  the  measured  results  from  a 
two  plate  assembly.  It  is  shown  that  typical  connecting  I-beams  cannot  be  modelled 
using  beam  theory  because  of  the  dynamic  behaviour  of  their  webs,  however  by 
modelling  the  beam  as  a  series  of  connected  strip  plates  very  good  agreement  is  shown 
between  theory  and  experiment 


2.  Basic  SEA  theory 


When  plates  are  joined  along  a  line  the  SEA  coupling  loss  factca*  i\^  between  plate  a 
and  plate  b  is  normally  calculated  using  the  formula 


11-.= 


±1^ 

2n^m, 


(1) 


where  m  is  the  circular  frequ^cy,  and  \  are  the  wavenumber  and  modal  density 
of  plate  a  respectively,  L  is  the  length  of  the  line  ccxinection,  and  is  the  infinite 
randcHn  incidence  transmissicm  coeffici^t  betwe^  plate  a  and  plate  b.  This  infinite 
transmissicm  coefficient  is  simply  the  transmission  coefficient  associated  with  the 
canonical  junction  of  infinite  extent. 

Normally  each  plate  will  have  three  travelling  wave  types  associated  with  it,  one  for 
the  bending  waves,  me  for  the  inplane  compression  waves  and  cme  to  the  inplane 
shear  waves,  and  these  will  give  rise  to  a  transmission  matrix  of  order  three  times  the 
numb^  of  plates  at  the  line  junction.  Through  equation  1,  this  will  result  in  a  similar 
order  matrix  to  the  coupling  loss  factors  between  all  the  plate  wave  types. 

Knowing  the  angle  dq)endent  plate  to  plate  transmission  coefficient  where 

0.  is  the  normal  angle  of  incidence,  the  random  incidrace  transmission  coefficient 
is  calculated  using 

\  =  \  x..(9.)cos(e.)de.  . 


(2) 
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Thus  the  calculation  of  the  SEA  coupling  loss  factor  between  plates  at  a  line 
junctions  is  dq)endent  on  the  calculation  of  The  general  calculation  of 

x^(0,)  usually  pioceeds  as  follows. 

A  plane  incident  wave  is  assumed  with  a  given  incident  angle  0.  ,  fen*  a  given  plate 
and  given  wavetype.  The  power  incident  oa  the  line  junction  is  then  calculated 
togeth^  with  the  input  velocity  and  the  induced  force  on  the  junction  at  the  plate  edge. 
These  calculations  are  simple  functions  of  the  plate  supporting  the  incident  wave  and 
are  indep^dent  of  the  other  plates  and  the  connection  complexity  of  the  junction. 

This  ^external*  force  is  then  imposed  oa  the  junction  and  the  junction  velocity 
calculated.  It  is  then  a  relatively  simple  maitet  to  use  this  junction  velocity  to  deduce 
the  various  output  wave  type  powers,  and  by  dividing  by  the  input  power  to  calculate 
T^(0J .  The  major  part  of  the  imx:edure  is  thus  associated  with  the  calculation  of  the 
junction  velocity  from  a  knowledge  of  a  given  external  force. 


3.  Line  wave  impedances 

At  a  point  ccmnecticm  there  are  six  degrees  of  freedom  but  at  a  line  connectiem  there 
are  only  four.  This  is  fundamental  and  simply  associated  with  the  geometrical 
relaticmships  that  must  exist  along  a  line  once  we  assume  all  variables  have  a  simple 
dq)end&acy  in  the  direction  of  the  line.  Let  the  connection  line  be  parallel  to  the  x  axis, 
then  f(x  a  given  trace  wav^umber  k  (a  simple  function  of  the  incident  wave)  ail 
variables  must  have  an  x  dependency  of  e’** . 

Now  the  usual  line  velocity  and  line  force  variables  are  taken  to  be 
y-=(v,  V,  V,  H-.). 

r=(/,  f,+ikm^  f,-ikm^  m,). 

whCTe  superscript  T  daiotes  a  transpose,  v  represents  linear  velocity,  w  represents 
rotational  velocity, /represents  force,  and  m  represents  moment. 

The  aim  herein  is  to  geno'alise  the  well  understood  point  impedance  approach  and 
define  a  suitable  line  wave  impedance.  Unfortunately  some  of  the  useful  properties  of  a 
pomt  impedance  are  lost  if  a  line  wave  impedance  is  defined  in  terms  of  the  above 
variables.  However  it  is  possible  to  overoxne  this  problem  by  defining  a  new  set  of 
variables  such  that 

V,  V.  W,), 

This  is  a  mathematical  trick  that  is  not  essential  but  is  very  desirable,  if  we  now 
define  a  line  wave  impedance  Z  using  the  formula 

f  =  Zv,  (5) 

we  find  that  all  line  wave  impedance  matrices  are  symmetric  and  furthermore  that  the 
line  wave  impedance  matrix  of  a  reactive  element,  such  as  a  beam,  is  purely  imaginary. 
Such  prop^es  are  clearly  analogous  with  the  prop^es  of  point  impedance  matrices. 
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The  change  of  variables  is  allowed,  without  loss,  because  any  set  of  variables  is 
acceptable  provided  we  ensure  conservation  of  power,  that  is 

power  oc  rv=r«v',  (6) 

where  superscript  H  denotes  a  complex  conjugate  transposition. 

All  the  subsequent  formulae  in  this  piq)er  use  line  variables  defined  by  equation  4. 
Line  wave  imped^ces  can  be  added  togeth^  just  like  point  impedances  and  aoss  line 
wave  impedances  can  be  used  to  model  for  example  a  strip  plate  just  like  a  cross  point 
impedance  can  be  used  to  model  a  finite  beam.  Furthermore  these  impedances  can  be 
transformed  to  cope  with  small  rigid  offsets  and  rotations  using  the  following 
transfonnation  matrix 

10  0  0 

0  cos^  -sin<|)  0 

m  — 

0  sin<|)  cos<t>  0 

0  psin<|>-gcos<|>  />cos<t)+gsin(|)  1 
where  the  local  axis  is  at  position  (O  p  q)  with  respea  to  the  global  axis  origin  and 

the  local  y  and  z  axes  are  at  an  angle  <|>  with  respect  to  the  global  y  and  z  axes.  To 
transfmn  a  line  wave  impedance  fi-om  local  co-ordinates  to  global  co-ordinates  we 
simply  use  <pZq)^ . 

4.  The  line  wave  impedance  for  a  beam 

The  twelve  cyclic  equations  for  a  Timoshenko  beam  can  be  used  to  generate  its  line 
wave  impedance.  This  is  done  by  imposing  each  of  the  four  line  fco'ces  in  turn  and 
calculating  the  line  velocity  respcmses  to  give  the  4x4  line  wave  mobility  matrix  which 
can  then  be  inverted  to  give  the  line  wave  impedance  matrix.  The  assumption  is  that 
the  beam  is  acting  along  a  single  connection  line. 

The  probl^  associated  with  plates  attached  along  differrat  lines  of  the  beam 
secticxi,  such  as  the  opposite  flanges  of  an  I-beam,  is  better  solved  by  modelling  the 
beam  as  a  s^ies  of  strip  plate  elements  rather  than  by  introducing  a  special  six  degree 
of  freedom  eluent  as  cited  in  Langley  and  H^on  (1990).  Practically  all  ^gineoing 
beams  are  thin  sectioned  beams  and  should  be  modelled  as  a  series  of  strip  plates  in 
(x-der  to  accurately  predict  the  beam  dynamics  at  the  mid  and  high  firequencies.  Thus 
the  beam  fonnulae  of  this  section  should  be  used  sparingly. 

After  some  algebra,  the  line  wave  impedance  for  an  infinite  beam  about  its  centroid 
can  be  shown  to  be  given  by  the  following  fonnulae 

"L  0  0  0 

_  0  0 
0  0 

0  -t,k% 

L  =  k^{k^EA-<aW)  , 


(9) 
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F^=k^B^-(s>W  , 

(10) 

F^=k*B^-(S)W  , 

(11) 

(f 

(12) 

‘  l+h{k%-(a%)’ 

(13) 

=  k^GJ-m^H,  +  z)k% + elk*B^  , 

(14) 

where  E  is  Young's  modulus,  A  is  the  ctoss  sectional  area,  m'  is  the  mass  unit 
l^gth.  By  and  are  the  two  biding  stiffoesses,  G  is  the  shear  modulus,  and 
are  the  two  thick  bending  shear  coefficients,  GJ  is  the  torsional  stiffiiess,  and 

are  the  three  moments  of  inotia  of  the  beam  cross  section  and  (e^ ,  e  J  is  the 


position  of  the  beam  shear  centre  with  respect  to  the  c^troid. 

Using  the  transfonnation  matrix  of  equatitm  7  the  line  wave  impedance  for  an 
infinite  beam  about  its  shear  axis  can  also  be  derived 


fooz, 


L  0  0  0  “ 

0  0 

0  0  Fy  +eyC0*m'  ’ 

0 


(15) 


=  k^GJ -  +  m't\  +  m't\ )  . 


(16) 


5,  The  line  wave  impedance  for  a  semi-infinite  plate 


The  line  wave  impedance  foe  a  thin  isotrc^ic  semi<infinite  plate  is  given  in  Langley 
and  Heron  (1990)  and  is  reproduced  here  with  a  few  slight  dianges  associated  with  the 
new  definition  of  a  line  wave  impedance  as  described  above. 

IZ  ° 

‘  0  0 

I  n 
0  0 


z^  = 


ttoZ.--  = 


k^kX 


_  k^{2k^-kXXy.) 

y.y.(y.+y,)  Y.Y.+o*’ 
Y.Y.+ofc'  (y.+Y.) 
yl=k^-kl  , 
y]=k^  +  kl  , 


iaZ, 


,=<a^m"k: 


(17) 


(18) 

(19) 

(20) 
(21) 
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1 

Ol 

II 

V 

(22) 

(23) 

(24) 

Ckl=(aW  , 

(25) 

Skl=(i>^m"  , 

(26) 

where  B,  C  and  S  are  the  bending,  compression  and  shear  stifhiesses  of  the  plate,  a  is 
Pdsson’s  ratio  and  m"  is  the  mass  per  unit  area  of  the  plate.  Unlike  in  reference  1 
Zbending  is  now  a  symmetric  matrix. 


6.  The  cross  line  wave  impedance  for  a  strip  plate 


The  cross  line  wave  impedance  for  a  thin  isotropic  strip  plate  is  given  below.  The  strip 
is  assumed  to  occupy  the  0  <  y  <  W  part  of  the  xy  plane,  where  W  is  the  strip  plate 
width.  As  with  the  calculation  of  the  impedance  of  a  thin  isotropic  semi>infinite  plate, 
the  process  is  split  into  one  involving  the  out-of-plane  biding  motion  and  one 
involving  the  inplane  motion.  Eight  line  variables  needed  here  and  they  are  chosen 
such  that  the  first  four  ref^  to  the  edge  at  y  =  0  and  the  last  four  refer  to  the  edge  at 


y  =  W .  Ihe  8x8  matrix  is  then  made  up  as  follows 

fZ,,.!!  0  0 


(27) 


This  impedance  matrix  can  be  transformed  from  local  to  global  co-crdinates  using 
the  8x8  transformation  matrix  given  by 


0 

92. 


(28) 


where  cp,  is  the  4x4  transformation  matrix  for  the  first  edge  of  the  strip  with  respect  to 


the  global  co-ordinates  chosen  for  this  first  edge  ccmnecticHi  point,  and  is  the  4x4 
transformation  matrix  for  the  ‘strip  extension’  with  respect  to  the  global  co-cx'dinates 
chosen  for  this  seccmd  edge  ccmnecticm  pdnt  The  ‘strip  extensicm*  refets  to  an 
imaginary  plate  occupying  the  W  <  y  <  «>  part  of  the  xy  plane. 


After  much  algebra  the  out-of-plane  cross  line  wave  impedance  can  be  shown 
to  be  given  by  the  following  fonnula 


wbeie 


(29) 
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and  where 


- 1 

o 

c. 

C2 

-C2 

-c/- 

-c. 

c. 

c. 

-c/ 

C/-‘ 

c,=i 

C.=i 

C3=-Y. 


c.  -c, 
c,  c, 

C.C  ’ 

c,e  c,e-‘. 
c,  c, 

-c, 

-<UQ  <Q-‘ 

-;,G  c,e-' 


C.=y.(y!-o*Ob 

C5=y.(y»-o*0b 

c.=c.c,c 

c,=c.c.c;‘ 


P  =  e-'‘^ 


(30) 


(31) 


(32) 


Q  = 

The  inplane  ctoss  line  wave  impedance  can  similarly  be  shown  to  be  given  by 
the  following  fonnula 

i(DZ„\|f,=t|fj,  ,  (33) 

where  y.  and  X|r^  are  still  given  by  equation  30  and  equation  31  but  where 
equation  32  is  replaced  by 

C,=1 


C,=Y. 

C2=Y. 

c.=c.c,cr 

;,=c.C4cr 

P  =  e-^-^ 


(34) 


It  can  also  be  shown  that  in  all  cases  D  =  is  a  real  symmetric  matrix.  Thus 
is  an  imaginary  8x8  symmetric  matrix;  imaginary  as  expected  because  the  strip 
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plate  has  no  damping.  It  is  possible  to  evaluate  D  by  numerically  inverting 
howevCT  this  can  cause  numerical  problems  especially  near  W  =  0.  The  following 
algebraic  formula  for  D  can  be  used  instead. 

^12  ^  ^14 

^  _  ^12  ^22 
^13  “^4 

“*^2  ^22 

di.  =(c,c.  -CzC,)[c,c,(i+/»^)(i-eO-c.c.(i-/'’)(i+c')l .  (36) 

=  2(C^  -C3C4)  [C,C,/^i-G=)-  C.C3G(1-  /^)1  .  (38) 

4. =2c„c,fcc,-C3;.)[/<i+el-fi(»+/’0l  >  (39) 

4=|^fe;4-C3C5)[c,c,(i-/’0(i+e‘)-C4(i+7’0(i-G')]  -  (^o) 

S2S3 

=2|!f  (c^  -c^)  [«3G(i--p^)-c.C3^^i-  eO] '  (41) 

S2^3 

A=2c.c.c3C3[4i'e-(i+i»^)(i+c^)]+(a:+cc0(i-^0(i-G’)  •  (^2) 

7.  Experimental  validation 

An  assembly  consisting  of  two  aluminium  plates  (thickness  2mm  and  4mm)  connected 
by  an  I  beam  was  manufactured  and  is  shown  diagramatically  in  figure  1.  Damping 
material  was  attached  to  each  plate  in  order  to  keep  clear  of  SEA  equipartition. 


Figure  1 :  The  Z assembly 
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The  structure  was  excited  at  five  random  positions  on  each  plate  and  the  response 
of  each  plate  measured  using  five  randomly  positioned  miniature  accelerometers.  This 
allowed  full  SEA  inva*si(Hi  to  be  used  to  obtain  the  coupling  loss  feaor  matrix,  and 
from  this  the  in-situ  damping  levels  for  each  plate.  Taking  account  of  both  the  direct 
vih^timi  field  associated  with  pcdnt  excitation  and  the  acoustic  radiation  damping,  a 
simple  mechanical  loss  factor  was  fitted  to  these  data.  The  resultant  assessed  energy 
loss  &ctor  was  1.8%  for  both  plates,  ccmstant  aaoss  all  frequencies.  This  value  was 
inserted  into  all  the  SEA  theoretical  models;  the  in-plane  loss  factors  were  taken 
arbitrarily  to  be  one  third  of  this  value. 

This  process  of  inverting  the  measured  ^ergy  matrix  to  obtain  the  in-situ  damping, 
then  using  these  measured  damping  values  in  a  theoretical  predicticxi  of  response,  and 
th^  comparing  these  predicted  responses  with  the  original  measured  responses  needs 
a  little  explanaticm.  The  alternative  and  simpler  approach  would  be  to  compare 
predicted  and  measured  coupling  loss  factors.  However  th^e  are  two  disadvantages  to 
this  altmiative  approach.  Firstly  the  measured  variance  of  the  coupling  loss  factors  is 
oft^  large  and  secondly  the  measurments  and  inversion  process  has  to  assume  a  two 
subsystem  model  (i.e.  no  inplane  motion)  and  thus  the  measured  coupling  loss  factors 
are  not  necessarily  what  they  seem.  These  effects  can  give  a  biased  result  and  /or  an 
inconclusive  comparison  with  theory. 

The  approach  adopted  h&tc  is  an  attempt  to  bypass  these  problems  by  arguing  that 
comparison  with  the<xy  should  occur  in  the  respcmse  plane  so  that  the  theory  can  take 
full  account  of  the  inplane  motion  and  then  all  that  is  needed  is  a  good  estimate  of  the 
damping.  The  best  estimate  of  this  is  obtained  firom  the  inverted  energy  matrix  on  the 
assumpticHi  that  any  inplane  motion  energy  losses  are  very  small  when  ocanpared  to  the 
out-of-plane  losses. 

Using  this  s^proadi  the  results  for  the  Z-assembly  are  shown  in  figure  2.  The  result 
are  expressed  in  toms  of  the  respcmse  velocity  normalised  to  the  input  drive  point 
velocity.  The  90%  omfidencc  limits  as  well  as  the  mean  arc  plotted  for  the 
measurement  results. 
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Figure  2 :  Response  of  2mm  plate  due  to  forcing  on  4mm  plate 


10000 


Three  theories  are  plotted  cm  figure  2.  The  Timoshenko  beam  model  was  calculated 
by  treating  the  I-beam  (the  centre  section  of  figure  1)  as  a  beam.  The  web  plate  theory 
was  calculated  by  treating  the  web  of  the  I-beam  as  an  undamped  SEA  plate  with  the 
two  flanges  as  coupling  beams  in  a  three  plate  SEA  model.  The  strip  plate  thecty  was 
calculated  using  five  strip  plates,  two  semi-infinite  plates  and  no  beams  as  outlined  in 
figure  1. 

Treating  the  full  I-beam  as  a  beam  is  a  good  model  at  the  lower  firequendes  but 
introduces  errors  in  excess  of  IfldB  at  frequendes  above  IkHz.  Treating  the  web  as  an 
undamped  SEA  plate  gives  remarkably  good  agreement  for  firequendes  above  about 
IkHz.  It  is  to  be  expected  that  this  model  will  be  accurate  at  the  highest  firequendes  but 
it  is  somewhat  surprising  that  it  is  accurate  down  to  IkHz. 

The  strip  plate  model  is  remarkably  accurate  over  the  whole  frequency  range.  It  is 
asymptotic  to  the  oth^  two  model  and  at  about  IkHz  predicts  a  smooth  transition 
between  these  two  approximate  theories  in  good  agreement  with  the  measurements. 


8.  Discussion 

The  wave  approach,  as  against  the  mode  approach,  is  the  usual  method  of  calculating 
SEA  coupling  loss  factors.  This  is  mainly  because  the  mode  approadi  is  inherently 
ccxnputationally  expensive  because  it  involves  the  evaluation  of  complicated  integrals 
to  d^  with  the  necessary  averages  over  space  and  frequency  (Lyon  and  DeJong, 
1995).  Occasionally  a  particular  junction  is  so  complicate  that  the  wave  approach 
cannot  be  used  because  the  junction  is  neither  a  point,  a  line  or  an  area.  In  such 
situations  a  theoretical  evaluation  of  the  coupling  may  have  to  use  the  mode  approach. 
However  it  is  now  clear  that  whatever  possible  the  wave  approach  is  to  be  preferred,  if 
for  no  other  reason  than  that  of  computationai  efficiency. 
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Furthermore  the  wave  approach  assumptions,  as  against  the  mode  approach 
assumptions,  can  be  more  easily  understood.  Indeed  the  wave  approach  only  assumes 
that  a  given  infinite  transmission  coefficient  is  a  good  approximation  to  the 
transmission  coeffident  for  the  finite  assembly.  This  will  be  valid  at  high  frequences 
where  we  can  assume  far  boundary  conditions  to  be  unimportant  as  compared  to  the 
junction  boundary  unde  cemsideation.  The  lowe  limit  of  ^plicability  is  assodated 
with  the  frequdcy  at  which  the  modal  ovelap  factor  (aveage  modal  bandwidth 
divided  by  aveage  modal  separation)  is  unity.  This  is  not  surprising  because  below  this 
frequency  individual  modes  can  become  impetant  and  this  is  equivaleit  to  far 
boundary  conditions  becoming  important. 

The  wave  ^proach  to  the  calculation  of  SEA  coupling  loss  factes  has  bed  used 
from  the  earliest  days  in  the  developmeit  of  predictive  SEA,  but  perhaps  it  is  only  in 
recent  times  that  it  has  been  realised  that  fiirther  assumptions  with  regard  to  the 
connecting  structure  are  unwise.  For  a  general  line  connection  between  plates,  the 
conclusion  has  to  be  drawn  from  the  results  of  this  paper  that  an  accurate  model  of  the 
dynamics  assodated  with  the  connecting  beam  is  necessary  in  cn-der  to  accurately 
predict  the  SEA  coupling  loss  factor. 

Fortunately  practically  all  engineering  structures  use  thin  sectioned  beams  and  the 
strip  plate  thecn^y  presented  herein  is  well  suited  to  accurately  model  such  omnecting 
beams.  It  should  be  noted  that  any  thin  sectiemed  omnecting  beam  (open,  closed, 
multiply  connected)  can  be  modelled  with  this  theory  by  using  apprq)riate 
transformation  matrices  and  applying  the  theorem  of  impedances  addition. 

The  theory  can  be  simply  extended  to  include  ‘thidc’  isotrc^ic  plates  and  indeed 
any  transversely  isotrqnc  plate  although  care  is  needed  in  dealing  with  the  sixth  rather 
than  fourth  order  bending  equations.  The  possible  extension  to  anisotropic  and  curved 
plates  introduces  a  further  complication  associated  with  the  variation  of  group  and 
phase  velocity  with  heading  directiem  and  it  is  unclear  as  yet  how  this  will  be 
overcome. 

Finally,  the  thecM^  presented  herein  has  been  successfully  used  to  predia  the  vibro- 
acoustic  response  of  many  test  assemblies.  These  have  included  a  box  assembly  of  50 
plates  (Hercm,  1995)  and  a  real  helicopter  fuselage  modelled  using  369  plates  ^ossall 
and  Wood,  1995);  both  of  these  structures  ware  studied  within  the  CEC  Brite  EuRam 
project  RHINO  (Reductiem  of  helicqpter  intoior  noise)  which  concluded  in  1996.  More 
recently  under  the  Anglo-French  project  DOVAC  (DERAtONERA  vibro  acoustic 
collaboration)  the  response  of  a  26  plate  box  assembly  with  5  internal  volumes  was 
accurately  predicted  (Monger  et  al,  1997). 
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9.  Conclusions 

A  theory  has  been  presented  which  can  be  used  to  predict  plate  to  plate  SEA  coupling 
loss  factors  for  a  general  junction  consisting  of  thin  isotropic  plates  connected  by  a  thin 
sectioned  isotropic  beam  of  any  cross-section. 

Experimental  results  are  compared  with  this  theory  for  the  particular  case  of  an 
assembly  ccHisisting  of  two  plates  ccmnected  to  the  diagonally  opposite  flanges  of  an 
I-beam.  Very  good  agre^ent  is  shown. 

The  theory  is  asymptotic  to  two  other  approximate  theories  one  of  which  can  be 
assumed  accurate  at  low  frequencies  and  one  at  high  frequencies. 

The  theory  has  been  extensively  validated  against  the  measured  response  results 
from  many  test  assemblies. 
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1.0  Introduction 

A  beam  which  is  line>connected  to  a  plate  is  a  commonly  encountered  arrangement  in 
structure-borne  noise  studies  (Figure  1).  The  modeling  of  the  transmission  of  vibration^ 
energy  through  this  assembly  using  Statistical  Energy  Analysis  (SEA)  raises  several 
issues.  [1] 


Figure  1.  A  panel  stiffened  by  spars  and  stringers  can  be  modeled  as  plates  (7-6) 
interconnected  at  beam-stiffened  junctions. 

First,  the  motion  of  a  beam  is  by  definition  completely  defined  by  the  motion  of  the 
junction.  A  panel  facing  an  acoustic  cavity  is  similar.  Second,  a  plate  can  significantly 
load  a  line-connected  beam,  altering  its  in-situ  free  wavenumber  and  effective  mass. 
Again,  this  is  analogous  to  the  familiar  reactive  (mass)  loading  of  a  panel  facing  a  dense 
acoustic  medium  such  as  water  [2].  Third,  if  a  line-force  source  acts  on  the  beam  with  a 
wavenumber  different  to  the  beam  wavenumber,  then  power  supplied  to  beam  modes 
may  be  negligible  but  power  supplied  to  the  line-connected  plate  modes— through  the 
non-resonant  response  of  the  beam — ^may  be  significant.  This  phenomenon  could  be  lik¬ 
ened  to  “mass  law”  transmission  loss  for  the  structure-acoustic  coupling  case. 

In  this  paper,  we  pursue  these  issues  for  a  single  beam-stiffened  junction  of  two 
plates. 
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2.0  EARLIER  WORK 

Goyder  and  White  [3]  provide  an  ^proximate  analytical  solution  for  the  power  flow 
of  a  beam  connected  to  a  panel  along  its  length  and  excited  by  a  point  force.  They  observe 
that  the  poles  of  the  mobility  of  the  in-situ  beam  differ  from  those  of  the  uncoupled  beam. 
However,  they  find  that  power  supplied  to  the  in-situ  beam  can  be  estimated  adequately 
using  the  mobility  of  the  uncoupl^  beam.  Their  analysis  is  presented  only  for  the  case  of 
a  beam  symmetrically  coupled  to  two  identical  plates  at  its  centroid,  finite  offsets  being 
ignored.  Torsion  waves  in  the  beam  are  treated  in  a  similar  manner,  but  there  is  no  analysis 
of  how  the  plate  effects  the  other  two  beam  wavefields;  flexure  in  the  plane  of  the  plates 
and  extensional  waves. 

Langley  and  Heron  [4]  show  that  a  complete  wave  mechanics  treatment  of  line-con¬ 
nected  plates  will  yield  power  transmission  coefficients  and  the  corresponding  coupling 
loss  factors  of  SEA.  They  stiffen  the  junction  with  a  general  beam,  considering  shear  flex¬ 
ibility,  rotatory  inertia,  and  offsets.  The  beam  is  not  an  SEA  subsystem;  the  beam’s 
response  is  considered  only  in  the  calculation  of  the  matrices  of  plate-to-plate  power  trans¬ 
mission.  Furthermore,  the  beam  is  undamped,  so  only  reactive  forces— stiffness  and 
mass — operate  at  the  junction. 

In  Langley  and  Heron,  a  diffuse  vibration  energy  is  assumed  in  the  source  plate,  and 
power  transmission  characteristics  are  integrated  over  all  incident  angles.  Each  wave 
heading  presents  a  different  trace  wavenumber  to  the  beam  at  the  junction.  They  show  that 
total  transmission  (t  =  1 )  occurs  between  two  identical,  aligned  plates  at  trace  wavenum¬ 
bers  near  the  unconnected  beam’s  free  bending  and  torsion  wavenumbers.  They  suggest 
that  the  maximum  transmission  occurs  at  the  in-situ  beam  wavenumbers — that  is,  at  the 
wavenumbers  as  modified  by  the  plate(s)  reactive  loading  of  the  beam.  At  this  “in-situ” 
wavenumber,  the  beam  impedance  drops  to  zero,  allowing  un-attenuated  transmission  of 
vibration  between  identical  plates. 

The  only  deficiency  of  the  model  is  that  it  does  not  directly  accommodate  the  case  of 
a  power  source  applied  to  the  beam  or  the  case  where  the  beam  transmits  energy  to  other 
structures  (Figure  2). 


Figure  2.  The  heavy  arrow  shows  a  possibly  important  path  of  power  flow  that  is 
missing  from  Langley  and  Heron  *s  analysis. 

One  solution  to  this  problem  is  to  include  the  beam  as  a  resonant  subsystem  in  the 
SEA  model.  Then  end-to*end  transmission  coefficients  can  accommodate  axial  flow  of 
power  along  the  beam. 
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3.0  In«Situ  Wavenumbers 

Following  the  work  of  Langley  and  Heron  [4],  the  line  impedance  Zj^  of  the  in-situ  beam 
can  be  assembled  from 

•  the  fi^  beam  4x4  line  impedance  matrix 

•  the  plate  4x4  line  (edge)  impedance  matrix  Zp{k^) 

•  a  geometric  offset  transformation  matrix  R 
as  follows: 


=  (1) 

The  plate’s  impedances  loads  the  beam  wavefields  and  couple  them  together.  The  eigen¬ 
vector  V  of  coupled  wavefield  velocities  satisfies 

Zg(k^)y  =  0 

Setting  the  determinant  of  the  beam  junction  impedance  matrix  to  zero  yields  a  character¬ 
istic  equation  whose  roots  represent  the  in-situ  beam  wavenumbers 

det[Z^(^,)]  =  0  (3) 

3.1  E.LUSTRATIVE  EXAMPLE 

The  interaction  of  the  line  impedances  of  the  joined  plates  and  beam  controls  the  in-situ 
beam’s  free  wavenumber.  Here  we  consider  the  case  of  two  3mm-thick  aluminium  plates 
line-connected  to  a  25mm-by-l()mm  solid  aluminium  bar  (Figure  3). 


Figure  3.  Two  plates  symmetrically  welded  to  a  solid  beam 

Wthout  loss  of  generality,  the  location  of  the  nominal  line  junction  is  taken  to  coin¬ 
cide  with  the  centroid  of  the  beam.  The  symmetric  arrangement  of  the  two  plates  leaves 
the  two  flexural  wavefields  uncoupled  from  each  other  and  from  the  torsion^  and  exten- 
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Monal  fields.  The  offsets  of  the  edges  of  the  plates  from  the  junction  (±12.5  nun)  strongly 
influence  the  effective  impedance  of  these  plates  and  therefore  must  be  considered. 

Anticipating  future  experimental  work,  we  shall  present  results  over  the  frequencv 
range  500-2000  Hz. 

3.2  BEAM  WEAK-AXIS  BENDING  LOADED  BY  PLATE  BENDING 

A  comparison  of  line  impedances  of  undamped  beam  and  plates  can  shed  light  on  the 
interaction  of  these  subsystems.  Figure  4  compares  the  absolute  values  of  one  component 
of  these  two  impedances:  that  of  flexural  displacement  in  z  (out  of  the  plane  of  the  plates). 


•bi  t 


Figure  4.  Absolute  values  of  uncoupled  transverse  line  impedances  presented  to  the 
junction:  at  SOOhz  (l^):  at  2,000hz  (right); - beam; - plate 

The  impedances  of  the  two  plates  are  combined  and  transformed  to  the  centroid  of  the 
beam.  The  zero  of  the  beam’s  impedance  mark  the  free  wavenumbers  of  the  unconnected 
beam.  The  zero  of  the  impedance  of  the  two  plates  locate  the  free  wavenumber  of  flexure 
in  the  plate— the  trace  wavenumber  consistent  with  grazing  waves  in  the  plate  and  no  out- 
ware  radiation. 

At  low  wavenumbers  (at  both  frequencies  shown),  the  plate’s  flexural  impedance  is 
of  the  same  order  as  the  beam  flexural  impedance.  Thus,  the  loading  of  the  plate  can  be 
expected  to  exert  an  significant  but  not  overwhelming  influence  on  the  beam’s  in-site  free 
wavenumber. 

Figure  5  confirms  this  forecast.  It  follows  the  complex  wavenumber  of  the  beam  at  a 
fixed  frequency  of  500  Hz  as  the  thickness  of  the  two  attached  plates  is  increased  from 
zero  to  the  nominal  3mm  in  small  steps.  The  transverse  bending  wavenumber  of  the  in-situ 
beam  increases  slightly  and  becomes  complex  under  the  action  of  plate  loading.  An 
increase  in  the  real  part  of  wavenumber  indicates  that  the  plate’s  edge  loading  is  mass-like. 
The  finite  imaginary  part  of  the  in-situ  beam  wavenumber  indicates  that  some  of  the 
beam’s  energy  radiates  into  the  plate. 

The  offsets  plate  edges  from  the  nominal  junction  play  do  not  affect  this  result. 
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Figure  5.  Locus  of  transverse  flexural  wavenumber  of  the  in-situ  beam  at  500Hz  as  the 
thickness  of  the  attached  plates  is  increased  from  zero  to  3mm 

3.3  BEAM  STRONG-AXIS  BENDING  LOADED  BY  PLATE  EXTENSION 


Line  impedances  of  the  beam  and  combined  plates  for  in-plane  flexure  (considering  the  jc- 
component  of  displacement  and  normal  traction)  are  compared  in  Figure  6,  again  in  terms 
of  their  absolute  values. 
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Figure  6.  Absolute  values  of  uncoupled  in-plane  line  impedances  presented  to  the 
junction;  At  SOOhz  (l^);  At  2,000hz  (right); - beam; - plate 

The  plate’s  impedance  is  much  greater  than  the  beam’s  uncoupled  in-plane  bending 
impedance.  In  contrast  to  the  out-of-plane  component  of  impedance  (see  Figure  4),  these 
impedances  are  of  comparable  magnitudes  only  very  near  the  zero  of  the  impedance  of  the 
plate.  Owing  to  the  coupling  of  extensional  and  shearing  waves  in  the  plates,  the  location 
of  this  zero  is  strongly  affected  by  the  offset  of  the  edges  from  the  junction. 

Figure  7  plots  this  x-component  of  the  plates’  impedance  versus  frequency  and 
(purely  real)  wavenumber. 
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Figure  7.  Uncoupled  in-plane  impedance  of plate  plotted  versus  both  frequency  and 
wavenumber;  Real  part  (left);  Imaginary  part  (right) 


ITie  sharp  troughs  shown  in  Figure  6  occur  just  to  the  right — at  slightly  higher  wavenum¬ 
bers — than  the  crest  of  the  ridge  in  the  imaginary  part  (right  plot)  of  Figure  7. 

Anticipating  that  the  plates’  stiffness  will  dominate  the  free  wavenumber  of  in-plane 
flexure  of  the  in-situ  beam,  we  trace  this  complex  wavenumber  in  Figure  8  as  the  stiffness 
of  these  plates  is  stiffened  from  zero  to  that  of  aluminium  in  small  steps. 


Figure  8.  Locus  of  in-plane  flexural  wavenumbers  of  the  in-situ  beam  at  500Hz  as  the 
plates '  elastic  modulus  is  increased. 

The  very  first  point  in  the  plot  incorporates  some  added  mass.  At  stiffness  is  increased 
from  zero,  radiation  resistance  forms  and  increases  (increasingly  negative  imaginary  part 
of  wavenumber).  The  loop  in  the  figure  marks  comparable  wavespeeds  of  in-plane  flexure 
of  the  uncoupled  beam  and  in-plane  waves  of  the  plate.  The  primary  affect  of  further 
increases  in  plate  stiffness  is  added  stiffness  (lower  real  part).  Finally,  the  in-plane  bending 
wavenumber  for  the  in-situ  beam  is  greatly  reduced  by  the  extensional  stiffness  in  the 
plate. 
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4.0  SEA  Modeling 

We  propose  that  the  line-connected  beam  in  a  SEA  model  should  be  incorporated  in  two 

complementary  ways,  illustrated  in  Figure  9: 

1.  as  a  finite  beam  subsystem  with  four  resonant  wavefield  energies  (the  two  fiexural 
waves  discussed  above  plus  extension  and  torsion)  defined  by  in-situ  wavenumber  and 
mass  density,  and 

2.  as  an  infinite  beam  contributing  line  impedance  to  the  junction  between  connected 
plate  vibration  wavefields. 


Figure  P.  Both  resonant  and  non-resonant  behavior  of  beams  in  an  SEA  model 

This  approach  implies  that  a  combination  of  two  uncorrelated  energies  describe  the 

motion  of  the  beam: 

1 .  the  SEA  subsystem’s  modal  energy  concentrated  at  the  in-situ  beam  wavenumber, 
whose  amplitude  is  controlled  by  the  balance  between  any  power  applied  directly  to 
the  beam  and  the  combination  of  damping  loss  in  the  beam  and  power  radiation  (loss) 
through  coupling  loss  factors  to  connected  plate(s) 

2.  a  forced-response  energy  in  the  beam,  driven  by  the  incident  plate  waves  over  a  whole 
spectrum  of  wavenumbers  from  zero  to  the  cut-off  wavenumbers  ±kp  of  the  plate. 

4.1  IN-SITU  BEAM  SUBSYSTEM  PROPERTIES 

The  real  part  of  the  junction  wavenumber  can  be  used  to  define  the  in-situ  beam  firee 

wavenumber.  The  modal  density  can  be  calculated  from  effective  group  velocity 

using  ng  =  . 
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4.2  COUPLING  LOSS  FACTORS 

The  imaginary  part  of  each  of  the  in-situ  beam’s  wavenumbers  indicates  that  there  is 

a  radiation  loss  to  the  attached  plate.  In  the  proposed  SEA  model  this  is  represented  by  a 
coupling  loss  factor  between  the  beam  subsystem  and  the  plate. 

4.2  J  Beam  to  Plate 

Langley  [6]  has  suggested  that  the  coupling  loss  factor  from  the  beam  into  the  plates  can 
be  found  by  equating  the  in-situ  beam’s  spatial  rate  of  energy  decay  with  the  loss  factor  in 
a  one-dimensional  damped  subsystem: 

e  me  ^  (4) 

It  then  follows  that  the  total  loss  to  the  plates  can  be  estimated  for  each  in-situ  wave- 
field  as 

T1  =  (5) 

For  Ae  case  where  there  are  multiple  plate  wavefields  participating  at  the  junction, 
the  coupling  loss  factor  into  each  plate  p  can  be  apportioned  according  to  the  relative 
eigenvector-normalized  power  flows  into  each  plate  wavefield 


as  follows 

^Bp  =  (7) 


4.2.2  Plate-to-Beam 

The  corresponding  plate-to-beam  coupling  loss  factor  is  most  conveniently  estimated 
from  the  reciprocity  relation 


\b  =  (8) 

4.2.3  Plate-to-Plate  Through  an  in-situ  Beam 

Langley  Md  Heron  [4]  provide  a  complete  formulation  for  general  plate-to-plate  energy 
transmission,  incorporating  the  in-line  beam  in  the  calculation  of  the  junction’s  power 
transmission  coefficient.  The  coefficient  ty  for  each  incident  wavefield  is  calculated  ver¬ 
sus  the  junction’s  trace  wavenumber  while  assuming  that  the  energy  in  the  source  plate  is 
diffuse.  Each  coupling  loss  factor  is  calculated  from  the  integral  over  all  wavenumbers 
according  to: 
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nt 

(9) 

Langley  and  Heron’s  formulation  does  not  automatically  include  the  damping  in  the 
beam.  The  beam  presents  a  purely  imaginary  (reactive)  impedance  to  die  incident  plate 
wavefields.  Power  is  either  transmitted  to  another  plate  or  reflected;  no  power  is  diverted 
to  the  beam.  If  damping  were  included  in  the  beam,  then  the  power  transmission  co-efifi- 

cient  Ty(co,  (J»)  would  never  reach  unity  for  any  incident  angle  ^ . 

4.3  NUMERICAL  EXAMPLE 

For  the  beam-plate  assembly  introduced  in  section  2,  the  energy  transfer  is  evaluated  and 
compared  here  the  three  different  models  illustrated  in  Figure  10: 

1.  Langley  &  Heron’s  method  [4]  without  beam  damping 

2.  Langley  &  Heron’s  method  with  beam  damping  of  ii  =0. 10 

3.  Three  subsystem  model  with  beam  damping  of  0.10 
In  all  cases  the  plate  damping  loss  factor  is  0.05. 

1 


o 

3 

Figure  10.  Models  land  2  (left);  Model  3  (right) 

In  models  1  and  2,  the  two  plate  subsystems  are  directly  connected.  The  beam  is  part 
of  the  junction.  In  model  2,  a  substantial  loss  factor  of  0.1  is  applied  to  the  beam,  simulat¬ 
ing  longitudinal  transport  of  energy  down  the  beam  as  shown  in  Figure  2.  In  model  3,  the 
beam  is  a  conventional  subsystem,  again  with  a  loss  factor  0.1. 

Figure  1 1  compares  predictions  of  the  transfer  function  E3/E1— the  ratio  of  energy 
in  receiving  plate  3  to  driven  plate  1— in  dB  for  the  three  models.  We  may  observe  that 

1 .  The  inclusion  of  damping  in  the  beam  in  model  2  does  not  significantly  change  the 
results  compared  to  model  1. 

2.  The  transfer  function  is  smaller  for  the  two-subsystem  models  (1  and  2)  compared  to 
the  three-subsystem  model— that  is,  more  energy  is  predicted  to  reach  the  other  plate 
when  the  beam  is  a  separate  SEA  subsystem 
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Figure  11.  Normalized  energy  tranter  fimcHons  E^/Ey  (dB); - Langley  and 

Heron  s  method  [4]  with  an  undamped  beam;  •••••—..  [4]  with  beam  damping  i\=0. 10; 
- .  - .  -  resonant-beam  subsystem  with  r]=0.10 

Figure  12  suggests  an  explaination  of  the  modestly  higher  transfer  function  predicted 
using  model  3. 
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Figure  12.  Components  of  power  transmitted  to  plate  subsystem  3; - total  power 

- power  from  beam  subsystem  2;  - ,  - .  -  power ^m  plate  subsystem  1. 

About  15%  of  total  power  transmitted  to  subsystem  3  comes  from  the  beam  (sub¬ 
system  2).  This  additional  path  is  strong  enough  to  explain  the  0.5  dB  increase  in  transfer 
function  shown  in  Figure  1 1. 
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5.0  Conclusions 

For  the  example  studied,  the  inclusion  of  a  resonant-beam  subsystem  contributes  to  the 
transfer  of  energy;  model  3  predicts  more  transfer  than  models  1  and  2.  Future  experimen¬ 
tal  results  may  show  which  model  is  best. 

The  modest  (though  significant)  difference  between  the  three  models  is  heartening, 
because  the  approach  of  Langley  and  Heron  (model  1)  has  been  validated,  and  because 
model  3  is  more  general,  being  able  in  principal  to  handle  the  energy  flows  in  Figure  2. 
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Industrial  Design  Study  in  Conjunction  with  MTD 
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Marinetech  South  Limited 


A  better  design  technique  for  controlling  noise 


•  Noise  is  an  important  design  issue  for  marine  structure  designers  and  builders.  Meeting 
regulations  and  clients’  specifications  for  on-board  noise  is  of  growing  concern. 

•  A  survey  has  revealed  that  most  designers  and  builders  see  the  need  for  more 
sophisticated  and  reliable  prediction  and  optimisation  methods,  to  enable  noise  to  be 
controlled  to  specific  limits  at  the  design  stage  and  hence  to  comply  with  customers’ 
specifications.  Better  design  techniques  can  also  assist  competitiveness  aiding  low  noise 
design. 

•  A  Managed  Programme  of  the  Marine  Technology  Directorate,  which  is  being  coordinated 
by  Marinetech  South  Ltd,  is  combining  the  resources  of  a  £0.5M  research  programme 
(now  in  mid-term)  with  multi-sponsor  industrial  design  projects  in  order  to  develop  the 
application  of  Statistical  Energy  Analysis  (SEA)  techniques  for  design  relating  to  marine 
craft  and  olFshore  installations. 

•  Statistical  Energy  Analysis  (SEA)  is  a  noise  and  vibration  modelling  technique  introduced 
30  years  ago,  in  particular  to  design  spacecraft  to  resist  damage  from  acoustically-induced 
vibration  during  the  launch  phase.  SEA  has  since  been  developed  for  broader  application, 
particularly  for  the  prediction  of  sound  levels  in  road  vehicles,  aircraft  and  buildings.  Its 
advantage  lies  in  rapid  assessment  of  multiple  noise  paths. 

•  Commercial  SEA  applications  packages  are  available  and  it  is  the  aim  of  this  study  to 
develop  and  verify  the  particular  aspects  required  to  meet  the  needs  of  the  marine 
industry.  The  technique  will  assist  the  evaluation  of  new  designs  and  reduce  risk  in 
remedial  work  situations. 

•  The  technique  is  complementary  to  Finite  Element  Analysis  (FEA),  already  in  widespread 
use  for  the  dynamic  analysis  of  structures  and  components.  In  fact,  the  latest 
developments  include  combined  approaches,  with  FEA  assisting  SEA  modelling. 

•  The  application  study  is  targeted  at  ships  and  offshore  structures.  A  typical  structure  will 
be  selected  for  testing  the  research  developments. 

•  The  intended  project  is  costed  at  £65k  over  a  period  of  15  months. 

•  Sponsors  will  have  the  opportunity  of  influencing  the  direction  and  emphasis  of  the  study, 
at  the  project  definition  stage  and  throughout,  and  will  receive  early  information  on 
technical  progress  in  this  important  area  of  design. 

•  Proposed  deliverables  include  design  guidelines  for  aspects  of  SEA  modelling  particular  to 
marine  structure  applications. 

If  you  are  interested  in  knowing  more  about  this  programme,  please  contact: 

Neil  Finder,  Programme  Coordinator 
Marinetech  South  Ltd 
Tizard  Building  (ISVR) 

University  of  Southampton 

Highfield  Tel;  4-44  (0)1703  593756 

Southampton  S017  IBJ,  UK  Fax:  +44  (0)1703  592728 


Ref:  JNP  /  5050  [leaflet.L12] 


ERRA  TA :  A  NOTE  ON  CONSERVATIVE  AND 

NON-CONSERVATIVE  COUPLING 
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Equation  (2)  should  be  renamed  as  equation  (2a).  Manipulating  the  upper  and  lower  rows 
of  equation  (2a)  to  include  the  energy  flow  to  subsystem  2  yields  that 


r  PP21  PPn  PPn 

SP2.>  H  (-PP31-PP21)  (-PP32-PP12)  (-PP13-PP23) 

1  ^P3-> 


PP3I 


PP32 


PPn 


(2b) 


The  superscript  +  in  the  matrix  signifies  that  a  row  has  been  added. 


The  3rd  sentence  in  the  paragraph  before  equation  (5)  should  read 

Equation  (3)  is  similar  (and  in  some  situations  identical)  to  the  energy  part  of  the  “Greens 

function”  formulation  that  Langley  used  in  reference  [4]. 


Equation  (5)  should  read 
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SPm,2 

=  [V] 
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,SPm.3i 

1 

i  -53 

1  Us  1 

Summing  the  [L/]  and  [PP"*"]  matrices  for  the  dissipated  power  and  the  energy  flow  out  of 
the  subsystems,  respectively  yields  the  diagonal  matrix  for  the  power  input 


The  1st  sentence  in  the  paragraph  before  equation  (15)  should  read 

The  experience  from  the  discussion  above  is  that  one  should  be  cautious  to  take  the 
benefits  of  the  uncoupled  subsystem  energy  for  granted  also  for  coupled  subsystem 
energy. 


Equation  (17)  should  read 


l‘^^”3->l 


PP2I  PPl3 
LPP31  PP23 


(17) 


Addendum 

The  power  input  for  the  non-conservatively  coupled  case  can  be  divided  into  the 
following  subparts 


(«f, 
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where  the  power  which  is  lost  in  the  non-conservative  junction  is 
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and  the  power  which  is  lost  in  the  subsystem  is 


^P'diss,  1 
^^f  'diss,  3 


Un  Ux3' 
t/31  f/33  . 


(19b) 

(19c) 

(19d) 


Re-expressing  equation  (19c)  as  a  function  of  coupled  subsystem  energy  yields  four 
radiation  factors.  Re-expressing  equation  (19d)  as  a  function  of  coupled  subsystem 
energy  yields  two  dissipation  loss  factors  on  the  matrix  diagonal. 
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Abstract 

The  transmission  of  energy  between  two  coupled  plates  has  been  extensively 
discussed  in  the  literature  of  structural  dynamics.  In  most  of  these  studies  it  is  assumed 
that  the  plates  are  rigidly  joined  and  that  no  energy  dissipation  occurs  at  the  joint,  i.e., 
conservative  coupling.  In  most  practical  cases,  however,  the  plate  elements  forming  a 
complex,  built-up  structure  are  joined  together  by  welding  or  fasteners  which  give  rise 
to  energy  dissipation  in  the  joints  via  various  forms  of  friction  and  damping. 

Previous  SEA  based  studies  of  the  transmission  of  energy  through  dissipative 
joints,  modelled  by  springs  and  viscous  dampers,  have  shown  that  the  effects  of  dissi¬ 
pation  in  such  joints  can  give  rise  to  significant  changes  in  the  various  quantities  used 
in  SEA,  and  in  particular  to  the  coupling  loss  factors  used  by  the  method.  In  this  work, 
the  transmission  of  energy  through  a  compliant  and  dissipative  joint  between  two 
plates  forming  an  ‘U -shape  is  investigated,  using  a  receptance  approach.  The  two 
plates  are  assumed  to  be  thin,  homogeneous  and  isotropic.  Their  common  edge  is 
taken  to  be  simply  supported  so  that  the  joint  has  relative  motions  only  in  its  rotational 
degree  of  fireedom,  i.e.,  translation  normal  to  the  plate  at  the  common  edge  is  not  per¬ 
mitted.  The  joint  is  then  assumed  to  have  a  constant  complex  stiffness  per  unit  length, 
denoted  by  K  +i(0Y(Nm  per  m  radian).  Exact  formulae  for  the  spectral  densities  of  the 
energy  flow  through  the  joint,  the  energy  dissipated  at  the  joint  and  the  power  input 
into  the  plates  are  established  for  the  case  of  excitation  by  random  ergodic  forcing. 

The  aim  of  this  study  is  to  examine  the  effects  of  the  joint  damping  and  compli¬ 
ance  on  the  magnitudes  of  the  energy  flows  through  the  joint  and  the  energy  levels  in 
the  two  plates.  Interest  is  focused  on  the  power  dissipated  at  the  joint  and  the  condi¬ 
tions  under  which  this  quantity  is  maximised.  The  coupling  and  coupling  damping  loss 
factors  that  would  be  used  in  an  SEA  model  of  this  problem  are  also  derived,  using  the 
power  injection  method.  These  are  compared  to  the  results  obtained  from  using  a  wave 
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based  approach  with  semi-infinite  subsystem  models. 

1.  Introduction 

In  this  work,  energy  flow  between  two  thin  rectangular  plates  which  are  coupled 
together  by  compliant  and  dissipative  joints  is  considered.  This  topic  is  one  on  which 
little  attention  seems  to  have  been  focused  in  the  literature.  The  method  adopted  for 
the  analysis  is  based  on  a  receptance  approach  as  used  in  previous  works  by  Dimi- 
triadis  and  Pierce[l]  to  gain  an  exact  solution  for  the  energy  flow  between  two  coupled 
plates,  by  Fredo[2]  for  the  analysis  of  energy  flows  in  three  thin  rectangular  plates  con¬ 
nected  along  two  simply  supported  joints  and  by  Kim  et  al[3]  for  a  general  situation 
such  that  there  are  no  limitations  on  the  number  of  connected  plates  or  the  junction 
type.  However,  these  studies  have  been  mainly  concerned  with  rigid  or  conservative 
joints.  The  work  presented  here  addresses  the  less  familiar  case  of  compliant  and  non¬ 
conservative  coupling[4].  Exact  solutions  for  the  spectral  densities  of  the  energy  flows 
and  energy  levels  are  found.  These  results  are  utilised  to  derive  the  coupling  and  cou¬ 
pling  damping  loss  factors  used  in  SEA  studies,  by  ensemble  averaging  of  the  various 
energy  rcceptances.  They  are  compared  to  those  given  by  the  wave  e^proach  for  a 
model  of  two  semi-infinite  plates. 

2.  Theory 

Consider  two  simply  supported  plates  coupled  together  along  a  compliant  and 
dissipative  joint  as  shown  in  Figure  1.  The  plates  are  assumed  to  be  thin,  isotropic  and 
homogeneous  so  that  the  classical  thin  plates  theory  holds.  Each  plate  n  has  thickness 
/i„,  mass  per  unit  area  viscous  damping  coefficient  and  bending  rigidity  D„.  The 
dimensions  of  plate  n  are  and  Ly^  and  the  mode  shapes  arc  denoted  by  and 

The  joint  is  assumed  to  have  a  constant  complex  rotational  stiffness 
QsK+iyco,  per  unit  of  length.  In  this  case,  the  coupling  moment  which  acts  on  the  first 
plate  can  be  written  in  terms  of  the  mode  shapes  of  both  plates  as 


^2  All 


Figure  1.  Two  simply  supported  plates  coupled  together  along  a  boundary  to  form  an  'L'-shape. 
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Me,Cy,(o)=£52[®2.y(0.<“)^2.yO')-©i./(0.(D)4>i,j()')]8'(^i-0)  .  (1) 

; 

The  coupling  moment  on  the  second  plate  acts  only  on  a  length  Lyj  of  its  edge  and  is 
given  by 

A/cjCy,  a))=£iX[0i.;(O,(o)4>ijO')-©2,y(O,co)4>2.;Cy)]UCy-Ly,  )5'(jc2-0)  (2) 

J 

where  UCy-yi)  is  the  unit  step  function  acting  at  ysyi*  Using  modal  analysis,  the 
rotation  at  the  coupled  edge  of  plate  one  due  to  the  coupling  moment  distributed  along 
its  edge  is  given  by 

e,,(0,y,(D)=2:Gijv»(0.0.®)  (3) 

j  hi  k 

and  the  rotation  at  the  edge  of  plate  two  due  to  the  coupling  moment  can  be  written 
similarly  as  follows 

0<.j(O,)',<B)=2G2,75((O,O,®)  4»2.;()')  £1 7^1 ? i,jy-©2,i(0,®)  qxjtl  (4) 
j  hi  k 


where 


<i>i.y(y)4>2,i()’)dy 


^,1 

9iy*=  J  4>2.j(y)<&2.t(y)dy  • 
0 


(5,6) 


Here  is  the  Green  function  which  gives  the  /th  component  of  rotation  at 

point  X  of  plate  n,  denoted  by  due  to  unit  jth  component  of  a  modal  expan¬ 

sion  along  the  y  axis  of  moment  Af„  j(x,  (D)  applied  at  point  x®,  and  is  given  by 


Gn.j„ix,X°,<0)='^ 

i 


Ps„h./2H„jj{(0) 


(7) 


where  and  is  the  natural  frequency  of  mode  ij  of  plate  n. 

The  compatibility  conditions  are  next  satisfied  at  the  coupled  edge,  which  require  that 
the  total  rotation  be  equal  to  the  rotation  due  to  the  external  forcing  plus  the  rotation 
due  to  the  coupling  moments,  i.e., 


5:0i.y(O,®)<l>,,y(y)=X0u(O, ©)<!>, ,;(y) 
J  J 


j  hi  k 


202,^0, m)O2j(y)=£©i;(0.0))<I>2.y(y) 

;  ; 

l.jy01,)fc{O»tO)“^2,>jfc02,jt(O»®)1^2j(y )  •  (9) 

j  hi  k 

These  last  two  equations  may  be  reduced  to 
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©1  y(0,co)=©?j(0.(0)+Gij^{0,0,(o)Q  [—  i.j*  ©2.*(0,0))  - ©ij(0,co)] ,  (lO-a) 

k 


€>l,Jfc(0,a))  ©2,/k(0,tO)]  .(IQ-b) 

^2  Jk 

As  may  be  seen  from  the  above  equations,  the  coupling  moment  couples  the  modes  in 
the  y  Erection  of  both  plates,  so  that  each  mode  j  of  plate  one  interacts  with  all  the 
modes  in  the  y  direction  of  plate  two.  Equations  (10)  represent  an  infinite  set  of  cou¬ 
pled  algebraic  equations  and  therefore  approximate  solutions  must  be  explored  for  a 
finite  number  of  resonant  modes  n  in  the  y  direction  for  both  plates,  and  so,  the  infinite 
set  of  equations  (10)  is  transformed  to  two  finite  nxn  sets  of  algebraic  equations  which 
can  be  written  as  follows 


{e,(O.ffi)}={0?(O.(i))}-Q[G,] 


{0,(O.(O)}-^  [9i1{02(O,(o)) 
hi 


{02(O.co)}={0§(O,©)}--^  £2  [G2] 
hi 


[92]{©2(0,ffi)}-[9,f{©l(0,tO)) 


where 


(11-a) 


,(ll-b) 


(12,13) 


[G\]  is  a  diagonal  matrix  nxn  which  has  the  elements  Gij^(0,0,©)  on  its  diagonal, 
[G2]  is  defined  similarly,  [qi]  is  matrix  of  dimensions  nxn  which  has  qijj  on  the  tth 
line  and  jth  column.  [^2!  is  defined  similarly.  Solving  the  two  sets  of  algebraic  equa¬ 
tions  together  gives  expressions  for  the  modal  rotations  at  the  coupled  edge  in  terms  of 
the  modal  rotations  at  the  edge  due  to  external  forcing  alone.  If  the  following  notation 
is  introduced 


{0i(O,©)}= 

©i,i(0<“) 

©1,2(0,©) 

and  {©2(0,©)}= 

©2,l(0,©) 

®2,2(^»®^) 

©i,«(0.(o) 

©2.r,(0,©) 

[QuMn+^G,] 


[G22]=[/]+7^^i[G2l[^2]  (14,15) 

Ly^ 


{Qn>-i^^lGxnqx\ 


[q,]^ 

hi 


then  the  solution  of  the  previous  equations  can  be  written  as  follows 

{0,(o,o)}=[[e„wCi2][G22r‘[G2i]r'{©?(o.ffl)} 

+[[G2iHG22KGi2r'[Giiir‘{©5(0.(0)}  , 

{02(o,©))=[[e,2HGn][G2ir'  [G22]r‘  {©?(o.©)} 


(16,17) 


(18.a) 
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+[[G22Hfi2i][enr'[ei2]r’{02(o,«))}  .  ds-b) 

For  convenience,  these  last  two  equations  are  written  as  follows 

{0i(O,co)}]  f[X„][X,2]l  f{0?(O,(O)}| 

{02(0,0))}]  =  [[X2,]  [X22]  ]  ({05(O.O))}|  • 

It  is  obvious  that  the  modal  rotation  {0i,y(O,©)}  is  dependent  on  all  the  modal  rota¬ 
tions  {0Sj(O,co)}  through  the  elements  of  the  matrices  and  [^2]-  When  the  mode 
shapes  in  the  y  direction  are  identical  then  the  matrices  [^1]  and  [^2!  become  diagonal 
and  the  previous  equations  are  then  decoupled.  In  this  case  the  modal  rotation 
{0„,j(O,©)}  depends  only  on  the  characteristics  of  mode  j  of  both  plates  while  the 
other  modes  have  no  effect.  Hence, 

_  __  .  (UnG2.2jO,0.co))^„  ,  QG,,  J0,0,a)) 


01.;(O,©)= 


01.;(O,ffl)+- 


elj{0,(0\  (20-a) 


£ig2.,«(0,0,o))  „  (i+nG,.y„(0,0,©))  . 

^  ^ 

where  Aj((0)=l+£2  (Gi,y^(0,0,fO)+G2,;^(0,0,(0)). 

3.  Energy  Flow,  Energy  Dissipation  at  the  Joint  and  Input  Power 
The  spectral  density  of  the  energy  flow  is  given  by 

ni2(G))=  J  i^2caS0,e2(y.<o)dy  +  J  Yco^5e,0i(y,<o)dy  (21) 

0  0 

where  the  rotations  at  the  edge  0i(y,(o)  and  02(y,to)  are  given  by  {0i(O,a))}^{Oij(y)} 
and  {02(O,(D)}^{O2j(y)},  respectively.  Substituting  in  the  expression  for  the  energy 
flow  gives 

ni2((0)=in(0lim  •^[{01*(O,©)}'^[9 ,  ]{02(O,(d)}] 


+yti)%,/2  1im^[{0r(O.®)}’’{0,(O,®)}]  .  (22) 

'  r-+«»  i 

Assuming  that  the  forces  acting  on  both  plates  are  incoherent  so  that  •SeJj0i*=O,  the 
expression  for  the  energy  flow  becomes 

n',2(to)=Re{iQ(0{E5:[[^?i  f  tailtXjilk  Se^eL  +  XZ[[^?2f  ki][X22]];*  1 

j  k  j  k 

+7©%,/2{2:2:[[Xj,f[X„]].,5e?,e?,  +ZS[t^n]^l^i2]];t5eLeS..»  •  (23) 

j  k  j  k 

As  noted  above,  the  effect  of  each  mode  in  the  y  direction  on  each  plate  is  not  separ¬ 
able  from  the  effects  of  the  other  modes.  The  energy  flow  from  plate  two  to  plate  one 
is  similarly  given  by  the  expression 
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n^,((o)=Re{ifico{2:2[[X2if[«,f [X„]l  5e?,e?.  +  [9if [XialL^ei^esJ 

J  k  j  k 

+'y®'{SI[[Xj,  f[q2][X2i]]j,  Se?,e?,  +  Z'Lli^22fMX72]]j,  5eS,eS,*  I }  -(24) 

j  k  j  k 

For  the  case  of  two  plates  which  have  the  same  width,  the  previous  equations  are 
simplified  considerably.  The  energy  flow  from  plate  one  to  plate  two  can  then  be  writ¬ 
ten  as  an  infinite  sum  over  the  modes  in  the  y  direction  as 

n'i2(®)=S(i^i  “  V2  -Jeuey  (®)  +  WL/1  Se,j0,/a>))  =  £  niz,/®)  (25) 

J  j 

where  the  jth  component  of  the  energy  flow  is 

,  £lG2,;„(0,0,«))+lftG2..„{0,0,CB)l^ 

n',2,y((0)=i£2(0V2  - - - - 5e^6?,((0) 


a*  Gi.y„(0,0,«))+ 1£2  G,,y^(0,0,«))  1 2 


,  ll+QG2,y„(0,0,«))P  lftGi.y^(0.0,(O)|2 

^  - ^e^.e^(co).— 5e,,e^(co)  ,26) 


The  spectral  density  of  the  modal  rotation  of  plate  n  along  the  conunon  edge  is  written 
in  terms  of  the  spectral  density  of  the  modal  forces  as  follows 

c  _ KimUo)  . 

so  that  the  expression  for  the  energy  flow  becomes 


n',2.;(o»= 


y - -  +— — ^ 

I  Ay(0))  I  ^  [T  Ps2  H2,rj((0)  J  I  Ay(tO)  I  ^ 


^1.1(0) 


y2..(0)y2.m(0) 


\Aji(0)\^  1<  r  m(Af2/4)Xr;(W)//2.my(©)  ^  ' 

The  expression  for  the  energy  flow  from  plate  two  to  plate  one  is  derived  similarly. 

Lastly,  the  energy  dissipated  at  the  joint  can  be  recovered  from  the  energy  balance  at 

the  joint.  It  is  given  by  nDc(to)=2^ix:j((o)  where  IIdcjCo))  is  the  sum  of  ni2j((0) 

,  J 

and  n2i  j((0)  and  is  given  by 
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rr  ,  ,  %A0)%,k(0)  ,  .  . 

I  A;«o)  1 2  ??  (M,/4)^Hr,;y(a))ff,,t,«o) 

_  yO^Iv/2  yz,(0)’yzm(0)  „ 

I  A/®)  1 2  (M2/4)2//J,,,(w)A/2.„/®) 


The  spectral  density  of  the  input  power  due  to  a  vertical  force  applied  to  plate 
one  is  calculated  from  the  product  of  force  and  velocity  at  the  point  of  its  application 
and  is  given  by 


riiN  (a))=-ia)liin 


7*»->oo  T 


«o)/i(;ci,y,co)dr,dy 


=-icDliin— •  (30) 

T  i  j 

Substituting  Vi,,y((o)  by  its  value  in  terms  of  the  modal  forcing  components  and 
assuming  that  the  forces  acting  on  the  two  plates  are  incoherent,  i.e., 
the  input  power  to  plate  1  is  given  by 


X  ?i.y*  1“  l^njr 


yi'.,(0)'P;.m(0)Q 

'ffl.y(©Wl.mr(0>) 


(31) 


For  the  special  case  when  the  plates  have  the  same  width,  the  expression  for  the  spec¬ 
tral  density  of  the  input  power  to  the  first  plate  is  written  as 


(Mi/4)2 


ZS2> 


jfi(t.y(®)Wl.m;(®)Ay(®) 


The  expression  for  the  input  power  to  plate  two  can  be  derived  similarly. 

For  the  case  of  modally  incoherent  forcing,  the  spectral  density  of  the  driving 
forces  is  given  by  5/^^(©,x„,i„,y,y)=4S/r^f„((0)8(x„-Xrt)8(y--y)/Art  and  the  spectral 
density  of  the  modal  forces  is  then  The  spectral  densities  of 

the  energy  flows,  energy  dissipation  at  the  joint  and  input  power  due  to  external  forc¬ 
ing  can  then  be  recovered  when  these  expressions  for  the  modal  forcing  spectral  densi¬ 
ties  are  substituted  in  the  equations  above. 
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4.  Determination  of  Coupling  and  Coupling  Damping  Loss  Factors  for  two  Cou¬ 
pled  Plates 

In  the  previous  sections,  exact  expressions  for  the  various  energy  receptances  for 
the  case  of  two  nonconservatively  coupled  plates  have  been  derived.  Assuming  that 
deterministic  knowledge  of  the  plates  is  not  available,  their  characteristics  can  only  be 
described  probabilistically.  All  energy  receptances  are  then  expressed  as  ensemble 
averages,  which  are  taken  across  a  supposedly  infinite  set  of  grossly  similar  systems, 
in  which  the  individual  members  differ  in  some  unpredictable  detail.  Thus,  the  ensem¬ 
ble  averages  of  the  input  power,  energy  leaving  one  plate  and  energy  dissipated  inter¬ 
nally  and  in  the  coupling  damping  are  written  as  follows  (assuming  linear  systems  and 
independent  ergodic  random  forcing  and  where  ensemble  averages  are  denoted  by  E[]), 

E[n^,  (©)]  =  E[//ini(co)]  ,  E[nDiss,(o))]  =CiE[E,((0)],  (33,34) 

E[n'n((0)]  =  E[«,2((i))]  Sf,f,  (®)  +  E[ffDC.(«.)]^F,F,  (w)  -  E[  //21  (®)]  Sf,f,  (®),  (35) 

ELFIdcC®)]  =  DCi  (o))]  Sp^Fi  (tt))  +  E[//ix:2  (©)]  (®)-  (36) 

The  energy  balance  equation  for  subsystem  one  may  be  written  as 

ELHo^,  ((D)]  -  Ecnoiss,  («)]  -  E[n'i2(®)]  =0 .  (37) 

and  similarly  for  subsystem  two  with  that  for  the  damper  as 

E[n',2(®)]  +  E[n'2,  ((0)1  =E[nDc(®)].  (38) 

Rearranging  these  equations  (for  white  noise  forcing)  leads  to  the  following  equations, 
which  are  similar  in  structure  to  the  traditional  SEA  equations, 

E[n^i2(©)]  =  COTI12  E[E  1  (©)]  -  (0r|2i  E[E2(co)]+  0)^i2E[£  1  (©)]  (39) 

and 

E[nDc((0)]  =  (dC,2  E[£i  (©)]  +  0)^21  E[E2(o»]  (40) 

where 

t0Tli2  =Ci  E[/fi2(©)]E[  /fiNj(©)]/D  ,  (41) 

t0^12  =  ^  (E[«ttJ:(«))l-E[/f2I«»)]  -E[Hdc:(®)])E[Hdc,((0)] 

-  E[// 12(©)]  E[f/  DC2  (®)]  »  (42) 

and 

D  =  (E[//in,(©)]  -E[//dc,«o)])  (E[//in2(0))]  -E[//dc2(«»1) 
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-  E[  Hnm  (E[i/iN,(a))]  -  E[//dc,(o))]) 

-  E[  H21  (CO)]  (E[//in,  (CO)]  -  E[//dq  m)  (43) 

and  again  the  expressions  for  subsystem  two,  1121  and  ^21  are  similar.  T|i2  is  the  cou¬ 
pling  loss  factor  which  relates  the  energy  transferred  to  plate  2  to  the  energy  level  of 
plate  1.  T[2i  is  defined  similarly.  ^12  and  ^21  are  called  the  coupling  damping  loss  fac¬ 
tors  and  relate  the  energy  dissipated  in  the  coupling  element  to  the  energy  levels  of 
both  plates.  Hence,  the  CLF  and  CDLF  are  given  in  terms  of  the  ensemble  averages  of 
the  energy  receptances  which  should  be  taken  for  the  case  of  rain-on-the-roof  driving 
to  be  consistent  with  the  conventional  assumptions  of  SEA.  Note  that  the  CLF  and 
CDLF  are  both  dependent  on  coupling  damping. 


TABLE  1.  Parameters  used  in  the  examples 


Parameter 

Plate  1 

Plate  2 

Units 

Mass  density  (p^) 

78.00 

78.00 

kgAn^ 

Length  {Lf) 

1.200 

0.80 

m 

width  (Ly) 

1.0 

1.0 

m 

Rigidity(D) 

1.923x10^ 

1.923x10^ 

Nm 

Damping  strength  (c) 

10 

10 

g-i 

5.  Numerical  Examples 

Consider  two  simply  supported  plates  coupled  together  where  the  first  plate  is 
driven  by  a  rain-on-the-roof  forcing.  The  properties  of  the  two  plates  are  given  in 
Table  (1).  Interest  is  focused  on  the  ratios  of  the  energy  dissipated  in  the  joint  and  in 
plates  one  and  two  to  the  power  input  by  the  external  forcing,  denoted  by  Rd,  Ri  and 
R2,  respectively.  To  begin  with,  the  spring  stiffness  is  given  one  of  the  values  10"^  N  (= 
Nm/rad/m),  10^  N  and  10®  N,  respectively,  while  the  damper  strength  is  increased. 
The  ratios  Rj,  Ri  and  R2  are  plotted  in  Figure  2.  For  the  case  of  the  weak  spring,  it  is 
seen  that  when  tihe  damper  strength  is  weak,  most  of  the  input  power  is  dissipated  in 
the  first  plate,  while  the  energy  transferred  through,  and  dissipated  in,  the  coupling 
damper  are  at  minimum  levels.  As  the  damper  strength  increases,  the  energy  dissi¬ 
pated  in  plate  1  drops  until  it  reaches  a  minimum  level  for  moderate  coupling  strength. 
The  energy  dissipated  in  plate  2  on  the  other  hand  increases  as  the  coupling  strength 
increases,  as  does  the  energy  dissipated  in  the  damper.  It  is  seen  that  in  this  case  the 
bulk  of  the  input  power  is  dissipated  in  the  coupling  damper  with  only  a  small  percen¬ 
tage  of  the  input  power  dissipated  in  plates  1  and  2.  When  the  damper  strength 
increases  further,  the  ratio  R^  decreases  as  the  damper  becomes  blocked  while,  on  the 
other  hand,  Ri  and  R2  increase  again  to  reach  constant  levels  for  the  limit  of  a  rigid 
joint.  When  the  three  ratios  R<i,  Rj  and  R2  are  plotted  for  the  case  of  the  stiff  spring  of 
stiffness  10®  N,  it  is  noticed  that  the  ratio  R<j  has  the  same  pattern  of  behaviour  as 
before  and  reaches  a  maximum  at  Ye=K0/<o  but  it  is  seen  that  this  ratio  is  very  small  for 
all  values  of  the  damper  strength,  as  might  be  expected  since  the  damper  is  essentially 
always  blocked  by  the  very  stiff  spring.  It  follows  that  the  power  input  is  dissipated 
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mostly  in  the  plates.  In  this  case,  the  ratios  Ri  and  R2  remain  at  nearly  constant  levels 
for  all  values  of  the  damper  strength,  which  represent  the  limit  for  a  rigid  joint. 


6.  Comparison  with  the  Wave  Approach 

The  coupling  loss  factors  (CLF)  used  in  SEA  analyses  can  also  be  obtained 
based  on  a  wave  approach  where  the  wave  transmission  and  reflection  coefficients 
across  junctions  of  semi-infinite  systems  are  used  to  indirectly  evaluate  the  CLF.  Fol¬ 
lowing  the  traditional  wave  approach,  see  Lyon[5],  the  coupling  loss  factor  (when  the 
joint  is  dissipative)  may  be  given  by 


vJi 


Tli2(0))=2/(t  J 


Xi2iB,(i))Cg^LsinB 


toA  1  (2-ti2(e,co)-\)i2(0,co) 


de 


(44) 


where  Cg  is  the  bending  wave  speed,  A  is  the  plate  area  and  L  is  the  length  of  the  junc¬ 
tion.  Ti2(0»tD)  and  \)i2(0,to)  are  the  infinite  wave  transmission  and  dissipation 
coefficients  which  are  functions  of  the  wave  heading  angle  at  the  junction,  denoted  by 
0.  In  order  to  obtain  the  values  of  the  CLF,  ti2(0,tD)  and  1)12(0,0))  are  first  determined 
for  a  model  of  two  semi-infinite  plates  with  compliant  joint  following  a  similar 
approach  to  Langely  and  Heron[6]  and  the  coupling  loss  factors  are  then  obtained 
using  the  equation  above. 


For  the  case  of  nonconservative  coupling,  formulae  for  the  coupling  damping 
loss  factors  can  be  developed  using  the  same  method  adopted  for  the  CLF.  These  may 
be  shown  to  be  related  to  the  infinite  system  dissipation  and  transmission  coefficients 
by  the  expression 


n/2 


Ci2(®)=2/«J 


•Ui2(0.<B)Cj,Lsin0 

J  (a4i(2-Ti2(e,<o)-'Di2(0,a)) 


d0 


(45) 


Figure  2.  Variation  in  Ri,  R2  and  R^  with  y®  for  o)=10000  rad/sec  for  the  case  of  two  simply  supported  plates 
coupled  through  rotation;  ( — ),  K«=lxl0^  N;  ( - ),  Kfl=lxl0*  N  and  Ke=lxl0*  N. 
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Figures  3  and  4  show  the  values  of  T|i2  and  ^i2  obtained  by  the  wave  approach  com¬ 
pared  with  the  results  based  on  the  deterministic  analysis  where  arithmetic  frequency 
averages  are  taken  over  a  bandwidth  of  300  Hertz.  Plots  are  given  for  the  case  of  low 
modal  overlap  factor  (MOF)  (which  is  associated  with  the  example  discussed  above) 
and  for  MOF  larger  than  unity  (which  is  achieved  by  increasing  the  dimensions  of  both 
plates).  Here  the  spring  strength  is  taken  to  be  weak  while  the  damper  strength  is 
chosen  so  that  the  energy  dissipation  at  the  coupling  is  significant.  It  is  noted  that  the 
results  given  by  both  methods  are  in  agreement  for  large  MOF,  as  expected,  and  that 
^12  has  significant  values  compared  to  T)i2.  The  results  are  also  in  broad  agreement  for 
low  MOF  although  the  wave  analysis  fails  to  reveal  much  of  the  detail  present  in  the 
modal  approach. 

7.  Conclusions 

A  receptance  approach  has  been  presented  for  the  analysis  of  energy  flows  and 
energy  levels  in  thin  rectangular  plates  coupled  together  by  compliant  and  dissipative 
joints  to  form  an  ‘L’-shape.  It  is  shown  that  joint  damping  is  most  effective  when  the 
coupling  is  in  the  transitional  region  between  weak  and  strong  and  that  for  strong  cou¬ 
pling  regimes,  the  nonconservativc  nature  of  the  joint  may  be  ignored  with  little  error. 
The  coupling  and  coupling  damping  loss  factors  used  in  SEA  studies  are  also  derived 
in  terms  of  ensemble  averages  of  the  energy  receptances  and  compared  to  those 
derived  using  a  traditional  wave  approach.  Reasonable  agreement  is  obtained  but 
some  detail  is  lost  when  using  the  wave  approach. 

10’‘r - , - . - ^ - . - . - r— ^  I 


^°2800  3000  3200  3400  ^  3600  3800  4000  4200 

Figure  3.  Tin  calculated  using  the  detcnninistic  analysis  and  compared  with  the  results  of  the  wave 
approach  for  the  case  of  two  nonconservatively  coupled  plates;  ( — ),  TJu  from  equation  (41)  for  modal 

overlap  greater  than  one;  ( - ^),  iln  front  equation  (41)  for  modal  overlap  much  less  than  one;  (-.-.“),  ■ni2 

ftom  equation  (44)  for  modal  overlap  greater  than  one;  (. . .)  from  equation  (44)  for  modal  overlap  much 
less  than  one. 
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lo-’i 


10-’ 


10-^1 _ _ _ . - ^ - ' - ■ - « - ' 

2800  3000  3200  3400  ^  3<00  3800  4000  4200 

Figure  4.  ^12  calculated  using  the  detenninistic  analysis  and  compared  with  the  results  of  the  wave  approach 
for  the  case  of  two  nonconscrvaiively  coupled  plates;  ( — ),  ?t2  from  equation  (42)  for  modal  overlap 

greater  than  one;  ( - ),  ^12  fro*o  equation  (42)  for  modal  overlap  much  less  than  one;  (--.-),  ^12  front 

equation  (45)  for  modal  overl£q>  greater  than  one  (. . .)  2  from  equation  (45)  for  modal  overiap  much  less 
than  one. 
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Abstract 

The  research  reported  in  this  paper  studies  the  coupling  between  regular,  rectangular 
plates  and  irregular,  five-sided  plates  separated  by  a  beam.  Both  experimental  and 
analytical  results  are  reported.  The  coupling  between  irregular  plates  is  found  to  follow 
the  conventional  SEA  modeling  procedure  with  a  single  subsystem  representing  the 
bending  modes  of  each  plate.  The  coupling  between  regular  plates,  however,  requires  a 
different  modeling  procedure,  with  the  bending  modes  of  each  plate  divided  into 
subgroups  according  to  wavenumber  matching  along  the  boundaries  of  the  connection. 
The  significance  of  this  result  for  SEA  modeling  of  realistic  structures  is  studied  by 
including  the  effect  of  irregular  boundary  impedances  on  the  SEA  modeling.  Finite 
element  results  are  used  to  show  that  irregular  boundary  impedances  can  have  the  same 
effect  as  irregular  shapes,  so  that  use  of  the  conventional  SEA  modeling  procedure  may 
be  acceptable  for  regular,  rectangular  plates  in  realistic  systems  such  as  vehicles, 
aircraft,  and  other  products. 


1.  Introduction 

There  is  a  tendency  in  vibration  and  acoustic  analysis  to  look  for  “exact”  solutions. 
It  is  assumed  that  the  response  of  a  system  can  be  predicted  exactly  as  long  as  the 
parameters  defining  the  system  are  specified  exactly.  Finite  element  and  boundary 
element  analyses  are  well  known  examples  of  deterministic  prediction  procedures  in 
which  greater  accuracy  is  achieved  by  improving  the  accuracy  of  the  model  description. 

Uncertainties  in  response  prediction  due  to  random  excitation  forces  and 
manufacturing  tolerances  are  accepted,  but  without  enthusiasm.  Randomness  is 
associated  with  a  lack  of  precision,  since  we  can  no  longer  predict  the  exact  response  at 
a  single  point  in  time  and  space.  As  scientists  and  engineers  we  hesitate  to  regard 
uncertainty  and  lack  of  precision  as  beneficial  effects.  However,  randomness  can  bring 
about  simplifications  in  the  analysis,  which  we  must  regard  favorably  since  a  simplified 
analysis  helps  to  reduce  analysis  time  and  cost. 
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Statistical  analysis  procedures  allow  predictions  of  the  average  response  to  be  made 
in  terms  of  average  properties  of  the  system  being  studied.  Using  these  procedures  we 
no  longer  look  for  "exact"  solutions  and  therefore  we  no  longer  need  to  describe  the 
system  properties  exactly.  Of  course,  when  we  use  a  statistical  analysis,  we  must  accept 
a  prediction  that  agrees  with  measured  data  only  in  an  average  sense. 

Statistical  energy  analysis  has  become  an  accepted  statistical  analysis  procedure  for 
structural-acoustic  problems  [Manning  1997],  SEA  takes  advantage  of  the  inherent 
randomness  in  these  systems  and  allows  predictions  of  the  average  response  to  be  made 
using  only  average  system  properties.  The  simplicity  of  SEA  is  its  strongest  feature. 

In  nearly  all  SEA  predictions  the  mean  response  is  predicted.  The  variance  of  the 
response  and  other  higher  order  statistics  of  the  response  are  not  considered.  Therefore, 
it  is  difficult,  if  not  impossible,  to  assess  the  accuracy  of  a  SEA  model  based  on  a 
comparison  between  a  prediction  of  the  mean  and  measured  data  from  one  member  of 
the  ensemble  of  systems  being  considered.  Thus,  questions  continue  to  arise  about  the 
reliability  of  the  SEA  predictions.  When  combined  with  measured  data  to  validate  the 
model  predictions,  SEA  provides  a  useful  technique  to  identify  noise  and  vibration 
transmission  paths  and  to  study  the  sensitivity  of  system  response  on  parameter 
variations.  When  no  data  are  available  to  validate  the  prediction  model,  the  reliability  of 
the  SEA  prediction  depends  on  the  skill  and  experience  of  the  analyst  and  the  extent  to 
which  the  response  of  the  individual  member  of  the  ensemble  of  systems  equals  the 
ensemble  average. 

Due  to  the  growing  popularity  of  SEA  there  is  significant  work  underway  to 
quantify  the  assumptions  made  in  SEA.  Questions  regarding  the  minimum  number  of 
subsystem  modes,  light  coupling  approximations,  and  the  effect  of  low  modal  overlap 
are  common.  However,  the  statistical  nature  of  SEA  is  often  forgotten  and  the  validity 
of  the  procedure  is  assessed  by  comparison  with  predictions  or  measurements  on 
idealized,  deterministic  systems  that  are  not  statistical.  When  using  SEA,  more  attention 
needs  to  be  given  to  identify  (at  least  qualitatively)  the  ensemble  of  random  systems 
being  considered. 


2,  SEA  Assumptions 

Statistical  Energy  Analysis  requires  that  the  system  being  modeled  be  divided  into 
subsystems  as  described  in  Lyon  and  DeJong  (1995).  Each  subsystem  represents  a 
group  of  modes,  and  it  is  assumed  that  each  mode  in  the  group  has  the  same  energy  -  at 
least  within  the  statistical  concept  of  the  average  energy  over  an  ensemble  of  systems. 
For  this  equipartition  of  energy  to  occur,  the  modes  in  a  subsystem  should  have  similar 
excitation,  damping,  and  coupling  to  other  subsystems. 

Subsystem  divisions  are  generally  made  at  the  boundaries  of  physical  substructures, 
so  that  the  SEA  model  can  be  represented  by  a  set  of  coupled  plates,  shells,  beams,  and 
acoustic  spaces.  Often  only  the  bending  modes  of  each  substructure  are  considered.  In 
more  advanced  models,  both  bending  and  inplane  compression  and  shear  modes  are 
considered.  The  bending  and  inplane  modes  are  placed  in  separate  subsystems  to  satisfy 
the  assumption  of  equipartition  of  energy  within  a  subsystem. 
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SEA  coupling  factors  are  then  calculated  using  asymptotic  modal  densities  and 
impedances  of  infinite  and  semi-infinite  systems.  The  shape  of  the  substructures  used  in 
the  model  does  not  enter  into  these  calculations,  so  that  the  distinction  between 
regularly-shaped  and  irregularly-shaped  structures  is  lost.  The  ensemble  of  systems 
consists  of  plates  with  equal  area  but  different  shapes. 

Many  of  the  early  studies  of  SEA  used  irregular  plates  with  no  two  boundaries 
parallel,  e.g.  Lyon  and  Eichler  (1964).  The  irregular  plate  represented  one  member  of 
an  ensemble  of  plates  with  random  shapes  and  boundary  conditions,  although  the 
ensemble  was  not  explicitly  defined.  In  these  early  studies  it  was  assumed  that  the 
irregular  plate  was  a  better  representative  of  actual  structures  used  in  vehicles,  aircraft, 
and  other  products.  This  assumption  is  often  valid,  but  when  it  is  not,  predictions 
obtained  using  SEA  may  become  unreliable. 

Measurements  on  rectangular  plates  with  idealized  free,  clamped,  or  simply- 
supported  boundary  conditions  show  significant  deviations  from  the  ensemble  mean 
predicted  by  SEA.  This  deviation  is  due  to  the  regular  nature  and  symmetry  of  the 
rectangular  plate.  Measurements  on  irregular  plates  are  found  to  be  in  better  agreement 
with  the  SEA  mean.  Since  the  irregular  plate  does  not  always  provide  a  good 
representation  of  a  system,  improvements  in  SEA  modeling  procedures  for  rectangular 
plates  with  idealized  boundary  conditions  are  needed. 

2.1.  SEA  FIELD  APPROXIMATIONS 

In  SEA  reverberant  and  diffuse  field  approximations  are  often  made  to  simplify  the 
analysis  of  complex  systems  [Lyon  and  Maidanik  1962].  It  is  important,  before 
developing  a  modeling  procedure  for  regular  and  irregular  structures  and  acoustic 
spaces,  to  discuss  the  meaning  of  these  terms  and  the  influence  of  structural  irregularity 
on  the  validity  of  these  approximations. 

2.1.1.  Direct  and  Reverberant  Fields 

In  room  acoustics,  the  sound  field  is  commonly  divided  into  a  direct  and  reverberant 
field.  The  direct  field  is  represented  by  sound  waves  emanating  directly  from  a  source 
before  they  have  reflected  from  the  walls  of  the  room,  as  shown  in  Figure  1.  The 
reverberant  field  is  represented  by  waves  that  have  reflected  one  or  more  times  from  the 
walls  and  other  reflecting  surfaces. 


Figure  L  Direct  and  reverberant  field  representations 
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The  relative  importance  of  the  direct  and  reverberant  fields  depends  on  the  absorption 
within  the  room.  In  a  room  with  low  wall  absorption,  sound  waves  emanating  from  a 
source  will  propagate  throughout  the  room  reflecting  many  times  from  walls  and  other 
surfaces  with  little  or  no  reduction  in  amplitude.  In  this  case  the  reverberant  field  will 
dominate  the  overall  acoustic  field.  For  high  absorption,  the  amplitude  of  the  reflected 
waves  will  be  significantly  reduced  at  each  reflection  so  that  the  direct  field  dominates. 

The  concept  of  direct  and  reverberant  fields  can  be  extended  to  structural 
vibrations.  For  example,  in  a  lightly  damped  plate,  the  bending  waves  emanating  from  a 
point  force  excitation  will  propagate  across  the  plate  reflecting  many  times  from  the 
plate  boundaries.  The  amplitude  of  these  waves  will  decay  slowly  as  the  wave  travels 
along  the  plate  due  to  distributed  damping  mechanisms  and  on  reflection  due  to  damping 
or  energy  transmission  at  the  edge  of  the  plate.  As  in  room  acoustics,  direct  and 
reverberant  fields  can  be  defined.  However,  the  fields  may  be  more  complex,  since  both 
bending  and  in-plane  compression  and  shear  waves  exist. 

Although  studies  of  room  acoustics  are  often  based  on  wave  descriptions  of  the 
direct  and  reverberant  fields,  a  modal  description  can  also  be  used  to  describe  the  field. 
The  sound  pressure  in  the  room  is  described  as  a  sum  of  modal  responses  as  shown  by 
Morse  (1948).  The  reverberant  field  in  a  given  band  of  frequencies  is  represented  by  the 
resonant  response  of  modes  with  resonance  frequencies  within  the  band. 

Description  of  the  direct  acoustic  field  is  also  possible  using  a  summation  of  modal 
responses.  However,  such  a  description  is  much  more  complicated  since  a  large  number 
of  modes  must  be  included  in  the  summation  and  the  phase  of  the  different  modal 
responses  must  be  correctly  determined.  Even  with  low  damping,  the  direct  field 
response  in  a  given  band  of  frequencies  must  take  into  account  the  response  of  modes 
with  resonance  frequencies  both  within  and  outside  of  the  band. 

In  SEA,  the  subsystem  damping  is  assumed  to  be  sufficiently  low  that  the  response 
is  dominated  by  the  reverberant  field.  The  direct  field  response  is  typically  ignored. 
Thus,  in  cases  where  the  direct  field  does  play  a  significant  role  in  the  response 
calculation,  the  SEA  formulation  should  be  modified  to  include  the  direct  field. 
Fortunately,  this  is  a  fairly  simple  procedure  within  the  context  of  a  statistical  model  of 
the  subsystem  as  shown  by  Maidanik  (1981). 

2. 1 .2.  Directive  and  Diffuse  Fields 

In  a  diffuse  acoustic  field,  sound  waves  are  incident  from  all  directions  with  equal  and 
uncorrelated  amplitudes.  The  reverberant  field  in  a  large  room  with  low  wall  absorption 
and  irregular  boundaries  will  become  asymptotically  diffuse  at  higher  frequencies  as 
more  and  more  modes  contribute  to  the  response. 

In  a  rectangular  room  with  rigid  boundaries,  the  acoustic  modes  can  be  easily 
determined.  Each  mode  can  then  be  represented  by  a  sum  of  eight  traveling  waves  (one¬ 
dimensional  and  two-dimensional  modes  required  fewer  waves).  The  direction  of  travel 
is  given  by  the  wavenumber  vector  for  the  mode.  Different  modes  will  have  different 
wavenumbers  and  different  travel  directions.  At  low  frequencies,  only  a  few  modes 
contribute  to  the  response  so  that  only  a  few  travel  directions  are  involved  in  describing 
the  response.  At  these  low  frequencies  the  field  is  not  diffuse.  However,  at  high 
frequencies,  hundreds  of  modes  will  contribute  to  the  response  so  that  hundreds  of  travel 
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directions  are  involved.  The  use  of  a  diffuse  field  at  these  high  frequencies  is  a  good 
approximation  to  the  actual  field. 

The  introduction  of  the  statistical  theory  of  room  acoustics  more  than  50  years  ago, 
e.g.  Morse  (1948),  allows  analysts  to  quantify  the  accuracy  associated  with  the  use  of 
the  diffuse  field  approximation  for  high  frequency  acoustic  analysis.  At  low 
frequencies,  where  only  a  few  modes  contribute  to  the  response,  a  deterministic  analysis 
can  be  performed  to  identify  the  modes  of  a  room  and  the  response  of  each  mode  to  a 
prescribed  excitation.  Acoustic  finite  element  analysis  and  boundary  element  analysis 
allows  this  deterministic  analysis  to  be  carried  out  with  great  precision.  At  high 
frequencies,  on  the  other  hand,  many  hundreds  of  modes  contribute  to  the  room 
response.  At  these  frequencies,  the  deterministic  analysis  of  a  room  becomes  too 
cumbersome  and  the  implied  accuracy  of  the  predictions  misleading  since  the  analysis 
can't  take  into  account  the  many  small  details  of  the  room  that  influence  the  response.  A 
statistical  analysis  becomes  more  useful,  "The  situation  is  analogous  to  the  difference 
between  the  methods  of  statistical  mechanics,  which  deal  with  the  average  behavior  of  a 
large  number  of  bodies,  and  those  of  ordinary  mechanics,  which  deal  with  the  detailed 
motions  of  one  or  two  bodies."  [Morse,  p.  383] 

If  a  statistical  description  of  a  room  is  used,  diffuse  fields  can  be  used  to  obtain 
predictions  of  the  average  behavior  of  members  of  an  ensemble  of  rooms.  Within  the 
confines  of  a  statistical  solution,  these  predictions  can  be  considered  to  be  exact  rather 
than  approximate  solutions  useful  only  at  high  frequencies. 

The  concept  of  a  diffuse  field  can  be  extended  to  structural  vibrations.  For 
example,  we  can  consider  a  diffuse  field  of  bending  waves  with  energy  incident  on  a 
point  in  the  plate  from  all  directions.  In  a  rectangular  plate  with  simply  supported 
boundaries,  each  bending  mode  can  be  represented  by  a  sum  of  four  traveling  waves  as 
shown  in  Figure  2.  As  in  the  case  of  room  acoustics  the  direction  of  travel  is  given  by  a 


Figure  2.  Directive  and  diffuse  field  representations  for  plate  bending  waves 

wavenumber  vector  for  the  mode.  For  a  single  mode  of  the  rectangular  plate  there  are 
only  four  waves  and  four  directions  of  travel.  For  this  case  the  field  will  be  quite 
directive.  At  sufficiently  high  frequencies  where  many  modes  contribute  to  the  vibration 
field,  each  with  a  different  directions  of  wave  propagation,  the  field  in  the  rectangular 
plate  can  become  diffuse  if  all  modes  have  the  same  energy  and  uncorrelated  response 
amplitudes.  On  the  other  hand,  even  a  single  mode  of  the  irregular  plate  requires  a  large 
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number  of  waves  to  represent  the  field.  Thus,  the  diffuse  field  approximation  may  be 
valid  for  the  irregular  plate  even  when  only  a  small  number  of  modes  contribute  to  the 
response. 

In  many  applications  SEA  relies  on  the  use  of  diffuse  field  models  to  represent  both 
acoustic  and  vibration  fields.  Thus,  from  a  deterministic  point  of  view,  SEA  may  be 
considered  to  be  an  approximate  technique  useful  only  at  high  frequencies.  On  the 
contrary,  if  we  accept  a  statistical  approach,  SEA  can  be  considered  to  be  an  exact 
technique,  giving  statistical  estimates  of  the  response  of  an  ensemble  of  systems. 
However,  in  using  a  statistical  approach  it  is  dangerous  to  put  too  much  confidence  in  a 
prediction  of  the  ensemble  average  response,  since  the  variance  of  the  prediction  over 
the  different  members  of  the  ensemble  may  be  large.  If  a  prediction  of  the  ensemble 
average  response  is  used  for  product  design,  half  of  the  products  will  fail! 

The  proper  use  of  SEA  requires  that  the  statistical  nature  of  the  prediction  be 
recognized.  Predictions  of  the  ensemble  average  response  are  useful  only  when  the 
variance  of  the  prediction  is  acceptably  small. 

2. 1 .3.  Coupling  Factor  Calculations  Using  Reverberant  Diffuse  Field  Approximations 
In  SEA  coupling  loss  factors  are  generally  calculated  using  a  wave  approach.  The 
acoustic  or  vibration  fields  in  the  two  coupled  subsystems  are  represented  by  reverberant 
diffuse  fields  and  angle-averaged  power  transmission  coefficients  arc  used.  The 
following  steps  are  carried  out. 


Step  1:  Represent  the  field  in  each  subsystem  by  a  reverberant  diffuse  field.  The 
diffuse  field  consists  of  waves  incident  from  all  directions  with  equal  and  uncorrelated 
amplitudes.  The  energy  density  in  a  traveling  wave  is  given  by 

e((p)  =  (o^m^|A((p)|^  (1) 


The  energy  density  in  the  diffuse  field  is  found  by  integrating  over  all  angles  of 
incidence.  For  example,  in  a  two  dimension  field  of  bending  waves  on  a  plate,  the 
energy  density  is  given  in  terms  of  the  incident  wave  amplitudes  as 

e  =  co^m  J  d(p^A((p)|^  (2) 

-7t  ^ 


If  the  field  is  also  reverberant,  the  energy  density  will  be  uniformly  distributed 
throughout  the  plate.  The  energy  density  can  then  be  simply  related  to  the  total  energy 
in  the  plate  and  its  area. 


The  wave  amplitude  in  the  diffuse  field  can  be  obtained  from  the  plate  energy  as 


(3) 


|A(<p)f  = 


1  E 

Jt  (o^mApi, 


(4) 
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Step  2:  Calculate  the  transmitted  power.  The  transmitted  power  is  determined  as  the 
product  of  the  incident  power  from  the  diffuse  field  and  a  power  transmission 
coefficient.  The  intensity  in  a  traveling  wave  is  found  by  multiplying  the  energy  density 
by  the  group  speed, 

T((p)  =  Cge(<p)u  (5) 

where  u  is  a  unit  vector  in  the  direction  of  wave  propagation.  Assuming  the  connection 
between  subsystems  to  be  at  the  edge  of  each  subsystem,  the  intensity  incident  from  a 
given  angle  is  given  by 

jincldent(jp)^l.f£g_  (6) 

n  2Apit 

The  transmitted  power  is  given  in  terms  of  a  power  transmission  coefficient  by 

jtransmMed  _  jincident  ((p)T:(<p)  (7) 


The  total  power  transmitted  is  found  by  integrating  over  the  angles  of  incidence, 

Ec  1  +^^^2 

^transmitted  _ - 9 - |  x((p)COS(<p)  (8) 

T 

where  x  is  the  angle-average  transmission  coefficient. 

The  net  power  transmitted  between  subsystems  is  the  difference  between  power 
transmitted  from  i  to  j  and  the  power  from  j  to  i.  Since  the  diffuse  fields  in  the  two 
plates  are  assumed  to  be  uncorrelated,  the  net  power  is  given  by 


11^  transmitted 

VVj.j 


9^ 


Ej- 


A  ^ 


(9) 


where  L  is  the  junction  length.  Note  that  the  angle-averaged  power  transmission 
coefficients  are  not  reciprocal  due  to  the  averaging. 


Step  3:  Calculate  the  coupling  loss  factors.  In  SEA  the  net  power  transmitted  is  given 
in  terms  of  coupling  loss  factors  as 


Wi!p®^i*t®d  =  ajHi-jEj  -onijjiEj 


(10) 


The  coupling  loss  factors  are  now  determined  to  be 


’ll;!” 


2ci)Ai 


jnc 


(11) 


The  calculation  of  angle-average  power  transmission  coefficients  for  plates  is  straight 
forward,  though  tedious  for  all  but  the  simplest  junctions.  The  integration  over  angle 
usually  cannot  be  performed  analytically  so  that  some  computational  assistance  is 
needed.  Fortunately,  numerical  aids  such  as  MATLAB  make  these  calculations  much 
simpler  than  they  were  when  SEA  was  first  developed,  Heckl  (1961). 
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3.  Coupled  Plate  Results 

Measurements  were  performed  on  coupled  plates  separated  by  a  beam  to  demonstrate 
the  effect  of  structural  irregularity.  First,  measurements  were  taken  on  a  regular 
structure  consisting  of  two  rectangular  plates,  as  shown  in  Figure  3.  Beams  were  placed 
on  both 


Fifiure  3.  Coupled  rectangular  and  irregular  plates 

sides  of  the  plate  to  avoid  the  complexity  due  to  the  coupling  of  bending  and  inplane 
modes  at  an  asymmetric  connection.  Similar  measurements  were  then  taken  on  a 
irregular  structure  consisting  of  two  five-sided  plates. 

The  baseline  SEA  model  consists  of  four  subsystems:  two  plate  bending  subsystems 
-  one  for  each  plate,  a  beam  bending  subsystem,  and  a  beam  torsion  subsystem.  The 
coupling  factors  between  the  two  plates  and  the  coupling  factors  from  beam  bending  and 
beam  torsion  to  plate  bending  were  calculated  following  the  approach  used  by  Heckl 
(1961).  Since  diffuse  fields  are  assumed  for  each  plate,  angle-averaged  transmission 
coefficients  were  used  in  calculating  the  coupling  factors.  Damping  loss  factors  were 
determined  from  decay-rate  measurements  and  the  energy  flow  equations  were  solved  to 
determine  the  average  vibration  level  for  each  plate.  Results  are  shown  in  Figure  4. 

Predictions  from  the  baseline  SEA  model  are  seen  to  be  in  good  agreement  with 
measured  data  for  the  irregular  plates.  In  this  case  the  reverberant  diffuse  field 
assumption  made  in  calculating  the  coupling  factors  is  valid,  at  least  at  the  higher 
frequencies  above  1,250  Hz.  Predictions  for  the  coupled  rectangular  plates  are  in  poor 
agreement  with  measured  data  even  at  high  frequencies. 

3.1  WHEN  SEA  DOESN’T  WORK 

When  SEA  doesn’t  work  it  is  usually  a  result  of  the  reverberant  diffuse  field 
approximation.  For  one  or  more  subsystems,  the  field  is  either  not  reverberant  or  not 
diffuse.  A  variety  of  new  techniques  have  been  identified  to  solve  these  problems. 
However,  rather  than  replacing  SEA  with  another  technique,  we  should  realize  that  SEA 
does  not  require  the  reverberant  diffuse  field  approximation  to  be  made. 

SEA  is  often  restricted  to  high  modal  overlap.  However,  when  there  is  high  modal 
overlap  and  the  source  is  localized,  the  vibration  field  may  also  be  localized  due  to  the 
dominance  of  the  direct  field.  In  such  a  case  we  find  that  the  approximation  that  the 
field  is  reverberant  is  not  very  accurate.  The  plate  damping  for  the  measurements 
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‘Irregular  Plates 


Rectangular  Plates 


Figure  4.  Mode  shape  and  wave  distribution  for  rectangular  plate  with  simply-support  boundary  conditions 


discussed  above  was  sufficiently  low  that  the  modal  overlap  factor  was  not  high,  even 
though  the  modal  densities  were  quite  high.  Thus,  the  assumption  of  a  reverberant  field 
is  valid  for  both  cases  being  considered.  This  may  not  be  the  case  if  the  damping  of  one 
or  both  plates  were  increased. 

As  would  be  expected  from  the  discussion  earlier  in  this  paper,  the  diffuse  field 
approximation  is  not  valid  for  the  rectangular  plates.  Although  the  modal  densities  are 
high  so  that  many  waves  could  be  excited  in  each  plate,  only  those  waves  (or  modes) 
that  match  the  wavenumber  of  the  bending  and  torsional  waves  of  the  beam  are  strongly 
excited  in  the  receiving  plate.  Thus,  equipartition  of  energy  does  not  occur  in  the 
bending  wave  subsystem  of  the  receiving  plate.  The  field  in  the  receiving  plate  cannot 
be  modeled  as  diffuse,  although  it  is  reverberant. 

To  resolve  this  problem,  the  bending  modes  of  each  rectangular  plate  were  divided 
into  subsystems  according  to  their  coupling  to  the  beam.  Four  bending  subsystems  were 
used  for  each  plate:  one  for  plate  modes  strongly  coupled  to  the  bending  modes  of  the 
beam,  one  for  plate  modes  strongly  coupled  to  the  torsional  modes  of  the  beam,  one  for 
plate  modes  coupled  by  mass-law  beam  response,  and  one  for  plate  modes  coupled  by 
stiffness-controlled  beam  response.  Coupling  factors  were  calculated  for  these  different 
subsystems  using  the  same  transmission  coefficients  used  in  the  baseline  SEA  model, 
but  without  angle-averaging.  The  expanded  SEA  energy  flow  equations  were  solved 
and  the  energy  of  the  four  subsystems  for  each  plate  were  added  to  predict  the  overall 
energy  and  average  response  level  for  the  two  plates.  Results  show  a  marked 
improvement  over  the  baseline  model  at  the  higher  frequencies  above  1,000  Hz.  At  low 
frequencies,  however,  the  expanded  model  underpredicts  the  response  of  the  receiving 
plate.  It  is  possible  that  at  these  lower  frequencies,  end  conditions  at  the  two  ends  of  the 
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beam  result  in  a  more  uniform  distribution  of  coupling  so  that  the  transmission 
coefficients  based  on  infinite  beam  and  plate  impedances  are  no  longer  valid.  Further 
work  is  needed  to  extend  the  SEA  predictions  to  these  lower  frequencies. 


4.  Criteria  For  Structural  Irregularity 

The  measurements  conducted  on  coupled  rectangular  and  irregular  plates  show  that  a 
conventional  SEA  analysis  is  valid  only  for  the  irregular  plates.  Although  the  SEA 
model  can  be  expanded  to  obtain  accurate  predictions  for  the  rectangular  plate,  some 
measure  of  irregularity  must  be  identified  so  that  the  proper  modeling  technique  can  be 
employed.  In  many  cases,  the  analyst’s  judgment  must  be  used.  Decisions  are  made 
based  on  the  shape  of  the  plate  and  its  boundary  conditions.  In  many  problems  of 
practical  interest,  structural  irregularity  can  be  assumed.  For  example,  most  plate 
structures  in  a  modem  automobile  can  be  modeled  as  irregular  plates.  Many  plate 
structures  in  satellites  and  other  space  vehicles  can  also  be  modeled  as  irregular  plates 
due  to  the  presence  of  components  loading  the  plate. 

Most  cases  where  an  irregular  plate  structure  cannot  be  assumed  occur  in  the 
laboratory.  Idealized  test  setups  with  rectangular  plates  having  simply-supported  or  free 
boundaries  are  often  studied  to  gain  a  better  understanding  of  vibration  response  and 
transmission  mechanisms. 

Finite  element  models  can  be  used  to  gain  a  more  quantitative  understanding  of 
irregularity.  Finite  element  models  were  developed  for  three  plate  configurations.  The 
first  consists  of  a  rectangular  plate  with  simply  supported  boundaries.  The  modes  for 
this  plate  can  be  easily  calculated.  Figure  5  shows  a  contour  plot  of  the  mode  shape  for 
a  single  plate  mode.  A  regular  pattern  of  nodes  and  anti-nodes  is  observed.  A  two- 
dimensional  transform  of  the  mode  shape  can  be  used  to  displace  the  waves  required  to 
represent  the  mode  shape.  Figure  5  also  shows  the  wave  distribution  for  the  mode.  Four 
peaks  occur  representing  the  four  traveling  waves  required  to  represent  the  mode. 

Figure  6  shows  the  same  type  of  results  for  a  plate  with  an  irregular  shape.  In  this 
case  nodes  and  anti-nodes  are  observed,  but  there  is  no  regular  pattern.  The  wave 
distribution  plot  shows  that  many  waves  are  needed  to  represent  the  vibration  field  of 
this  mode. 

Figure  7  shows  results  for  the  third  case  in  which  the  modes  of  a  rectangular  plate 
with  irregular  boundary  conditions  were  identified.  The  contour  plot  of  a  single  mode 
shape  shows  nodes  and  anti-nodes,  as  for  the  other  two  cases.  However,  as  in  the  case 
of  the  irregularly  shaped  plates,  no  pattern  is  observed.  The  wave  distribution  plot  is 
similar  to  the  plot  for  the  irregularly  shaped  plate. 
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Mode  Shape  Wave  Distribution 


Figure  5.  Mode  shape  and  wave  distribution  for  rectangular  plate  with  simply-suppoit  boundary  conditions 
Mode  Shape  Wave  Distribution 


Figure  6.  Mode  shape  and  wave  distribution  for  irregular  plate  with  simply-support  boundary  conditions 


Figure  7.  Mode  shape  and  wave  distribution  for  rectangular  plate  with  irregular  boundary  conditions 
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5.  Conclusions 

Based  on  the  work  presented  in  this  paper  we  conclude  that  SEA  models  can  be  used  for 
both  regular  and  irregular  structures  and  acoustic  spaces.  However,  models  using 
coupling  factors  based  on  diffuse  field  representations  of  the  vibration  and  acoustic 
fields  in  each  subsystem  should  be  limited  to  studies  of  irregular  structures  and  acoustic 
spaces.  System  irregularity  is  seen  to  occur  either  because  of  irregular  shapes  or 
irregular  boundary  conditions.  Both  are  fairly  common  in  automotive,  aerospace,  and 
ship  structures,  so  that  the  diffuse  field  representation  continues  to  provide  valid 
coupling  factors  for  many  cases  of  practical  interest. 
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1.  Introduction 

The  basic  concept  of  the  SEA  method  has  been  primarily  developed  for 
analyzing  problems  in  the  aerospace  engineering  field  such  as  the  acoustic  fatigue  of 
outer-skin  and  the  reliability  of  electronic  equipments  due  to  hi^  firequency  vibration 
in  space  vehicles  during  flight.  Nowadays,  SEA,  for  the  sake  of  its  simplicity  in  power 
balance  equation,  has  been  recognized  as  usefiil  and  powerful  tool  for  analyzing 
structure  borne  sound  and  practically  utilized  to  assess  the  noise  of  products  in  the 
audible  fi’equency  range.  In  addition,  with  increasing  needs  for  comfort  in  our  living 
and  working  environment,  requires  the  assessment  of  structure  borne  noise  on  a 
structure  constructed  with  low  and  high  modal  density  elements. 

The  SEA  method  regards  each  element  in  the  system  as  a  combination  of 
equivalent  oscillators  and  evaluates  macroscopically  the  energy  transmitting  among 
them  in  the  sense  of  statistical  average  in  the  considered  fi'equency  band.  Thou^  these 
assumptions  are  valid  for  the  structure  home  sound  analysis  of  a  structure  which 
consists  of  weakly  coupled  elements  in  hi^  firequencies,  so  called  high  modal  density 
elements,  the  properties  of  structure  borne  energy  propagation  of  low  modal  density 
elements  are  affected  by  eigen  modes  of  each  elements  of  a  structure,  and  it  is  difficult 
to  consider  these  elements  as  an  aggregate  of  equivalent  oscillators  which  have  nearly 
equal  excitation.  In  the  case  of  low  modal  density  and  weakly  coupled  elements,  diese 
oscillators  show  the  different  dynamic  characteristics  and  have  dififerent  energy  storage 
levels,  energy  transfer  to  modes  of  other  subsystems,  and  energy  dissipation.  It  is 
difficult  to  predict  the  transmission  power  based  on  the  mean  value  of  energy  transfer 
parameters. 

This  paper  presents  a  new  prediction  method  of  the  structure  borne  sound  of 


structure  which  is  constructed  with  low  modal  density  and  weakly  coupled  elements. 
This  method  is  based  on  die  SEA  concepts,  but  the  subsystem  in  this  method  is  consists 
of  multi-oscillators  which  have  different  excitation  by  sources,  coupling  to  other 
subsystems,  and  damping.  The  oscillators  are  excited  by  random  moment  and  coupled 
with  infinite  elements.  And  the  power  flow  among  them  are  calculated  using  the  natural 
fi*equencies  and  eigen  modes. 

In  this  paper,  a  system  equation  describing  the  energy  flow  is  formulated  with  modal 
parameters  of  each  elements  and  numerical  simulation  of  plate  structure  are  shown. 

2.  Numerical  Formulation 


2.1  Vibratory  Energy 


2.1.1  Mean  square  velocity 

Using  modal  parameters,  such  as  modal  mass  m„,  mode  shape  ^n»  modal  damping 
Tin  and  eigenfirequency  oOn,,  the  vibration  velocity  v(Xr)  caused  by  the  distributed  load 
p(Xs)  is  written  as  follows, 

(1) 


(a)  Modal  response  by  distributed  load  (b)  Moment  Inpedance 

Figure  1  Calculation  model  for  vibration  energy  and  transmitting  power 


Now  let  us  assume  the  spatially  random  load,  the  spatial  average  of  the  square  velocity 
is  given  by 

=  J  fi)TlG,|V^(*,)|J  4{x,)p{x,)ds,'[d<a 

(2) 

n  '  ' 

where  m”  and  iff’  denote  the  mass  per  unit  area  and  the  mean  value  of  m” . 


Integrating  eq.(2)  by  the  frequency  range  [ffli  ©2]  yields  the  mean  square  velocity  hi 
the  frequency  band  (fl, A©) 


1 


•dcom  ds^ 


(3) 


>7»®. 

where  ©h©2  ere  the  lowest  and  hipest  frequency  respectively,  and  Z  shows  the 
amount  of  eigen  modes  in  frequency  band  {n,A©),  and  |Pl^/Sff’  denotes  Ac  equivalent 
input  power  and  Ae  parameter  gn  means  Ae  contribution  of  Ae  n-A  oscilator,  such  as 
Ae  n-A  mode  of  element,  for  Ae  mean  square  velocity  VA^(n). 

2. 1.2  Kinetic  energy 

Let  us  suppose  Aat  Ae  eqmvalent  random  load  pe(©,Xq)  is  uncorrelate  m  Ae  time 
domain  and  m  Ae  spatial  domain.  The  eqmvalent  Astributed  load  pe(©,Xq)  causes  Ae 
vibration  velocity  v(©,x),  and  Ae  power  spectrum  of  kinetic  energy  Ta(0)  m  Ae 


dsdws 


frequency  band  (Q,A®)  is  written  by 

Usmg  Ae  kinetic  energy  Ta  m  eq.(4),  Ae  modal  energy  of  Ae  element  Ea  is  expressed 
as  follows, 

E,(n)  =  2T,{Q.)  =  I— i - g.l^r  = 


2.1.3  External  input  power 

The  power  spectrum  of  mput  power  by  Astributed  load  p(x,)  m  Ae  frequency 
band  (Q,  A©)  is  given  by 

=  i 

"2 

i?r 

2.1.4  Transmittng  power  from  i-A  element  to  i-A  one 

Fig.l  Austrates  a  coiq>ling  model  of  a  plate  and  an  mpedance  element.  Taking 


the  moment  inpedance  of  semi  infinite  plate  into  consideration,  the  transmitting  power 
from  the  plate  to  the  impedance  element  WaC^)  is  written  as  follows, 

=  J  tJ  Rejf  v(x, ;  <»)(Z(x, ;  ffl)v(x, ;  <»))* 

^  (7) 

where  ,  Z,  h  are  wave  number,  moment  impedance  and  plate  thickness  respectively. 


2.2  System  equation  of  2-element  model 


In  this  paper,  let  us  approximate  that  the  transmitting  power  from  i-th  element  to  j-th 
element  is  expressed  as  transmitting  power  from  fimte  elemnt  i  to  semi  infimte  elemnt  j 
as  shown  in  Fig.2.  Using  eqs.(5)^7),  the  external  input  power  of  i-th  element,  the 
vibration  energy,  the  dissipated  energy  and  the  transmitting  power  to  j-th  element  are 
rewritten  as  follows, 


External  input  power 

(6’) 

Vibration  energy 

(5’) 

Dissipated  power 

(8) 

Transmitting  power 

(7’) 

Taking  the  energy  balance  of  i-th  element  into  consideration  yields  the  following 


equations, 

1 


2 

=  <»Z'7. 


.  1  ,  ^KJIAZ,)_ 


2m.  7.0 


2 

•g.  +  4l _ ~g- 


—  2 


(9) 


In  the  above  eq.(9),  the  first  term  denotes  internal  dissipated  power  and  transmitted 
power  from  i-th  to  j-th  element,  and  the  second  term  shows  the  transmitted  power  from 
j-th  to  i-th  element.  In  each  term,  die  denominator  includes  the  internal  loss  fector  qn, 


this  shows  the  decreasing  the  loss  fector  increases  the  vibration  energy.  And  in  die  term 
of  transmitting  power,  LijS!c^mRe(:^)/m„il„a)n(0  denotes  the  coupling  loss. 


(a)  Power  flow  of  2-Glement  Model 


(b)  Power  flow  of  multi-element  model 


Figure  2  Power  flow  model  taking  the  energy  balance  of  i-th  element  into  consideration 

2.3  System  equation  of  Multi-element 

Taking  consideration  the  energy  balance  in  the  multi-element  system  shown  in  Fig.2, 
the  system  equation  is  given  by 
GP.  =  Q YP 

(10) 


G  = 


diag.^-rL=\ZgA^,={p°,pl,  •••  -  Pwj 


nni: 


'  ^  2m.fi),  "  n  ^  2);,fi).  m. 

i*J 

*  n  '  ^  2t],(0,  m. 


3.  Numerical  Simulation 


3.1  The  effect  of  coupling  stiffness 


Fig.  3  shows  the  coupling  stif&ess  based  on  the  moment  impedance  of  semi»infinite 
plate  and  the  modal  stifibess  of  plate.  Fig.4  shows  the  effect  of  coupling  stif&ess  on 
eigen  frequencies.  The  coupling  stiffiiess  in  Fig,3  and  Fig.4  is  formulated  as  follows 


=  Re{yfijZ}  =  Re{- 


53Eh^ 


z) 


(11) 


h-;1.46  In  0.9*0  12(1- 
From  Ae  Fig.3  and  Fig.4,  it  is  found  that  the  increase  of  frequency  decreases  the 
moment  impedance,  decreases  the  coupling  stiffiiess  based  on  the  moment  impedance. 
In  the  low  coupling  stiffiiess  range,  which  means  that  the  ratio  of  the  coupling  and  the 
modal  stiffiiess  ko/km  is  small  enou^  the  influence  of  coupling  stiffiiess  is  negligible, 
and  the  ratio  of  the  coupling  and  the  modal  stiffiiess  kc/k^  of  10mm  thick  steel  plate  is 
small  (ko/kni«0.1)  in  the  fi^quency  range  over  lOHz.  This  shows  that  the  two 


subsystems  are  weakly  coupled. 


Frequency  f[Hzl 

Figure  3  Relationship  between  modal  stiffiiess  and  coupling  stiffiiess 


Figure  4  Effects  of  coupling  stif&ess  on  eigen  frequencies 


3.2  The  relationship  of  parameter  g„  and  mode  count  AN 


In  order  to  consider  the  effect  of  each  mode  on  the  vibration  energy  in  the  frequency 
band  (n,Aco),  the  system  equation  is  formulated  as  the  function  of  parameter  gn  in  diis 
method.  In  the  SEA  method,  Sgn  is  approximated  to  mode  count  AN  as  follows, 

Ig,  ^Itan-'  =  (12) 


Fig.5  shows  the  relation  ship  between  Zgn  and  AN.  In  the  frequency  range  which  the 
mode  count  AN  is  greater  than  50,  the  amount  of  gn  is  approximated  as  Egn=^AN,  and 
the  influence  of  internal  loss  factor  is  very  small.  And  in  the  low  modal  density  range, 
the  effect  of  the  internal  loss  factor  is  large  and  the  error  of  the  approximation  by 
cq.(12)  becomes  large. 


Figure  5  Relationship  between  mode  counts  and  parameter  go 


3.3  The  vibration  levels  of  2-element  system 


Tn  order  to  discuss  the  characteristics  of  the  power  transnussion,  the  present 
method  was  applied  to  the  2-element  plate  model  as  shown  in  Tab.l. 


Table  1  2-elemcnt  model 


element  1 

element  2 

External  Force  [N/m^V”  Hz] 

1.0 

- 

width  and  length  [m] 

5*5 

5*82 

thickness  [m] 

0.01 

h: 

internal  loss  factor 

0.005 

'll 

Young’s  Modulus  [Pa] 

206*10’ 

206*10’ 

density  [kg/m^] 

7.86*10’ 

7.86*10’ 

Poisson’s  ratio 

0.3 

0.3 

Fig.  6  shows  the  relationship  of  the  vibration  levels  and  the  thickness  ratio  h2/hi  in 
the  case  a2=5m,  frequency  fl=27i*31.5rad/s.  The  decrease  of  the  thickness  of  the 
element  2  decreases  the  vibration  level  of  element  2,  and  the  vibration  level  of  clement 
1  converges  to  the  constant  value,  which  is  equal  to  the  vibration  level  of  1-elemcnt 
model.  And  this  means  that  the  power  transmitted  to  element  2  is  decreased  and  all 
most  of  the  vibration  energy  is  dissipated  in  element  1  in  the  case  of  vciy  small 
thickness  ratio  h2/hi.  At  the  thickness  ratio  h2/hi=1.0,  the  vibration  levels  of  each 
element  becomes  to  neary  equal  value  and  the  level  is  3dB  less  than  the  vibration  level 
of  element  1  ath2/hi=0.1. 


Figure  6  Effects  of  thickness  ratio  on  viblation  levels 


Fig.7  shows  the  relationship  of  tiie  length  of  elements  ai  and  the  vibration 
levels  at  h2/hi=1.0,  frequency  n=27t*31.5rad/s.  The  increase  of  die  lengfli  of  element  2 
decreases  die  vibration  energy  of  element  2.  In  this  case,  the  coiq)ling  loss  and  die  total 
input  power  are  not  changed  and  the  total  vibration  energy  of  element  land  2  arc 
constant.  And  the  increase  of  the  mass  of  element  2  bring  forth  the  reduction  of 
vibration  level  of  element  2.  The  decrease  of  vibration  level  of  element  1  means  that 
the  increase  of  the  power  transmission  to  element  2  caused  by  the  decrease  of  vibration 
level  of  elranent  2. 


Figure  7  Effects  of  length  of  elements  on  vihlation  levels 


Fig.8  shows  the  comparison  of  the  calculated  results  of  SEA  and  the  presented 
mediod.  The  model  is  2-element  model  and  the  dimension  of  both  elements  are  5m*5m 
and  0.01m  thickness. 

The  vibration  levels  of  this  method  is  similar  to  the  results  of  SEA.  But  the  vibration 
level  of  element  2  is  a  few  dB  hi^er  than  SEA  results  at  each  frequenqr  bands.  And 
die  total  of  die  vibration  level  of  presmted  method  results  are  same  widi  SEA  results, 
this  shows  the  distribution  of  energy  is  different  from  SEA  resuts. 


Figure  8  Comparison  of  vibration  levels  calculated  by  presented  method  and  SEA 


4.  Conclusions 


In  order  to  estimate  the  vibratory  characteristics  of  structure  which  is  constructed 
with  low  modal  density  and  weakly  coupled  elements,  a  new  prediction  method  of  the 
structure  borne  sound  is  presented.  This  method  regards  each  element  in  the  subsystem 
as  a  combination  of  modal  oscillators  and  evaluates  macroscopically  the  energy 
transmission  among  them  in  the  considered  frequency  band,  but  the  subsystem  in  this 
method  is  consists  of  multi  oscillators  which  have  different  excitation  by  sources, 
coupling  to  other  subsystems,  and  damping.  And  the  power  flow  among  them  are 
calculated  using  the  natural  frequencies  and  eigen  modes. 

In  this  paper,  a  system  equation  describing  the  energy  flow  in  the  structures  is 
formulated  with  modal  parameters  of  each  elements  and  numerical  simulation  of  plate 
structure  are  shown. 
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1.  Introduction 

Prediction  of  the  noise  transmitted  from  machinery  and  flow  sources  on  a  submarine  to 
the  sonar  arrays  poses  a  complex  problem.  Vibrations  in  the  pressure  hull  provide  the 
main  transmission  mechanism.  The  pressure  hull  is  characterised  by  the  very  large 
number  of  modes  over  the  frequency  range  of  interest  (at  least  100,000)  and  the  high 
modal  overlap,  both  of  which  place  its  analysis  beyond  the  scope  of  finite  element  or 
bound^  element  methods.  We  present  a  method  for  calculating  the  transmission, 
which  is  broadly  based  on  Statistical  Energy  Analysis,  but  extended  in  two  important 
ways:  (1)  a  novel  subsystem  breakdown  which  exploits  the  particular  geometry  of  a 
submarine  pressure  hull;  (2)  the  explicit  modelling  of  response  level  variations  within  a 
subsystem.  The  method  takes  account  of  fluid-structure  interaction,  the  underlying 
pass/stop  band  characteristics  resulting  from  the  near-periodicity  of  the  pressure  hull 
construction,  the  effect  of  vibration  isolators  such  as  bulkheads,  and  the  cumulative 
effect  of  irregularities  (e.g.  attadiments  and  penetrations). 


2.  Background 

The  sonar  arrays  we  are  concerned  with  are  positioned  on  the  forward  flanks  and  the 
bow  of  the  submarine.  The  sources  of  structure-bome  sound  include  the  propulsor, 
other  machinery  internal  to  the  submarine,  and  the  external  flow.  The  principal 
machinery  sources  are  mostly  sited  well  aft  of  the  arrays.  The  estimation  of  the  noise 
transmitted  from  these  sources  to  the  arrays,  over  a  range  of  frequencies  up  to  a  few 
kHz,  poses  a  complex  prediction  problem.  It  is  worth  making  three  initial  observations. 

(1)  With  regard  both  to  flow  sources  and  remote  machinery  the  pressure  hull  itself 
provides  the  most  important  structural  transmission  path  to  the  arrays,  as  opposed 
to  the  contribution  from  internal  structure  such  as  decks.  This  is  mainly  due  to  the 
large  impedance  mismatch  at  all  junctions  with  the  pressure  hull,  combined  with 
the  complex  nature  of  these  internal  structures.  Within  the  pressure  hull,  both 
flexural-like  waves  and  in-surface  waves  (compression  and  shear)  provide 
potentially  important  transmission  mechanisms. 

(2)  The  pressure  hull  is  made  up  of  a  cylindrical  shell  internally  braced  against 
external  pressure  by  circumferential  T-section  frames.  The  frames  are  fairly 


M.  BLAKEMORE  &  J.  WOODHOUSE 


regularly  spaced  axially,  and  they  are  substantial  enough  to  present  a  significant 
impedance  to  the  pressure  hull.  Tliey  thus  produce  a  characteristic  pass-  and  stop- 
band  frequency  variation  of  the  structure-borne  transmission. 

(3)  The  submarine  is  divided  into  a  small  number  of  separate  compartments  by 
bulkheads.  These  are  significant  reflectors  of  structure-borne  energy  incident  in 
the  pressure  hull,  and  need  to  be  taken  into  account  in  any  predictive  procedure. 

In  the  discussion  that  follows,  therefore,  we  shall  consider  the  combination  only  of  the 
pressure  hull  (including  the  frames)  and  the  bulkheads,  in  the  presence  of  an  external 
fluid.  The  external  fluid  has  three  distinct  effects  [1];  mass  loading  of  the  structure; 
adding  effective  damping  through  radiation;  and  fluid  short-circuiting  of  vibration 
attenuators,  including  bit  frames  and  bulkheads. 

The  flat  plate  coincidence  frequency  (i.e.  the  frequency  where  flexural  wavelengths 
match  acoustic  wavdengths  (see  [1])  is  typically  at  the  top  end  of  the  frequency  range 
of  interest  here.  Nevertheless,  radiation  loss  from  flexural  waves  on  the  structure  still 
occurs  below  that  frequency  due  to  the  effects  of  curvature  and  wave  scattering  by  the 
frames.  Indeed  radiation  damping  tends  to  dominate  intrinsic  structural  damping, 
producing  loss  factors  typically  in  the  region  of  10*^  to  lO'^  Modal  overlap  is 
consequendy  high,  and  the  global  structure  non-reverberant  with  regard  to  flexural-hke 
waves  (though  local  build-up  of  reverberant  energy  remains  a  possibility). 

It  is  possible  to  design  different  frame  spacings  for  different  sections  of  the 
submarine  such  that  pass  bands  in  one  section  coindde  with  stop  bands  in  another.  In  an 
“ideal”  structure,  it  would  then  be  theoretically  possible  to  achieve  extremely  low 
transmission.  The  necessary  variations  in  frame  spacing  are  of  the  same  order  as  those 
typically  present  (for  other  reasons)  on  a  submarine.  We  shall  see  that  the  “ideal”  low 
transmission  is  in  practice  short-circuited  by  the  cumulative  effect  of  small-scale 
irregularities  in  the  structure,  which  produce  a  small  but  significant  degree  of  coupling 
between  the  different  wavetypes.  For  long  range  transmission,  it  is  essential  to  include 
such  effects  in  the  prediction  methodology.  In  this  paper  we  propose  a  statistical 
approach  to  this  problem  based  on  an  analysis  of  power  flow  on  a  ribbed  cylinder.  We 
shdl  begin  by  reviewing  the  underlying  dispersion  characteristics  of  the  corresponding 
p^ectly  regular  structure. 


3.  Dispersion  characteristics  of  a  fluid-loaded  ribbed  cylinder 

Consider  the  vibration  transmission  characteristics  of  an  infinite  regularly-framed 
rotationally-symmetric  fluid-loaded  thin  cylindrical  shell.  For  such  a  structure,  it  is 
possible  to  decompose  the  global  problem  into  a  set  of  independent  one-dimensional 
problems,  indexed  by  “angular  order”  n  =  0,  1,  2,...  Each  component  of  the  solution 
then  has  circumferential  behaviour  like  cos  nS  or  sinnd,  where  0  is  the 
circumferential  angle.  The  detailed  theory  was  described  for  the  in  vacuo  case  by 
Hodges  etal.  [2]. 

Fluid  loading  is  formally  incorporated  into  the  scheme  by  adding  to  the  kinetic 
energy  extra  terms  representing  the  response  of  the  fluid  to  radi^  motion  of  the  shell,  as 
determined  by  the  kinematic  boundary  condition.  This  incorporates  both  mass  loading 
and  radiation  damping.  The  determination  of  the  fluid-loaded  transmission  modes  then 
involves  the  solution  of  a  matrix  eigenvalue  problem.  This  cannot  however  be  solved  by 
standard  matrix  procedures  due  to  the  non-algebraic  frequency  dependency  in  the  fluid¬ 
loading  terms.  A  non-linear  equation  solver  is  adopted.  For  each  transmission  mode. 
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several  relevant  quantities  can  be  readily  calculated  from  the  eigen-solution,  including 
the  frequency,  group  velocity,  radiation  loss  factor,  mode  shape  and  admittance. 

These  propagation  modes  are  plotted  in  Fig.  1  on  a  frequency/angular  order 
diagram.  The  waves  are  dispersive  and  the  wavenumber  spectrum  exhibits  very 
charactmstic  features,  notably  the  pattern  of  pass  and  stop  bands  whose  positions  vary 
with  angular  order.  This  predicted  pattern  has  been  well  validated  by  comparison  witii 
detailed  model  scale  measurements  both  in  air  and  in  water. 

The  relative  width  of  stop  and  pass  bands  depends  on  their  position  with  respect  to 
the  ‘*rib  coincidence”  line,  tdong  which  the  frames  become  essentially  transparent  to 
flexural  waves  in  the  cylinder  shell.  Its  position  is  delineated  by  the  bottom  edge  of  the 
‘Type  C’  band  shown  shaded  on  the  figure.  We  can  divide  the  propagation  modes  into 
four  classes.  For  wavenumber-frequency  values  to  the  left  of  this  line,  the  ‘Type  L” 
flexural  modes  tend  to  have  high  axial  group  velocities  and  wide  pass-bands,  and 
usually  have  high  radiation  damping.  Conversely  the  ‘Type  R”  modes  to  the  right  have 
high  circumferential  group  velocities  and  narrow  pass-bands,  and  low  radiation 
damping.  The  transition  region  around  the  rib  coincidence  line  is  associated  with 
“Type  C”  modes  (the  shaded  region  on  the  Hgure).  These  have  the  broadest  pass  bands 
of  all,  giving  them  low  spatial  attenuation  rates  due  to  structural  damping,  and  they  also 
have  rather  low  radiation  damping.  Finally  it  is  useful  to  group  all  in-surface  modes, 
including  compression  and  shear  types,  into  a  single  class,  designated  “IS”.  These  are 
confined  to  the  region  to  the  left  of  the  relevant  line  on  the  figure. 


4.  Statistical  modelling 

4.1.  REALISTIC  STRUCTURES 

This  deterministic  model  of  a  perfectly  regular  structure  is  adequate  to  represent  the 
characteristics  of  transmission  over  a  few  frame  bays.  However  for  long-range 
transmission  on  a  realistic  structure,  a  number  of  complicating  factors  need  to  be  taken 
into  account: 

(1)  the  rinite  length  of  the  structure; 

(2)  the  effects  of  isolated  attenuators  (e.g.  bulkheads); 

(3)  the  effects  of  distributed  axial  irregularities  (e.g.  variable  frame  spadngs); 

(4)  the  effects  of  other  irregularities  (e.g.  attachments,  penetrations,  constructional 
imperfections,  partial  frames  etc.). 

As  discussed  earlier,  in  the  absence  of  oth^  irregularities  variable  frame  spacings 
can  produce  a  theoretical  flexural  wave  transmission  which  is  extremely  low.  In  this 
case,  (4)  above  becomes  crucially  important  —  although  the  scattering  from  an 
individual  irregularity  is  typically  small,  the  cumulative  effect  is  significant,  producing 
a  weak  “diffusive”  scatter  between  angular  orders  which  can  short-drcuit  the  theoretical 
low  transmission.  Of  course  all  the  above  effects  can  in  prindple  be  modelled 
deterministically,  by  augmenting  the  idealised  theory.  However  this  deterministic 
approach  either  loses  accuracy  (because  the  assumptions  made  in  order  to  make  the 
problem  tractable  become  inv^d)  or  the  degree  of  complexity  in  the  problem  becomes 
unmanageable.  It  is  inevitable  then  that  we  consider  methodologies  where  the 
iiregularities  and  thdr  effects  are  represented  statistically  in  some  way. 


Frequency  (kHz) 
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Figure  1:  Pass-  and  stop-band  structure  for  a  typical  ribbed-cylinder  geometry,  which 
corresponds  to  the  small-scale  model  stiklied  in  [2]. 
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4.2.  SUBSYSTEM  BREAKDOWN 

We  start  by  considering  the  standard  statistical  approach  for  structural  vibration 
problems  —  Statistical  Energy  Analysis  or  SEA  (see  [3,41).  Within  SEA,  a  structure  is 
first  divided  into  discrete  subsystems  within  which  response  levels  are  assumed  to  be 
homogeneous.  Linear  equations  are  then  set  up  to  represent  energy  exchange  and 
balance  between  these  subsystems.  By  solving  these,  it  is  possible  to  deduce  the 
response  level  within  each  subsystem  in  terms  of  the  energy  input  from  excitation 
sources. 

Perhaps  the  most  obvious  subsystem  breakdown  of  the  pressure  hull  would  be  into 
individual  frame  bays,  frames  etc.  However  it  is  well  known  that  a  breakdown  of  a 
periodic  or  near-periodic  structure  into  periodic  elements  in  this  way  produces  an  SEA 
model  with  qualitatively  the  wrong  behaviour  (see  [4]),  essentially  because  SEA 
neglects  coherence  effects  which  are  crucial  in  determining  the  transmission 
characteristics  of  die  periodic  structure. 

Our  approach  is  to  take  a  macro-scale  view  of  the  pressure  hull  structure,  regarding 
the  ribbed  cylinder  as  a  kind  of  composite  material  with  rather  complicated  dispersion 
characteristics  for  vibration  transmission.  We  can  then  choose  physical  subsystems 
which  are  many  frame  bays  in  length.  There  are  now  the  usual  conflicting 
considerations  with  regard  to  SEA  —  breakdown  into  small  subsystems  produces  high 
resolution,  but  larger  subsystems  may  be  necessary  in  order  to  satisfy  the  SEA 
requirement  for  high  modal  density  and  overis^  per  subsystem.  Here  we  sh^  discuss  a 
derivative  of  SEA  —  the  statistical  power  flow  method  —  which  attempts  to  satisfy 
both  objectives,  using  physical  subsystems  which  are  as  large  as  is  sensible,  but 
allowing  for  variation  of  levels  within  each  subsystem  consistent  with  the  known 
transmission  and  radiation  characteristics  of  the  various  wavefields. 

The  first  breakdown  is  into  physical  sections  or  ‘‘chunks”.  There  may  be  half  a 
dozen  or  so  chunks  to  a  submarine,  and  they  are  what  might  most  easily  be  inferred 
from  a  drawing,  without  any  reference  to  vibration  —  the  Main  Machinery 
Compartment  or  Reactor  Compartment,  for  example.  They  relate  to  sections  of  pressure 
hull  in  which  we  would  expect  no  sudden  changes  in  vibration  levels  or  transmission 
characteristics.  A  chunk  boundary  would  be  placed  at  a  significant  reflector  (e.g.  a 
bulkhead)  or  a  change  in  transmission  characteristics  (due  to  a  change  in  mean  frame 
spacing  or  shell  thickness,  say).  Ideally  a  chunk  should  be  many  bays  long,  so  that  the 
intinite-cylinder  dispersion  ch^cteristics  can  become  establish^  within  a  chunk.  Such 
evidence  as  we  have  suggests  that  “many  bays  long”  in  this  context  means  “at  least 
three  bays  long”.  A  further  breakdown  into  Afferent  wave  types  is  now  necessary,  to 
represent  in  some  way  the  wide  range  of  transmission  characteristics.  Again,  an 
extremely  fine  subdivision  into  individual  propagation  branches  and  individual  angular 
orders  is  entirely  feasible.  However  we  have  opted  for  a  coarser  breakdown  into  four 
wavetypes.  These  are  the  in-surface  (IS)  modes,  and  the  flexural  L-,  C-  and  R-modes 
discussed  earlier. 

4.3.  POWER-FLOW  ANALYSIS  WITHOUT  COUPLING 

This  slightly  unusual  subsystem  breakdown  could,  of  course,  be  used  with  standard 
SEA.  SEA  parameters  like  modal  densities  and  coupling  loss  factors  are  easily 
computed  from  the  deterministic  model  discussed  above.  The  difficulty  for  SEA  is  that 
many  of  the  flexural  subsystems  are  non-reverberant,  largely  due  to  the  high  rates  of 
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radiation  damping  provided  by  the  external  fluid.  Thus  the  assumption  of  homogeneous 
response  within  a  subsystem  —  intrinsic  to  SEA  is  invalid. 

Instead,  for  these  quasi-one-dimensional  subsystems,  it  turns  out  to  be  quite  easy  to 
implement  an  analysis  of  power  flow  which  ignores  phase  information  but  is  otherwise 
in  a  certain  sense  “exact”.  This  theory  corresponds  to  “ASEA<»”  as  defined  by  Heron 
[5].  Consider  two  “chunks”  of  the  pressure  hull,  coupled  end-to-end,  each  cai^ng 
four  subsystems.  Since  each  chunk  is  a  spatially-uniform  section  of  ribbed  cylinder, 
then  a  theory  which  ignores  phase  only  requires  two  parameters  to  specify  the  complete 
energy  field  in  any  one  subsystem:  the  amplitudes  of  the  left-travelling  and  right- 
travelling  “energy  waves”.  For  deflniteness,  define  the  amplitudes  in  the^th  chunk  such 
that  the  amplitudes  of  left-travelling  energy  density  in  the  various  inter^  subsystems 
are  given  at  the  right-hand  end  by  the  vector  L j ,  and  the  corresponding  ami^tudes  of 
light-travelling  energy  at  the  left-hand  end  by  the  vector  R j .  Each  of  these  “energy 
waves”  will  decay  exponentially  as  it  travels,  at  a  spatial  rate  determined  by  the 
subsystem  damping  factor  and  group  velocity  (suitably  averaged  over  the  frequency 
band  under  consideration).  Apart  from  “near  flelds”  around  any  localised  energy 
source,  the  energy  field  in  a  given  subsystem  can  be  described  exactly  (within  the 
context  of  a  theory  ignoring  phase)  as  a  linear  combination  of  these  two  exponential 
basis  functions. 

It  is  now  straightforward  to  obtain  a  closed  set  of  equations  for  these  energy 
amplitudes,  by  considering  the  reflection  and  transmission  behaviour  at  the  junction, 
together  with  perfectly-reflecting  boundaries  at  the  ends  of  the  system.  Some  energy 
input  is  needed,  of  course.  The  simplest  way  to  include  this  for  a  first  examination  of 
the  results  of  this  theory  is  to  inject  power  at  one  end  of  the  system  at  a  known  rate,  and 
solve  for  the  resulting  dstribution  of  energy  density  over  the  whole  system.  The  system 
is  illustrated  schematically  in  Fig  2. 


Power 

input 


Bulkhead 


Chunk  1 


Chunk  2 


Figure  2:  Schematic  diagram  of  system  and  basis  functions  for  “energy  waves” 

Energy  associated  with  the  different  subsystems  has  different  rates  of  exponential 
decay  witii  distance.  The  amplitudes  of  the  “energy  waves”  by  the  time  they  reach  the 
far  end  of  the  chunks  can  thus  be  represented  by  two  diagon^  matrices  A| ,  such 
that,  for  example,  the  right-travelling  energy  in  chunk  1  has  a  vector  of  amplitudes  at 
the  right-hand  end  (i.e.  the  bulkhead)  of  AiRi.  The  elements  of  these  matrices  are 
simply  given  by  the  exponential  rates  and  the  lengths  of  the  chunks. 
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If  we  now  define  the  power  input  to  be  a  vector  P,  and  the  matrices  of  reflection  and 
transmission  coefficients  at  the  bulkhead  are  now  called  p,  t  respectively,  then  we  can 
write  down  equations  of  energy-flux  balance  as  follows: 

Rj  —  AiLj  +  P 

Lj  *  pAjRj  +  tA2L2 
R2  =  tAjRi  +  PA2L2 
^2  “  ^2^2 

It  is  straightforward  to  solve  this  set  of  linear  equations,  and  hence  find  the  energy 
distribution  across  the  whole  system.  Examples  will  be  shown  shortly. 


4.4.  POWER-FLOW  ANALYSIS  WITH  COUPUNG 

First,  we  discuss  a  development  of  the  theory  to  allow  for  the  scattering  effects  of 
irregularities.  Motivated  by  SEA,  the  approach  we  propose  here  is  a  heat-diffusion 
analogy  of  the  parallel  energy  paths  witMn  each  chunk.  We  allow  some  “leakage” 
between  the  pat^  at  a  rate  proportional  to  the  local  difference  of  “temperatures”.  For 
clarity  of  exposition,  consider  just  two  such  coupled  paths.  The  governing  equations  are 
assumed  to  take  the  form: 

Cl^‘^Tl*CXi2{Tl-T2) 

C2j^^A2T2*a,,(T,-T,) 

where  7i ,  7*2  are  the  SEA  “temperature”  variables  for  the  two  paths,  i.e.  the  densities  of 
energy-per-mode,  and  Ci,C2  are  effective  diffusivities.  These  diffusivities  are 
determined  by  the  requirement  that,  in  the  absence  of  the  coupling  term,  each  path 
should  have  die  correct  rate  of  spatial  decay,  as  provided  by  the  deterministic  model. 
This  requires 


where  Cg  is  the  (appropriately  averaged)  group  velocity.  The  loss  coefficients  Aj,  A2 
are  the  same  as  in  standard  SEA,  and  the  coupling  term  involves  the  constant  a  12 
whose  value,  in  practice,  is  determined  empiri^ly  by  matching  the  length-scales  of 
breakthrough  energy  transport  to  those  found  from  relevant  measurements. 

Generalised  in  the  obvious  way  to  allow  for  the  four  subsystems  per  chunk,  these 
equations  can  be  written 
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But  these  are  just  the  familiar  equations  for  a  four-degree-of-freedom  vibrating  system, 
with  spatial  derivatives  in  place  of  time  derivatives,  and  with  the  two  matrices  on  the 
left-  and  right-hand  sides  playing  the  roles  of  “mass”  and  “stiffness”  matrices.  We  can 
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solve  them  by  a  “modal”  transformatioa.  The  (generalised)  eigenvalues  of  this  pair  of 
real,  symmetric  matrices  give  the  spatial  decay  rates  (squared)  of  the  “modal” 
combinations  of  energy  levels  in  the  various  subsystems.  If  we  construct  the  matrix  Q 
whose  columns  are  the  eigenvectors  (normalised  with  the  “mass  matrix”,  i.e.  the 
diagonal  matrix  of  diffusivities),  then  it  can  be  used  to  map  energy  vectors  into  and  out 
of  Aese  “modal”  combinations. 

The  result  is  that  the  analysis  of  the  previous  subsection  carries  over  directly  to  this  new 
case,  provided  only  that  we  replace  the  matrices  Ai,A2  by  the  combinations 
Qh\Q~^  yQh2Q~^  ^  where  the  diagonal  matrices  Aj ,  A2  here  are  calculated  like  the 
earlier  ones,  but  using  the  eigenvalues  for  the  decay  rates.  This  formalises  the 
translation  into  and  out  of  modal  coordinates  in  order  to  calculate  the  energy  decay 
factors  from  end  to  end  of  the  chunks. 


5.  Example  calculations 

For  the  purposes  of  illustration,  a  submarine  structure  consisting  of  two  “chunks”  of 
pressure  huU  separated  by  a  bulkhead  (modelled  as  a  thin  flat  plate)  will  be  considered. 
The  length  of  chunk  A  will  be  =  10  frame  bays,  and  that  of  B  will  be  =  15  bays. 
A  normalised  input  of  1  Watt/Hz  will  be  assumed  into  each  of  the  four  subsystems  of 
chunk  A  at  the  end  remote  from  the  bulkhead.  The  ribbed  cylinder  geometry 
corresponds  to  the  small-scale  model  studied  in  [2]. 

The  spatial  average  of  the  SEA  temperature  (energy  per  mode)  within  each  of  the 
four  subsystems  of  chunks  A  and  B  is  plotted  in  Figs.  3(a>-(d),  for  the  different 
subsystem  types.  Each  gr^h  dis|days  results  calculated  using  both  “standard”  SEA  and 
the  statistic^  power  flow  mediod  without  “leakage”  coupling.  On  each  graph  the  two 
predictions  for  chunk  A  (the  driven  section)  are  virtually  indistinguishable.  However 
within  chunk  B  very  large  differences  are  observed,  particularly  for  types  R  and  C, 
corresponding  to  transmission  modes  having  the  most  rapid  spatial  decay.  In  effect 
standard  SEA  is  assuming  that  the  energy  incident  on  the  chunk  boundary  is  the  same 
as  the  spatially  averaged  result.  This  is  much  greater  than  is  actually  the  case  (because 
of  the  rapid  rate  of  spatial  decay  in  some  subsystems).  Therefore  a  greater  transfer  of 
energy  into  chunk  B  is  predicted,  with  consequently  higher  estimated  levels. 

These  results  may  be  compared  directly  with  those  in  Figs.  4{a)-(d).  which  show  the 
same  comparison  calculated  with  non-zero  values  for  the  coupling  parameters  . 
These  parameters  are  given  the  same  value  between  every  pair  of  subsystems  in  each 
chunk,  purely  for  illustrative  purposes.  This  models  “a  little  coupling  of  everything  to 
everything”.  To  provide  some  idea  of  the  magnitude  of  these  coupling  terms  in  the 
cases  to  be  shown,  they  are  expressed  as  a  fraction  of  the  damping  rate  l^stmct  c^tie  to 
structural  damping  alone,  since  this  is  set  at  a  constant  value  0.005  <0  for  all 
subsystems.  The  diagonal  terms  of  the  matrix  appearing  on  the  right-hand  side  of  eq. 
(4)  also  contains  the  contribution  from  radiation  doping,  which  varies  with  mode  type 
and  with  frequency,  and  is  in  general  much  bigg^  th^  the  structural  contribution. 

The  coupling  value  used  to  compute  Fig.  4  is  only  ^struct  ^  1000.  Even  with  this 
tiny  amount  of  coupling,  the  very  low  levels  predicted  in  chunk  B  for  types  R  and  C  are 
substantially  increased.  The  main  mechanism  for  this  is  that  the  bulkhead  forms  only  a 
very  weak  reflector  for  IS  waves,  and  to  a  lesser  extent  for  type  L  waves.  Energy 
transmits  into  chunk  B  by  these  mechanisms,  then  can  scatter  back  into  types  R  and  C. 
By  the  far  end  of  chunk  B,  the  SEA  temperatures  of  types  R  and  C  had  b^n  raised,  due 
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to  the  coupling,  to  Ihe  extent  where  they  were  comparable  with  that  of  type  L. 

To  gain  some  physical  insight  into  the  effect  of  coupling,  we  present  some  plots  of 
spatial  energy  distribution.  The  energy  density  is  plotted  at  each  mid-bay  position. 
The  bulkhead  is  at  the  end  of  bay  10,  and  an  obvious  drop  of  levels  occurs  there. 
Figures  5(a)  and  (b)  show  two  representative  results  without  coupling,  for  two  different 
frequency  bands.  Figures  5(c)  and  (d)  show  the  results  for  the  same  frequency  band  as 
Fig.  5(b),  with  coupling  equal  to  A^j^i/IGOO  (as  in  Fig.  4)  and  ^struct 
respectively. 

The  non-reverberant  nature  of  some  of  the  subsystems  is  immediately  apparent  in 
the  cases  without  coupling.  For  the  higher  frequency  shown  here,  in  Fig.  5(b),  the  Type 
L  modes  particularly  are  showing  a  very  rapid  spatial  decay.  This  can  be  attributed 
mainly  to  their  high  damping  (predominandy  by  radiation).  It  is  no  wonder,  with  such 
extreme  non-reverberant  behaviour,  that  SEA  does  not  predict  the  response  at  all 
accurately.  Notice  in  Fig.  5(b)  that  because  the  Type  L  modes  show  rapid  spatial  decay 
and  are  also  coupled  to  the  Type  IS  modes,  the  resulting  pattern  has  a  local  maximum 
near  the  bulkhead.  What  is  h^pening  is  that  energy  initially  fed  into  the  Type  L  modes 
decays  rapidly,  so  that  litde  of  it  reaches  the  bulkhead.  However,  energy  reaches  the 
bulkhead  quite  efficientiy  via  the  Type  IS  modes,  and  some  of  it  is  then  scattered  into 
Type  L  modes,  travelling  outwards  from  the  bulldiead  in  both  directions.  These  again 
decay  rapidly,  producing  the  local  maximum. 

As  one  would  have  expected,  in  the  presence  of  coupling  the  very  low  levels, 
especially  those  associated  with  Type  L  modes,  are  raised.  In  compensation,  the  rate  of 
decay  of  the  Type  IS  modes  becomes  progressively  faster,  as  more  energy  leaks  out  of 
these  modes  into  other,  more  highly  damped,  mode  types.  By  the  case  shown  in  Fig. 
5(d),  all  four  mode  types  get  rather  rapidly  locked  together,  and  decay  along  parallel 
tracks.  The  particular  proportions  of  ©aergy  in  the  four  types  when  they  are  thus  locked 
together  are  those  of  the  eigenvector  having  the  lowest  decay  rate.  This  is  always  the 
only  eigenvector  all  of  whose  terms  are  positive,  so  that  it  is  the  only  one  which  has 
physical  significance  in  isolation.  The  proportions  given  by  this  eigenvector  play 
somewhat  the  same  role  in  this  coupled  system  as  does  the  condition  of  “equiparUtion 
of  energy”  in  normal  SEA:  it  is  the  state  the  system  tends  towards  given  sufficient 
length  for  the  pattern  to  develop. 


6.  Conclusions 

A  statistical  approach  for  modelling  the  transmission  of  vibration  along  a  realistic 
submarine  pressure  hull  has  been  developed.  Fluid-loading  effects  are  included  in  the 
modelling  and  are  significant.  Standard  Statistical  Riergy  Analysis  is  not  adequate  to 
deal  with  the  rather  special  geometry  of  the  submarine  pressure  hull.,  but  the  proposed 
new  model  captures  details  of  behaviour  which  arc  in  accordance  with  experimental 
findings.  In  particular,  “leakage”  of  energy  between  angular  orders  as  a  result  of 
itregularities  in  the  hull  structure  can  “short-circuit”  a  reflector  such  as  a  bulkhead. 
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to  the  coupling,  to  the  extent  where  they  were  comparable  with  that  of  type  L. 

To  gain  some  physical  insight  into  the  effect  of  coupling,  we  present  some  plots  of 
spatial  energy  distribution.  The  energy  density  is  plotted  at  each  mid-bay  position. 
The  bulkhead  is  at  the  end  of  bay  10,  and  an  obvious  drop  of  levels  occurs  there. 
Figures  5(a)  and  (b)  show  two  representative  results  without  coupling,  for  two  different 
frequency  bands.  Figures  5(c)  and  (d)  show  the  results  for  the  same  frequency  band  as 
Fig.  5(b),  with  coupling  equal  to  ^struct  ^^000  (as  in  Fig.  4)  and  A5^^i/10, 
respectively. 

The  non-reverberant  nature  of  some  of  the  subsystems  is  inunediately  apparent  in 
the  cases  without  coupling.  For  the  higher  frequency  shown  here,  in  Fig.  the  Type 

L  modes  particulariy  are  showing  a  very  rapid  spatial  decay.  This  can  be  attributed 
mainly  to  their  high  damping  (predominantly  by  radiation).  It  is  no  wonder,  with  such 
extreme  non-reverberant  behaviour,  that  SEA  does  not  predict  the  response  at  all 
accurately.  Notice  in  Fig,  5(b)  that  because  the  Type  L  modes  show  rapid  spatial  decay 
and  are  also  coupled  to  the  Type  IS  modes,  die  resulting  pattern  has  a  local  maximum 
near  the  bulkhead.  What  is  h^pening  is  that  energy  initially  fed  into  the  Type  L  modes 
decays  r^idly,  so  that  little  of  it  reaches  the  bulkhead.  However,  energy  reaches  the 
bulkhead  quite  efficiendy  via  the  Type  IS  modes,  and  some  of  it  is  then  scattered  into 
Type  L  modes,  travelling  outwards  from  the  bulldbead  in  bodi  directions.  These  again 
decay  rapidly,  producing  the  local  maximum. 

As  one  would  have  expected,  in  the  presence  of  coupling  the  very  low  levels, 
espedally  those  associated  with  Type  L  moides,  are  raised,  hi  compensation,  the  rate  of 
decay  of  the  Type  IS  modes  becomes  progressively  faster,  as  more  energy  leaks  out  of 
these  modes  into  other,  more  highly  damped,  mode  types.  By  the  case  shown  in  Fig. 
5(d),  all  four  mode  types  get  rather  rapidly  Icxrked  together,  and  decay  along  parallel 
tracks.  The  particular  proportions  energy  in  the  four  types  when  they  are  thus  locked 
together  arc  those  of  the  eigenvector  having  the  lowest  decay  rate.  This  is  always  the 
only  eigenvector  all  of  whose  terms  are  positive,  so  tiiat  it  is  the  only  one  which  has 
physical  significance  in  isolation.  The  proportions  given  by  this  eigenvector  play 
somewhat  the  same  role  in  this  coupled  system  as  does  the  condition  of  “equipartition 
of  energy^’  in  normal  SEA:  it  is  the  state  the  system  tends  towards  given  sufficient 
length  for  the  pattern  to  develop. 


6.  Conclusions 

A  statistical  approach  for  modelling  the  transmission  of  vibration  along  a  realistic 
submarine  pressure  hull  has  been  developed.  Fluid-loading  effects  are  included  in  the 
modelling  and  are  signiEcant.  Standard  Statistical  Energy  Analysis  is  not  adequate  to 
deal  with  the  rather  special  geometry  of  the  submarine  pressure  hull.,  but  the  proposed 
new  model  captures  details  of  behaviour  which  are  in  accordance  with  experimental 
findings.  In  particular,  “leakage”  of  energy  between  angular  orders  as  a  result  of 
iiregularities  in  die  hull  structure  can  “short-circuit”  a  reflector  such  as  a  bulkhead. 
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Figure  3(a).  Comparison  of  power-flow  modelling 
with  SEA,  in  the  absence  of  leakage  coupling,  for 
the  Type  L  modes.  Solid  line:  section  A,  S^; 
dash-dot  line:  section  B,  SEA;  dotted  line:  section 
A,  power  flow;  dashed  line:  section  B.  power  flow. 


the  Type  R  modes.  Solid  line:  section  A.  SEA; 
dash-dot  line:  section  B,  SEA;  dotted  line:  section 
A,  power  flow;  dashed  line:  section  B,  power  flow. 


Figure  3(b).  Comparison  of  power-flow  impelling 
with  SEA,  in  the  absence  of  leakage  coupling,  for 
the  Type  C  modes.  Solid  line:  section  A,  SEA; 
dash-dot  line:  section  B,  SEA;  dotted  line:  section 
A,  power  flow;  dashed  line:  sectimi  B,  power  flow. 


Figure  3(d).  Comparison  of  power-flow  modelling 
with  SEA,  in  the  absence  of  leakage  coupling,  for 
the  Type  IS  modes.  Solid  line:  section  A,  SEA; 
dash-dot  line:  section  B,  SEA;  dotted  line:  section 
A,  power  flow;  dashed  line:  section  B,  power  flow. 
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Figure  ^a).  Comparison  of  power-flow  modelling 
with  Sl^  with  consunt  leakage  coupling  of 
aij  -  A  /1000  ,  for  the  Type  L  mod^.  Solid 
line:  section  A,  SEA;  dash-dot  line:  sectimi  B,  SEA; 
dotted  line:  section  A,  power  flow;  dashed  line: 
section  B,  power  flow. 


Figure  4(b).  Comparison  of  power-flow  modelling 
with  SEA  with  constant  leakage  coupling  of 
aij  -  ^  "Typ®  ^  modes-  Solid 

line:  section  A,  SEA;  dash-dot  line:  section  B,  SEA; 
dotted  line:  section  A,  power  flow;  dashed  line: 
section  B,  power  flow. 


Figure  4<c).  Comparison  of  power-flow  modelling 
with  SEA  with  constant  leakage  coupling  of 
a/y  -  ^struct  /1000  ,  for  the  Type  R  inodes.  Solid 
line:  section  A,  SEA;  dash-dot  line:  section  B,  SEA; 
dotted  line:  section  A,  power  flow;  dashed  line; 
section  B,  power  flow. 


Figure  4<d).  Comparison  of  power-flow  modelling 
with  S^  with  constant  leakage  coupling  of 
ajj  -  ^stnxt  /1000  ,  for  the  Type  IS  modes.  Solid 

line:  section  A,  SEA;  dash-dot  line:  section  B,  SEA; 
dotted  line:  section  A,  power  flow;  dashed  line: 
section  B,  power  flow. 
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Frequency  2250  Hz 


Figure  5(a).  Spatial  distribution  of  energy  along  the 
two-chunk  model,  without  leakage  coupling,  in  the 
frequency  band  centred  on  2250  Hz.  Solid  line: 
Type  L  modes;  dashed  line:  Type  C  modes;  dash-dot 
line:  Type  R  modes;  dotted  line:  Type  IS  modes. 


Frequency  6250  Hz 


Figure  5(c).  Spatial  distribution  of  energy  along  the 
two-chunk  model,  with  leakage  coupling  at  level 
Oij  -  A  sfnjcf  /  ‘*000  ,  in  the  frequency  band  centred 
on  6250  Hz.  Solid  line:  Type  L  modes;  dashed  line: 
Type  C  modes;  dash-dot  line:  Type  R  modes;  dotted 
line:  Type  IS  modes. 


Frequency  6250  Hz 


Figure  5(b).  Spatial  distribution  of  energy  along  the 
two-chunk  model,  without  leakage  coupling,  in  the 
frequency  band  centred  on  6250  Hz.  Solid  line: 
Type  L  modes;  dashed  line:  Type  C  modes;  dash-dct 
line:  Type  R  modes;  dotted  line:  Type  IS  modes. 


Frequency  6250  Hz 


Figure  5(d).  Spatial  distribution  of  energy  along  the 
two-chunk  nx^el,  with  leakage  coupling  at  level 
a/j  -  A  gffijQf  / 10  ,  in  the  frequency  band  centred  on 
6250  Hz.  Solid  line:  Type  L  modes;  dashed  line: 
Type  C  modes;  dash-dot  line:  Type  R  modes;  dotted 
line;  Type  IS  modes. 
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ABSTRACT 

This  paper  reviews  recent  research  into  the  development  of  simple  relationships  between 
mean-square  dynamic  strain  and  vibrational  velocity  for  the  estimation  of  maximum  dynamic 
strain  levels  in  randomly  vibrating  structures.  These  relationships  provide  a  consistent 
approach  with  a  firm  theoretical  basis  for  the  estimation  of  dynamic  strain  from  vibrational 
velocity  in  all  types  of  structures,  independent  of  the  type  of  structural  element  (beam,  plate 
or  cylindrical  shell)  and  the  fi’equencies  of  excitation  (resonant,  non-resonant,  multi-modal 
and  broad-band  vibration  in  the  low-,  mid-  and  high-frequency  ranges).  The  relationships 
developed  are  based  on  farfield  relationships,  factors  for  the  effects  of  evanescent  waves, 
and  correlations  between  the  spatial  maxima  of  dynamic  strain  and  velocity. 


1.  Introduction 

Analyses  of  dynamic  stress  and  fatigue  are  necessary  for  structures  and  piping  systems  that 
are  subject  to  random  vibration  caused  by  mechanical,  acoustic  or  flow-induced  forces. 
These  analyses  should  be  performed  during  deagn,  after  installation  and  commissioning,  and 
on  existing  plants  and  structures  to  identify  potential  failures  before  they  occur.  Problems 
with  dynamic  fatigue  occur  regularly  and  often  result  from  a  failure  to  take  dynamic  stress 
and  fatigue  into  account,  either  during  deagn  or  after  changes  in  plant  and  excitation  levels. 
The  situation  is  also  hampered  by  a  lack  of  suitable  methods  for  predicting  dynamic  stress 
during  design  and  after  installation. 

The  objective  of  the  present  work  is  to  develop  simple  relationships  for  determining  dynamic 
stress  and  str^  levels  in  randomly  vibrating  structures  and  piping  systems  from  either 
calculated  or  measured  vibrational  velocity  levels.  Relationships  have  previously  been 
developed  for  single  mode  resonant  vibration  of  beams  [1,2,3]  and  broad-band  resonant 


vibration  of  plates  and  cylindrical  shells  [4,5],  but  the  problems  of  (i)  non-resonant  vibration 
and  multi-modal  resonant  vibration  of  beams,  plates  and  cylindrical  shells  and  (ii)  the  single 
mode  resonant  vibration  of  plates  and  cylindrical  shells  have  not  been  considered.  The  work 
presented  here  addresses  these  additional  cases  and  provides  a  consistent  approach  which 
is  the  same  for  all  cases  irrespective  of  the  type  of  excitation  or  the  type  of  structure. 

One  of  the  key  applications  of  the  techniques  considered  here  is  the  measurement  of 
maximum  dynamic  strain  in  structures  and  piping  systems  using  portable  accelerometers  in 
place  of  permanently  mounted  strain  gauges.  The  use  of  relationships  between  dynamic 
strain  and  velocity  to  estimate  dynamic  strain  provides  a  practical  alternative  to  the  use  of 
strain  gauges  that  is  less  susceptible  to  environmental  conditions,  is  less  sensitive  to  the 
location  of  maximum  dynamic  stress,  and  which  can  be  undertaken  at  lower  cost. 

A  more  detailed  literature  review  and  treatment  of  the  work  contained  here  is  given  in 
Reference  [6]. 


2.  Overview  of  Method 

Using  travelling  wave  solutions  as  the  basis  of  the  theoretical  framework  to  be  developed, 
farfield  relationships  are  derived  between  the  propagating  wave  components  of  dynamic 
strain  and  velocity.  These  relationships  are  derived  for  beam,  plate  and  cylindrical  shell 
structural  elements.  Formal  relationships  for  the  correlation  of  dynamic  strain  and  velocity 
spatial  maxima  are  then  defined.  These  latter  relationships  incorporate  explicit  factors  for 
the  effects  of  evanescent  waves  on  farfield  relationships  between  dynamic  strain  and 
velocity,  and  are  based  on  analyses  of  dynamic  strain  and  velocity  spatial  distributions 
(Karczub[6]).  Factors  for  the  effects  of  evanescent  waves  are  subsequently  incorporated  in 
a  single  overall  factor  relating  the  spatial  maxima  of  dynamic  strain  and  velocity  for  practical 
applications.  Theoretical  spatial  dstributions  and  some  experimental  data  demonstrating 
these  relationships  are  then  presented. 


3.  Farfield  Relationships 

3.1  FLEXURAL  VTORATION  OF  A  BEAM 

The  dynamic  bending  strain  for  flexural  vibration  of  a  beam  is  related  to  the  transverse 
velocity  at  the  same  location  by  a  frequency-independent  constant  if  the  evanescent 

wave  components  are  neglected.  Dividing  the  farfield  dynamic  strain  at  position  x  and 
frequency /,  ^pp{x,f)  =  y„fc^(A(  e''**  +  Ajc'^),  by  the  ferfield  velocity  at  the  same  location 
and  frequency,  Vfp{xJ)  =  i27i/(A,  and  expressing  in  terms  of  mean-square 

values,  yields 
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viheTQK^p^  =  y„\lAfl  is  the  non-dimensional  geometric  shape  factor,  the  subscript  FF 
denotes  &rfield  conditions  where  evanescent  waves  can  be  neglected,  is  tte  distance  of 
the  outermost  fibre  from  the  centroidal  axis,  k  is  the  wavenumber,  i  is  v^>  the  Aj  are 
complex  constants  which  vary  with  frequency,  is  the  longitudinal  wave  speed,  A 

is  cross-sectional  area,  and  I  is  the  area  moment  of  inertia.  The  fi'equency  independent 
constant  is  a  fimction  of  only  cross-sectional  geometry  and  the  longitudinal  wavespeed 
Cl.  The  value  of  is  equal  tO'/3  for  solid  rectangular  beams,  and  lies  in  the  range  of  >/2 
for  a  very  thin  walled  hollow  bar  to  2  for  a  solid  circular  bar. 


3.2  FLEXURAL  VTORATION  OF  A  PLATE 


Using  the  propagating  wave  components  of  the  travelling  wave  solution  for  flexural 
vibration  of  plate,  and  dividing  the  fiufield  dynamic  bending  strain  components  ^,ff 

by  the  farfield  velocity  Vpp  gives 

(2) 

V  Pf{x%f')  iljif  Cj^ 

and 

(3) 

VpF^xJ)  ilTtf  Cl 

where  K.u^  is  a  non-dimensional  geometric  shape  factor  (which  equals  VS  independent  of 
plate  thickness)  and  c,,  is  the  longitudinal  wavespeed  for  a  plate  given  by  c^  =  ^E/p{l  -p^) . 
These  rdationships  are  the  same  as  for  the  flexural  vibration  of  a  beam  except  that  for  plate 
vibration  there  are  two  components  of  dynamic  bending  strain  which  are  also  a  function  of 
the  direction  of  wave  propagation.  Since  the  dominant  direction  of  wave  propagation  varies 
from  one  frequency  to  the  next  and  is  generally  not  known  from  vibration  measurements, 
^cact  predictions  of  dynamic  bending  strain  from  velocity  using  the  above  relationships  are 
not  possible. 


If  the  dynamic  bending  strain  component  sum  5x,ff  ■*‘^,ff  related  to  velocity  (in  place  of 
the  individual  components  of  dynamic  bending  strain),  the  frequency  independent 
relationship 

results,  where  This  relationship  is  equivalent  to  the  farfield  relationship  between 

dynamic  bending  strain  and  velocity  for  beam  flexural  vibration.  It  is  independent  of  plate 
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thickness  and  the  direction  of  wave  propagation.  Since  the  sum  of  dynamic  bending  strains 
provides  an  upper  bound  limit  on  dynamic  bending  strain  w  ).  estimates 

of  dynamic  strain  from  Equation  4  provide  an  upper  bound  for  predictions  of  fatigue  life. 
Equation  4  should,  as  a  minimum,  find  use  for  first  pass  vdbration  screening  of  flat  plate 
structures. 


3.3  VIBRATION  OF  CYLINDRICAL  SHELLS 


For  the  case  of  cylindrical  shell  vibration  it  is  necessary  to  consider  in-plane  motions  in 
addition  to  out-of  plane  motions.  To  permit  the  relationships  between  dynamic  strain  and 
vdodty  to  be  ©tpressed  in  terms  of  only  the  readily  measured  out-of-plane  motions,  the  in¬ 
plane  wave  amplitude  coefficients  U„  and  are  eliminated  from  the  travelling  wave 
equations  for  dynamic  bending  strain  and  velocity  by  substituting  the  characteristic  wave 
amplitude  ratios  and  Hence, 
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=  Y,  w;„«*“*cos(ii0) 
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and 

8 

v„(;t.0/)  =  i2nfY  W„cos(/ie)  (7) 

5=1 

where  is  the  axial  dynamic  bending  strain,  is  the  circumferential  dynamic  bending 
strain,  v  is  the  transverse  velocity  and  the  only  unknowns  are  the  out-of-plane  wave 
amplitude  coefficients  W„.  Only  axial  and  circumferential  dynamic  strains  are  considered 
since  the  shear  strain  is  zero  at  angular  positions  where  the  axiaJ  and  circumferential  dynamic 
strains  are  largest.  Maximum  dynamic  strain  occurs  at 


Farfield  relationships  derived  in  this  sub-section  are  expressed  in  the  non-dimensionalised 
form 
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where is  the  non-dimensional  farfield  correlation  ratio.  Substituting  Equations  5,  6  and 
7  into  Equation  8  for  axial  waves  5=1,2  with  the  lowest  cut-on  frequencies,  the  farfield 
relationships  between  dynamic  bending  strain  and  velocity  for  cylindrical  shell  vibration  are 
given  by 
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These  relationships  for  the  components  of  dynamic  bending  strdn  are  a  function  of  the 
direction  of  wave  propagation  and  it  is  necessary  to  relate  the  sum  of  dynamic  bending 
strains  to  velocity  in  the  same  way  as  for  flexural  vibration  of  a  plate  (Equation  4).  The 
resulting  relationship  between  the  sum  of  dynamic  bending  strains  and  velocity  is  plotted  in 
Figure  1  for  «=1..3.  The  ratio  of  farfield  dynamic  strain  to  velocity  is  bounded  and 
essentially  frequency  independent  for  vibration  of  circumferential  modes  w^3,  and  the 
vibration  of  circumferential  modes  m=1  and  «=2  at  frequencies  above  the  ring  firequency 
(refer  Figure  1). 


Figure  1.  Non-Dimensional  Farfield  Correlation  Ratio  for  Cylindrical  Shell  Vibration 
(— .«=!;— —.«=2; - w=3) 

The  relationship  between  the  propagating  wave  components  of  dynaimc  strain  and  velocity 
plotted  in  Figure  1  does  not  consider  the  dfects  of  additional  propagating  waves  that  cut-on 
at  higher  frequencies.  To  calculate  these  effects  it  is  necessary  to  revert  to  the  use  of 
numerical  calculations  of  the  vibrational  response  for  actual  cylindrical  shell  systems.  The 
resuhs  of  investigations  undertaken  for  a  clamped  cylindrical  shell  are  that  the  pairs  of  axial 
waves  which  cut-on  at  the  lowest  fi'equendes  for  each  circumferential  mode  n  dominate  the 
response  at  all  resonant  fi'equencies,  with  the  result  that  the  non-dimensional  correlation 
ratio  in  Figure  1  also  applies  at  higher  frequencies  where  there  are  additional  pairs  of 
propagating  waves.  Only  a  small  increase  in  the  non-dimensional  farfield  correlation  ratio 
of  approximately  five  per  cent  is  required  to  take  these  additional  propagating  waves  into 
account. 


3 .4  GENERALISED  FARFIELD  RELATIONSHIP 


The  resulting  generalised  farfield  relationship  between  the  dynamic  strain  and  velocity  at  the 
same  position  for  flexural  vibration  of  beams,  plates  and  cylindrical  shells  is  given  by 


<tpAxJ)>  = 


^FF 


(11) 


V  j 

where  for  plates,  fo^  cylindrical  shells,  is  defined  as  the 

farfield  correlation  ratio,  and  the  non-dimensional  farfield  correlation  ratio  is  equal  to 
for  beams  and  plates.  Since  ATpp  is  frequency  independent  for  beams  and  plates,  and  is 
approximately  frequency  independent  and  bounded  for  cylindrical  shell  vibration,  the 
relationship  in  Equation  1 1  between  farfield  dynamic  strain  and  farfield  velocity  is  also 
fi-equency  independent.  Values  of  for  beams,  plates  and  cylindrical  shells  are  summarised 


in  Table  1. 


TABLE  1.  Non-Dimensional  Correlation  Ratios  between  Dynamic  Strain  and  Velocity 


Aff 

K 

^vFF 

Beams 

Solid  rectangular  bars 

Pipe,  wall  thickness  up  to  Schedule  80 

73 

2.3 

2.46 

Beams 

Solid  circular  bars 

Pipe,  wall  thickness  above  Schedule  80 

2 

2.65 

2.84 

Plates 

73 

2.3 

2.46 

Cylindrical  Shells 

73.5 

2.0 

2.0 

4.  Estimation  of  Maximum  Dynamic  Strain  from  Velocity 

The  objective  of  the  present  work  is  to  develop  relationships  for  estimating  the  spatial 
maximum  dynamic  strain  in  simple  structures  fi-om  the  measured  or  calculated  velocity 
response.  The  farfield  relationship  in  Equation  1 1  provides  exact  estimates  of  dynamic  strain 
from  velocity  at  the  same  position  in  farfield  regions,  and  can  be  used  to  determine  the 
spatial  maximum  farfield  dynamic  strain  5inax,FF  frequency  band.  This  involves 

measuring  or  calculating  the  spatial  maximum  farfield  velocity  in  each  frequency  band 
and  evaluating  Equation  1 1  for  The  farfield  relationship  in  Equation  1 1  does  not, 
however,  ^ply  in  nearfield  regions  due  to  the  different  effects  of  evanescent  waves  on  the 
propagating  wave  components  of  dynamic  strain  and  velocity  (Karczub[6])  preventing  the 
direct  application  of  farfield  relationships  to  the  estimation  of  maximum  dynatmc  strain.  In 


this  section,  expressions  for  the  estimation  of  maximum  dynamic  strmn  from  velocity  that 
take  into  account  the  complicating  effects  of  evanescent  waves  are  derived  from  the  farfield 
relationship  in  Equation  11. 

4. 1  EVANESCENT  WAVE  EFFECTS 

The  general  effects  of  evanescent  waves  are  to  inaease  the  spatial  maxima  of  dynamic  strain 
and  velocity  above  their  spatial  maximum  farfield  levels  at  different  locations  and  by 
different  amounts.  The  different  effects  of  evanescent  waves  on  dynamic  strain  and  velocity 
are  due  to  the  opposite  phase  of  evanescent  waves  in  the  travelling  wave  solutions  d^amic 
strain  and  velocity.  Spatial  distributions  demonstrating  these  effects  are  plotted  in  Figure  2 
for  the  resonant  vibration  of  a  transversely  excited  clamped  beam,  and  in  Figure  3  for  the 
resonant  vibration  of  a  clamped  cylindrical  shell.  The  effects  of  evanescent  waves  are  shown 
by  overlaying  spatial  distributions  of  the  propagating  and  evanescent  wave  components  of 
the  response.  Velocity  is  plotted  in  these  figures  as  predicted  dynamic  strain  calculated  from 
Equation  1 1  uring  velodty  in  place  of  the  frrfield  velocity.  It  should  be  noted  that  in  the  case 
of  cylindrical  shell  ^dbration  there  may  be  additional  pairs  of  evanescent  waves  that  have 
short  wavelength  and  produce  larger  levels  of  dynamic  strain  concentration  than  in  a  beam. 
Dynamic  strain  concentration  is  defined  as  the  increased  dynanuc  strain  at  a  boundary  or 
discontinuity  due  to  evanescent  wave  effects  (Ungar[7]). 


Figure  2.  Spatial  Distributions  of  the  Dynamic  Strain  and  Velocity  Response  in  a  Clamped  Beam 
(  Strain;  —  Predicted  Strain;  —  Farfield  Strain;  —  Nearfield  Strain) 

4.2  CORRELATION  OF  SPATIAL  MAXIMA 

The  generalised  farfield  relationship  between  dynamic  strain  and  velocity  in  Equation  11 
provides  an  exact  rdationslup  between  the  spatial  maxima  of  dynamic  strain  and  velocity  in 


Figure  3a.  Dynamic  Strain  and  Velocity  in  a  Clamped  Cylindrical  Shell 
( Axial  Strain;  mmmm  Circumferential  Strain;  —  Predieted  Strain) 


Figure  3b.  Propagating  and  Evanescent  Wave  Components  of  Axial  Dynamic  Strain 
in  a  Clamped  Cylindrical  Shell 


the  absence  of  evanescent  waves  which  is  only  slightly  modified  by  evanescent  wave  effects 
when  the  complete  response  is  considered.  Evaluating  Equation  1 1  at  a  position 
where  the  propagating  wave  components  of  both  dynamic  strain  and  velocity  attain  their 
spatial  maximum  levels  gives 

_  ^FF 

where  ‘S  the  predicted  maximum  farfield  dynamic  strain  and  is  the  farfield 


correlation  ratio  as  before.  Evanescent  wave  effects  are  taken  into  account  by  incorporating 
factors  for  the  increases  in  dynamic  strain  and  velocity  levels  ^ove  maximum  farfield  levels. 
If  ^  ai(/)/^ax  ffC/)  increase  in  maximum  dynamic  strdn  above  the  maximum  farfield 
dynSic  sS  and  v„„a)/v„ax  ff(/)  the  increase  in  maximum  velocity  above  the 
maximum  feifield  velocity,  then  the  ratio  of  maximum  dynamic  strain  to  maximum  velocity 
is  given  by 

_  ^«(/)/^max.FFCf)  ^FF  ^  K'(f)  Kpp  ^ 


where 


^ ^max, FF^ 

The  factor  K'(f)  represents  the  increase  or  decrease  in  the  non-dimensional  farfield 
correlation  ratio  Kpf  due  to  the  effects  of  evanescent  waves  on  the  dynamic  response. 


The  relationship  in  Equation  14  states  that  the  maximum  dynamic  strain  in  a  structure  is 
related  to  the  maximum  velocity  by  the  farfield  correlation  ratio  Kpp/Ci_  and  a  frequency 
dependent  factor,  K'(f) .  Defining 

K(f)  =  K’(f)Kpp,  (16) 

the  ratio  of  maximum  dynamic  strain  to  maximum  velocity  is  re-expressed  as 

^  ED.,  (17) 

VmaxCf) 

where  K  is  defined  as  the  non-dimensional  correlation  ratio  between  dynamic  strain  and 
velocity. 


In  cases  involwng  high  frequency  vibration,  it  is  more  practical  to  rely  on  measurements  of 
the  spatial  tnavimum  farfield  velocity  rather  than  the  spatial  maximum  velocity  as  it  is  more 
readily  measured  and  provides  conservative  estimates  if  the  spatial  maximum  velocity  is 
detected  instead  of  the  maximum  farfield  velocity.  Correlating  the  spatial  maximum  dynamic 
strain  \wth  the  spatial  maximum  farfield  velocity  at  fi'equency/ gives 


(/) 


Kff  _l^  vFF(f^^FF  _  ^vFI^^ 


(17) 


where  is  the  non-dimensional  correlation  ratio  between  dynamic  strain  and  farfield 
velocity. 


4.3  NON-DIMENSIONAL  CORRELATION  RATIO 

The  non-dimenaonal  correlation  ratio  defined  above  is  a  frequency  dependent  factor  but  is 
found  to  be  fi'equency  independent  for  the  flexural  vibration  of  simple  beams,  and 
approximately  fi'equency  independent  and  bounded  for  the  resonant  vibration  of  plates  and 


cylindrical  shells  (refer  Table  2  for  the  case  of  thin  plate  flexural  vibration).  Calculated  data 
for  a  beam  (Karczub[6]),  and  the  experimental  data  in  Section  5  for  plates  and  cylindrical 
shells,  also  supports  the  application  of  the  same  frequency  independent  non-dimensional 
correlation  ratios  to  vibration  at  non-resonant  frequencies.  Frequency  independence  is  an 
essential  property  as  it  pemuts  estimates  of  maximum  dynamic  str^n  to  be  obtain^  without 
consideration  for  the  frequency  of  vibration;  in  particular,  this  permits  the  estimation  of 
fnavimiim  dynamic  strain  using  strain-velocity  relationships  to  be  applied  directly  to  t  e 
multi-modal  and  broad-band  vibration  of  resonant  structures. 


TABLE  2.  Non-Dimensional  Correlation  Ratios  for  Clamped  Plate  Vibration 

m  n  fm,n  ®  ^ 


1 

2 
1 
3 
2 

3 

4 
1 


1 

1 

2 

1 

2 

2 

1 

3 


51.5Hz 

57.6“ 

1.95 

83.8Hz 

37.1“ 

1.91 

125.3Hz 

71.8“ 

2.21 

138.1Hz 

26.2“ 

2.11 

154.8Hz 

56.3“ 

1.97 

205.6Hz 

44.4“ 

1.74 

212.4Hz 

20.0“ 

2.20 

236.6Hz 

77.4“ 

2.28 

Values  of  AT  and  to  be  used  with  Equations  16  and  17  for  the  estimation  of  maximum 
dynamic  strain  in  beam,  plate  and  cylindrical  shell  structures  are  given  in  Table  1 .  These 
values  can  be  used  in  practically  all  cases  except  for  the  low  frequency  vibration  of 
structures  containing  concentrated  masses  and  vibration  of  a  system  below  the  first  natural 
frequency.  The  non-dimensional  correlation  ratio  is  significantly  increased  in  these  latter 
cases  resulting  in  non-conservative  predictions  if  the  factors  in  Table  1  are  erroneously  used. 

4.4.  OVERALL  MEAN-SQUARE  RESPONSE  LEVELS 

Conservative  predictions  of  the  maximum  overall  mean-square  dynamic  stmn  are  obtained 
by  constructing  a  spectrum  of  maximum  predicted  mean-square  dynamic  strain  in  each 
frequency  band/  from  Equation  16  or  Equation  17,  and  then  summing  the  mean-square 
values  in  each  frequency  band: 

<5L>  ^  t  <.«>>•  ('*> 

Equation  18  is  accurate  in  cases  where  the  maximum  dynamic  strain  in  each  frequency  band 
occurs  at  the  same  location  for  all  frequencies/.  For  systems  that  do  not  have  maximum 
dynamic  strain  at  the  same  location  at  all  frequencies  this  approach  provides  a  conservative 
upper-bound  prediction  of  the  maximum  overall  mean-square  dynamic  strain. 


5.  Experimental  Results 

Experimental  results  for  the  prediction  of  dynamic  bending  strain  from  velocity  in  narrow 
frequency  bands  are  presented  in  Figure  4  and  Figure  5.  The  results  in  Figure  4  are  for  the 
flexural  vibration  of  a  clamped  plate  and  represent  the  predicted  maximum  dynamic  strain 
and  the  maximum  measured  dynamic  strain  along  a  line  normal  to  one  of  the  clamped 
boundaries.  The  maximum  overall  predicted  dynamic  strain  was  65dB  and  the  measured 
overall  dynamic  strjun  was  65.1dB.  The  results  in  Figure  5  are  for  the  vibration  of  a 


Figure  4.  Measured  and  Predicted  Dynamic  Strain  Autospectra  at  the  Clamped 
Boundary  of  a  Fully  Clamped  Rectan^ar  Plate  (-■-  Measured;-D-  Predicted) 


Figure  5.  Measured  and  Predicted  Dynamic  Strain  Autospectra  in  a  Cylindrical  Shell 
(_^ll —  Measured  Axial  plus  Circumferaitial  Strain;  — □ —  Predicted  Strain) 


cylindrical  shell  and  represent  the  predicted  dynamic  strain  and  the  measured  dynamic  ^ram 
at  the  same  location.  The  measured  dynamic  strain  was  obtained  by  measuring  the  axial  and 
circumferential  strdns  and  then  adding  the  autospectra  for  these  two  measurements.  The 
overaU  predicted  dynamic  strain  was  57.2dB  and  the  measured  overall  dynamic  strain  was 
58.4dB.  In  both  cases  there  is  very  good  agreement  between  measured  and  predicted. 


6.  Conclusions 

The  main  conclusion  of  this  work  is  that  there  exists  largely  frequency  independent 
relationships  between  dynamic  strain  and  velocity  which  (i)  have  a  firm  theoretical  and 
physical  basis,  (ii)  are  the  same  for  beams,  plates  and  cylindrical  shells,  and  (in)  can  be 
applied  in  a  consistent  manner  to  the  narrow-band,  multi-modal  and  broad-band  vibration 
of  simple  structural  elements  in  the  low-,  mid-  and  high-frequency  ranges.  These 
relationships  can  be  used  with  measured,  calculated  or  Statistical  Energy  Analysis 
determined  vibrational  velocity  data  to  obtain  narrow-band  and  overall  estimates  ol 
maximum  dynamic  strain.  The  accuracy  of  the  method  is  supported  by  theoretica  an 
experimental  data  gathered  to  date. 
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Abstract.  The  case  where  one  structural  member  of  a  structure  experiences  a  dynamic 
instability  is  studied.  The  principal  regions  of  instability  of  a  member  is  shown  to 
depend  very  strongly  on  the  axial  vibration  in  the  structure.  Its  boundary  turns  out  to  be 
very  complicated  if  the  frequency  band  of  the  instability  zone  contains  many  resonant 
mo^  which  are  very  sensitive  to  fabrication  and  assemblage  details.  Two  variants  of 
the  frequency  averaging  are  proposed.  Phase  averaging  across  a  small  hequency  band  of 
each  resonant  mode  of  axi^  vibrations  yields  a  smooth  interior  approximation  to  the 
instability  zone.  An  energy-based  averaging  results  in  an  external  envelope.  The  latter 
may  be  viewed  as  a  stability  chart  of  a  structural  member  in  an  engineering  structure  in 
which  one  has  confidence. 


1.  Introduction 

The  case  where  one  structural  member  of  a  structure  experiences  a  dynamic  instability  is 
addressed.  It  is  customary  to  analyse  the  stability  of  a  mechanical  component  alone  and 
to  ignore  its  mechanical  environment.  The  exceptions  are  aeroelasticity  and  fluid- 
structure  interaction.  However,  even  in  these  theories  the  interaction  of  a  structural 
member  with  other  structural  members  is  ignored  and  only  the  interaction  with  fluids  cm* 
gases  is  considered  Nevratheless  it  is  intuitively  clear  that  the  influence  of  the  whole 
structure  on  the  stability  of  its  particular  component  may  be  considerable. 

In  the  present  investigation  we  restrict  ourselves  to  the  mutual  interaction  of 
components  in  a  complex  structure.  The  main  intent  of  the  present  study  is  to  reveal  the 
regions  of  dynamical  stability  of  a  structural  component  and  to  analyse  the  influence  of 
the  structure  on  the  dynamic  stability  of  the  component. 

The  paper  is  organised  as  follows.  The  boundary  value  problem  governing  the 
interaction  of  the  local  dynamics  of  a  potentially  unstable  structural  member  and  the 
overall  structure's  dynamics  is  derived  in  Part  2.  By  using  the  Galerkin  approach  the 
partial  differential  equaticMi  governing  the  beam  buckling  reduces  to  an  ordinary 
differential  equation  which  is  similar  to  the  Madiieu  equation.  A  simple  closed  form 
expression  for  the  boundaries  of  the  principle  instability  zones  is  derived.  Results  of 


numerical  computations  arc  presented  and  discussed  in  Part  3.  The  influence  of  the  large 
vibrating  structure  on  the  stability  of  a  particular  component  is  shown  to  be 
considerable  and  it  changes  drastically  the  stability  chart  of  the  component.  It  is  shown 
that  the  boundaries  of  the  instability  zone  arc  very  complicated.  Besides,  they  arc  fuzzy 
because  of  the  structural  parameters’  uncertainty.  For  this  reason,  a  phase  average  and  an 
energy-based  average  over  the  fast  variable  arc  performed  in  Part  4.  It  is  shown  that  the 
energy-based  average  which  is  similar  to  that  of  the  Statistical  Energy  Analysis  yields 
an  external  boundary  of  the  instability  zone  in  which  one  has  confidence. 


2.  The  governing  equations  of  the  problem 

We  model  a  potentially  unstable  component  by  a  simply  supported  Bemoulli-Euler 
beam  on  which  a  periodic  force  P{t)  =  Pq  +  P^  cos  cor  is  imposed  at  the  end  x=l,  cf.  Fig. 

1.  At  the  end  x-0  the  beam  is  attached  to  another  structural  member  or  an  extended 
structure  which  is  assumed  to  be  dynamically  stable,  i.e.  it  does  not  exhibit  any  lateral 
instability. 


Figure  1.  Schematic  of  the  problem 


Taking  into  account  the  terms  describing  the  geometrical  nonlinearity  up  to  quadratic 
included  results  in  the  following  nonlinear  partial  integro-differcntial  equations  for  the 
beam  vibrations  (for  details  see  Bolotin,  1964) 


EF^-pF^  = 


I  f 

'U  „  f  ^  ^  ^  I 


c^,0<x<l 


(1) 


,  9^ 


(2) 


Rett  El  and  £F  are  the  flexural  and  axial  rigidities,  respectively,  u  and  w  arc  the  axial 
and  lateral  deflections,  respectively,  p  is  the  mass  density  and  F  is  the  cross-sectional 

area.  Equation  (1)  describes  the  axial  vibration  of  the  beam  while  eqn  (2)  describes  the 
bending  vibration.  The  beam  is  assumed  to  be  undamped. 

As  the  boundaries  of  the  instability  zones  are  sought,  one  can  neglect  the  non-linear 


terms  in  the  right-hand  side  of  eqn  (1),  cf.  Bolotin  (1964),  to  obtain  the  following 
equation  for  the  longitudinal  vibration  in  the  beam 


1 


=0 , 


a  = 


(3) 


wheie  a  is  the  velocity  of  sound.  The  longitudinal  vibration  in  the  structure  is  governed 


by  the  following  differential  equation 

\1]^-  * 


i+p 


dx'^  dP 


=  0,  0<X<L 


(4) 


where  U(X,t)  is  the  axial  displacement  in  the  structure,  and  A  is  the  velocity  of  sound  in 
the  structure.  To  account  for  matmal  and  structural  damping  in  the  structure,  we  assume 
the  Kclvin-Voigt  constitutive  law,  i.e.  we  introduce  a  viscosity  by  means  of  an  viscous 


damping  operator  p—  . 


More  sophisticated  rheological  model  is  not  required  since 


harmonic  vibration  is  considered.  In  what  follows  the  capital  letters  are  ref^ed  to  the 
structure  whereas  the  small  letters  to  the  beam.  Boundary  conditions  and  the  conditions 
of  the  beam-structure  interaction  are  given  by 


X  =  0,  (7  =  0  ; 


x  =  /. 


=  P^  +  F,e 


l(Ot 


(5) 


x  =  0,X  =  L,  uiO)  =  U{L),  c(l  +  p|]^  =  c^ 

where  c=EF  and  C  are  the  axial  rigidities  of  the  beam  and  the  structure,  respectively. 
Solution  of  the  boundary  value  problem,  eqns  (3)“{6),  is  given  by 

(0 


(6) 


UQCj)^H 


sin  AX  ifiv  '  o 

- g 

sin  AL 


-  —  X 


A  = 


ri^/T+Tp© 


(7) 


M(!c,0  =  {f/cosAjc+GsinXa:)e‘‘“ — -x — — 

C  O  Cl 

where  X  and  A  are  wave  numbers  of  the  beam  and  the  structure,  respectively.  The 
expressions  for  H  and  G  are  as  follows 


/f  =  - 


co 


y  /T+Tp©  cotan  AL  CO' 


1 


(8) 


r  sin  X/  -  P-y/ 1  +  ipcocotan  AL  cos  W  ’  r  sin  X/  - P<y/ 1  +  iPcocotan  AL  cos  X/ 

where  r-ma  and /?=AfA  are  the  impedances  of  the  beam  and  the  absorber,  respectively. 
Substituting  eqn  (7)  into  eqn  (2)  yields  the  following  equation  for  the  bending  vibration 
in  the  beam 

p  +  £/r [(// sin Xx~G  cos Xjc)  +  pA  =  0  (9) 

dx^  dt^ 


3.  The  principal  instability  zone  of  the  beam  attached  to  the  structure 

In  order  to  define  the  principal  zone  of  instability  we  assume  =  (p(x)  q(t)  where 

the  fundamental  function  (f{x)  =  sin  ^  is  the  first  vibration  mode  and  the  static 

buckling  form  of  the  beam  alone.  We  multiply  eqn  (9)  by  cp  (x)  and  integrate  along  the 
length  of  the  beam.  The  result  is  the  following  (Hdinary  differ^tial  equation  for  the 
generalised  coordinate  q(t) 

^  +  =  0  (10) 

dr 

Here  the  natural  frequency  of  the  bending  vibration  of  the  axially  compressed  beam  , 
the  first  critical  load  Pq  and  dimensionless  magnitude  of  the  external  force  |i  are  as 
follows 


‘=(t) 


^Pc-Po 


pF 


2{Pc-Po) 


(11) 


Function  <I>(co)  is  given  by 


/  r sin X/ 1  +  I'Po)  cotan  AL cos  W 
i 

j  [r  sin  he  -  /?^1  +  iPo)  cotan  AL  cos  Xjc]  cos^^  dx 
0 

which  after  the  evaluation  of  the  integral  takes  the  following  form 

4  sin  —  _  2^2  sin  y  -/f\A+^PtO  cotan  AL  cos  y 

®{(0)=  " 


(12) 


(13) 


W  -  471^  r  sin  1  +  /po)  cotan  AL  cos  W 

We  intend  to  analyse  the  conditions  undo'  which  the  dynamic  buckling  of  the  beam 
occurs  and  obtain  the  boundaries  of  the  principal  zone  of  instability.  To  this  end  we 
rewrite  eqn  (10)  in  the  form  of  the  Mathieu  equation 

^  +  £22[i+2p|<i)(a))|«‘(‘“+”»®(“))]q  =  0  (14) 

dr 

The  first  approximation  to  the  boundaries  is  known  to  be  determined  by  means  of  the 
following  substitution,  cf.  Bolotin  (1964)  and  Roseau  (1987) 

.  (i)r  +  arg<I>((o)  cor  +  arg 

q{t)  =  ^  1  sin - 1  ^  ^  +  qz  cos - ^  ^  ^ 

which  leads  to  the  following  equations  for  boundaries  of  the  principal  zone  of 
instability,  see  Bolotin  (1964)  and  Roseau  (1987) 


(0  =  2iVl±|O(a))|fX  06) 

The  latter  equation  expresses  a  certain  dq)endence  between  the  frequency  and  the 
magnitude  of  the  external  axial  force  which  is  known  to  be  the  boundary  of  the  principal 
zone  of  instability.  The  case  |0{o))|=l  cone^nds  to  the  boundary  of  the 
conventional  principal  instability  zone  of  the  Mathieu  equation,  cf.  Bolotin  (1964)  and 
Roseau  (1987).  The  function  O(o))  reflects  therefore  the  influence  of  the  longitudinal 

vibration  on  the  instability  chart  of  the  bending  vibration.  As  |d>((o)|  can  vary 

arbitrarily  (e.g.  it  can  be  very  large  or  very  small)  the  stability  chart  of  the  beam 
changes  drastically.  Hence,  the  influence  of  the  vibrating  structure  on  the  stability  chart 
of  a  component  may  be  very  considerable. 

To  begin  with,  the  main  instability  zone  of  the  beam  alone  without  longitudinal 
vibration  in  shown  in  Fig.  2.  The  boundaries  of  this  zone  are  obtained  from  eqn  (16) 
under  the  assumption  \  <I>((o)  |  =  1  . 


Fig.2.  The  principal  instability  zone  of  the  beam  alone 


Another  limiting  case  is  obtained  if  one  assumes  that  the  structure  is  a  rigid  body,  i.e. 
/?  =  «>.  In  this  case  only  the  longitudinal  vibration  of  the  beam  alone  affects  the 
instability  zone.  Substituting  /?  =  oo  into  eqn  (13)  delivers  the  following  expression  for 
<E>(co) 


2tan W 


(17) 


which  coincides  with  the  known  xesults  of  Bolotin  (1964).  The  main  instability  zone  is 
shown  in  Figure  3. 


Fig.3.  Influence  of  the  axial  vibration  on  principal  instability  zone  of  the  beam 


4.  Phase  averaging  and  energy>based  averaging 


Function  <t>{o))  takes  into  account  effect  of  the  interaction  of  axial  vibration  in  the 
structural  members.  It  is  a  rapidly  changing  function  of  frequency  if  the  frequency  band 
of  the  parametric  resonance  contains  a  number  of  resonant  terms.  Provided  the  structure 
is  very  large  compared  with  the  beam  the  modal  density  of  the  structure  may  be  rather 
high  in  the  frequency  domain  of  the  local  parametric  resonance  of  the  structural  member. 
Figure  4  shows  |<l>(a))(  for  following  non-dimensional  parameters  of  the  model: 

PQ=  =  1.94,  =  221,^=  1  .  In  this  case  the  boundary  of  the  instability 


zone  turns  out  to  be  very  complicated  as  Fig.  5  displays. 

When  the  structure  has  a  high  modal  density  then  0(g))  contains  two  scales:  slow 

variables  X/  and  (o  and  a  fast  variable  AL ,  It  seems  reasonable  to  average  the  function 
with  respect  to  the  fast  variable,  i.e.  across  a  small  frequency  band  of  each  resonant 
mode  of  axial  vibrations.  To  this  aim,  one  can  replace  by  a  smooth  function  O 
which  is  obtained  by  means  of  the  phase  averaging  with  respect  to  the  fast  variable 
2  =  oiLIA 


2k 

I 


r  sin  W +  ipQ)cos  kl  cotaniy=== j 


d2  (18) 


Fig.  5.  The  principal  zone  of  instability  of  the  beam  attached  to  the  structure. 

The  averaging  sounds  reasonable  in  view  of  the  fact  that  the  structural  details,  material 
and  fabrication  imperfections  as  well  as  the  boundary  conditions  are  uncertain,  i.e.  the 
eigenfrequencies  and  the  places  of  the  resonance  peaks  are  uncertain  as  well,  cf.  Fahy 
(1994).  Integral  (18)  allows  analytic  evaluation,  cf.  Giadsteyn  and  Ryzhik  -(1980),  to 
give 


1 


6{(i))  = 


2n  W  ^2^2  _  4jj2  ^2  jjj^2  jj  +^2.^1  +  cos^  X/ 


)J 

r  R^l  +  i^Oi  sin  ^r-  In 


,  RJl  +  i^w  .  , , .  2n 

1  — cotan  Xi  tan  ,  . 


1  +  tan^ 


27C 


^/l  +  lpp)  ^ 


1  +  ipco 

sin  W  sin  “  +  /?^(1  +  ipco)  cos  W  cos  j 


(19) 


The  result  of  the  compulations  is  displayed  in  Fig.  6.  One  can  sec  that  the  phase  average 
with  respect  to  the  fast  variable  delivers  a  smooth  internal  boundary  of  the  principal 
zone  of  instability. 


Fig,  6.  Phase-averaged  boundary  of  the  principal  instability  zone. 

As  eqn  (16)  which  determines  the  boundaries  of  the  instability  zone  requires  only  the 
absolute  value  of  <I>  ,  i.e.  |  O((o)  | .  another  possible  average  is  an  energy-based  aver^ 

with  respect  to  the  fast  variable 

27C 

0 

where  (oL  /  A  is  the  fast  variable.  An  explicit  expression  for  1 |  is  as  follows 


(20) 


where  the  following  denotations  are  made 

2 

fe  =  -2- cotan W.  )fc  =  ^(l  +  ip(o)cotan2w  -  l;r=Im- 


'l  +  iP© 


y  ~  j  1  +  (1  +  y-po))  cotan^  W I  cosh  — ~ —  +  2  —  cotan  W  sinh 


The  result  of  the  numerical  work  is  shown  in  Fig.  7.  One  can  see  that  the  latter 
estimation  can  be  viewed  as  an  external  smooth  bc»der  to  the  inherently  complicated 
principal  zone  of  instability  in  which  one  has  confidence. 


Fig.7.  Energy  averaged  boundary  of  the  principal  instability  zone 


5.  Conclusions 


The  original  principal  zone  of  instability  and  two  smooth  approximations  are  shown  in 
Fig.  8. 

CO 


Fig.8.  The  principal  instability  zone  together  with  its  internal  and  external  envelopes 

The  phase  average  may  be  viewed  as  an  internal  smooth  envelope  of  the  instability 
zone.  This  envelope  is  informative  in  that  regard  that  the  interior  of  this  envelope 
contains  unstable  unbounded  solutions.  The  energy  based  average  is  of  crucial 
importance  since  it  delivers  a  smooth  exti^nal  boundary  of  the  inherently  complicated 
principal  zone  of  instability.  This  external  boundary  is  not  sensitive  to  uncertainties  in 
engineering  structures  that  is  it  should  be  viewed  as  the  practical  boundary  of  the 
principal  instability  zone  in  which  one  has  confidence.  The  domain  between  the  above 
smooth  approximations  is  very  specific.  One  can  guarantee  neither  stability  nor 
instability  of  the  beam  there.  The  study  of  this  domain  remains  to  tackle. 
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1.  Abstract 

In  the  application  of  the  statistical  energy  analysis  (SEA)  it  is  commonly  assumed  that 
the  external  input  power  is  independent  of  the  coupling  between  an  externally  driven 
structure  (a  master  structure)  and  an  attached  passive  structure  (an  adjunct  structure).  It 
is  argued  that  although  this  assumption  may  be  reasonable  for  weak  couplings  and, 
with  some  reservation,  for  strongly  coupled  similar  structures,  it  may  be  incorrect  for 
strongly  coupled  dissimilar  structures.  The  definitions  of  similar  and  dissimilar  coupled 
structures,  in  this  context,  are  explained.  The  implication  to  SEA  of  this  dissimilarity 
in  strongly  coupled  structures  is  discussed  in  the  light  of  developing  noise  control 
criteria  for  complexes  that  are  composed  of  these  coupled  structures. 


2.  Introduction 

It  has  been  customary,  when  using  the  statistical  energy  analysis  (SEA)  to  derive  the 
response  (stored  energy)  of  a  complex  composed  of  coupled  structures,  to  assume  that 
the  couplings  among  the  structures  do  not  influence  the  external  input  powers.  In  this 
sense,  Ae  external  input  powers,  injected  into  the  structures  in  isolation,  are  assumed 
to  be  invariants  when  couplings  are  instituted.  This  assumption  initially  simplified  the 
analysis  and  subsequently  its  validity  was  not  challenged,  presumably  a  matter  of 
"letting  sleeping  dogs  lie".  Indeed,  as  long  as  the  couplings  could  be  considered  "weak" 
the  assumption  felt  comfortably  valid.  Questions  regarding  the  validity  of  the 
assumption  arise  only  when  "moderate”  and,  especially,  "strong"  couplings  are  brought 
in  as  a  possibility.  Chandiramani  and  Smith  attempted  to  account  for  changes  in  SEA 
as  some  of  the  couplings  transit  from  weak  to  strong  [1,2].  A  major  finding,  in  both 
efforts,  is  the  convergence  of  the  modal  stored  energies  among  those  structures  that  are 
strongly  coupled;  as  the  couplings  become  stronger  in  these  structures,  there  is  a 
convergence  toward  equipartion  of  modal  stored  energies.  In  other  words,  as  the 
coupling  between  two  structures  is  increased,  the  coupled  structures  tend  to  merge  and 


the  stronger  the  coupling  the  more  complete  is  the  merger.  In  both  papers,  however, 
the  influence,  that  the  changes  in  the  couplings  may  induce  on  the  external  input 
powers,  is  neglected  apriori  [1,2].  This  neglect  is  examined  in  this  paper;  not 
rigorously,  but,  rather,  heuristically.  It  is  argued  that  for  couplings  among  ‘’similar" 
structures  the  external  input  powers  are  not  dependent  on  the  strength  of  the  couplings. 
However,  for  "dissimilar"  structures  the  external  input  powers  are  dependent  on  the 
strength  of  the  couplings  and  there  may  then  be  a  significant  difference  between  those 
external  input  powers  pertaining  to  weak  and  those  pertaining  to  strong  couplings. 


3.  Rudimentary  Statistical  Energy  Analysis  (SEA) 

The  steady  state  equation  of  SEA  for  a  complex  composed  of  multiple  coupled 
structures  is 

e  ]l(w)  E{CO)  =  ne((0)  ;  E(C0)=  {Ea((D))  ;  HeCO))  =  (ricaCCO)}  ; 

ffi  =  (®8„p)  ;  il(co)  =  ([ZTiy„(a))]8„p-iiap(®)(l -8ap))  ,  (la) 

where  ((D)  is  a  center  frequency  of  a  frequency  band  of  width  (Am),  T|aa(®) 
factor  associated  with  the  (a)th  structure,  is  the  coupling  loss  factor  associated 

with  the  attachment  of  the  (a)th  structure  to  the  (Y)th,  EQj(m)  and 
stored  energy  and  the  external  input  power;  in  and  into,  the  (a)th  structure, 
respectively,  and  is  the  Kronecker  delta.  Significantly,  Eq.  (la)  is  proper  in  the 
sense  that  r|(m)  is  a  functional  only  of  parameters  that  define  the  complex;  it  is 
independenrof  the  elements  of  the  stored  energy  vector  E(m)  and  of  the  external  input 
power  vector  ne(m).  [Propriety  is  an  essential  ingredient  to  any  successful  analysis; 
for  this  reason  many  of  the  quantities  and  parameters  involved  are  often  tested  for 
propriety.]  The  modal  SEA  quantities  and  parameters  that  are  implicitly  stated  in  Eq. 
(la)  are 

Ea(m)  =  Amna(m)ea(m)  ;  nca(co)  =  Amna(m)7Cea(<d)  ; 

[Tlap(®)/^Pa(®)]  =  ^{®)  =  [na(®)/np(®)]  =  [^(®)]'’  •  (2) 

where  nQf(m)  is  the  modal  density,  eQ(m)  is  the  averaged  modal  stored  energy  and 
7Ce(x(®)  is  the  averaged  modal  external  input  power,  all  in  reference  to  the  (a)th 
structure  [3].  The  averaging  is  either  over  the  frequency  within  the  bandwidth  (Am)  or 
over  an  ensemble  of  complexes  with  differences  that  lie  within  that  same  bandwidth  [3]. 
Since  the  "loss  factor  matrix"  ij(m)  is,  by  definition,  nonsingular,  Eq.  (la)  may  be 
inverted  ^ 

E(©)  =  ^(<a)(ffi)  '  I3e(®)  :  |(ffl)  =  (U(“))  =  ' 

The  inverted  loss  factor  matrix  ^(m)  may  be  dubbed  the  "gain  factor  matrix".  Clearly, 
Eq.  (lb),  like  Eq.  (la),  is  signifeantly  proper.  From  Eq.  (la)  one  obtains 

Z  mTiaa(m)Ea(m)  =  ne(m)  ;  ne(m)  =  Z  n^((o)  , 

a  a 


(3a) 


which  simply  expresses  the  equation  of  conservation  of  energy;  it  states  that  the 
dissipated  power  in  the  complex;  structure,  is  equal  to 

the  external  input  power  into  the  complex;  [ngQ^((D)]  into  the  {a)the  structure. 
Similarly,  from  Eq.  (lb)  one  obtains 

£„(©)  =Ze2[((B)  ;  Eo((D)  =  ^ay(a))  [neY(®)/«>]  .  (3b) 

which  simply  accoiXits  for  the  contributions,  to  the  stored  energy  Eq[((d)  of  the  (a)th 
Structure,  by  the  external  input  powers  into  the  various  structures  that  compose  the 
complex;  e.g.,  £^((0)  is  contributed  to  by  the  external  input  power  [neY(CD)] 

into  the  (y)th  structure. 

An  "effective  loss  factor"  may  be  defined  in  the  form 


(0T|e((O)  E(C0)  =  Z  C0T]aa((ji))  £^((0)  ;  E(C0)  =  Z  Ea((0) 

a  a 


(4a) 


In  this  form  'ne(co)  is  a  measure  of  the  ability  of  the  complex  as  a  whole  to  dissipate 
the  stored  energy  E((0)  in  it  [3-5].  Casting  Eq.  (4a)  in  the  algebraically  manipulated 
form 


T|e(©)  =  [Z  T|aa(G))  Ea(©)  /  ZEp(©)]  ,  (4b) 

a  p 

interprets  the  effective  loss  factor  T|e(©)  to  be  the  "average  loss  factor";  averaged  over 
the  stored  energies  of  the  structures  comprising  the  complex.  Similarly,  an  "effective 
gain  factor"  ^ea(®)  defined  in  the  form 

^(©)  [ne(©)/©]  =  Z  ^(©)  [n^(©)/©]  (5a) 

Y 

In  this  form  ^ea(®)  ^  measure  of  the  transfer  of  energy  from  the  external  input 

powers  to  the  (a)th  structure.  Casting  Eq.  (5a)  in  the  form 


^(<0)  =  ney((0)  [5:^((0)ney(®)/Enep(«))]  ,  (5b) 

Y  p 

interprets  the  effective  gain  factor  ^(x(©)  of  the  (a)th  structure  to  be  the  "average  gain 


factor"  of  that  structure;  averaged  over  the  external  input  powers  of  the 
comprising  the  complex.  From  Eqs.  (3a)  and  (4)  one  obtains 

structures 

(One(«>)E(©)=  rieCOO)  ; 

TleCffi)  =  [!!*(©) /©E(©)]  , 

(6a) 

and  from  Eqs.  (3b)  and  (5)  one  obtains 

^(©)  [OeC©)/®]  =  Ett(©)  ; 

^ea(®)=  [“>  E„(©)/ne(©)] 

.  (6b) 

From  Eqs.  (6a)  and  (6b),  the  identity 

Tle(®)  =  [^(«»]  '  ; 

4e(0>)  = 

n 

(7) 

emerges. 

As  usual,  for  good  and  bad  reasons,  a  complex  consisting  of  merely  two  structures 


is  chosen  to  demonstrate  the  notions  and  concepts  that  lie  within  SEA  and  to  illustrate 
results  obtained  by  rendering  SEA  to  such  a  complex.  A  SEA  model  of  a  two- 
structures  complex  is  depicted  in  Fig.  1;  one  structure  is  designated  the  (s)th  structure 
(the  master  structure)  and  the  other  the  (b)th  structure  (the  fuzz  in  a  structural  fuzzy)  [4- 
6].  A  question  is  then  posed:  May  an  externally  driven  structure  (the  (s)th  structure)  be 
adjoined  by  another  (the  (b)th  structure)  in  order  to  improve  the  noise  control  integrity 
of  the  union;  e.g.,  by  increasing  the  effective  loss  factor  T|g(CD)  of  the  combined 
structures  beyond  that  of  the  initial  structure?  For  the  two-structures  complex  Eq.  (4b), 
after  straightforward  algebraic  manipulations,  yields 

Tl«(tO)  =  [T1e(«>)/T1ss(<»)]  =  [l  +Tls(fi))  Cs(®)]  [l  +  Cs(®)] 

11^((0)=  [■nbb(©)/l1ss(C0)]  :  C^((0)=[Eb((l))/Es((0)]  .  (4c) 

Using  Eq.  (4c).  Fig.  2  is  presented.  In  this  figure  values  of  iles(o))  are  depicted  as  a 
fui^ction  ^f  Tis  (m)  and  ((d).  It  is  revealed  that  for  a  practical  range  of 
{^1^(0),  Cs  (®)}  there  exist  a  region  in  which  Ties((D)  exceeds  unity,  notwithstanding 
that  in  another  region,  T]gg((D)  is  less  than  unity.  The  region  in  Fig.  2  for  which 
TlesC^^)  >  VTO,  establishes  a  set  of  criteria  that  needs  to  be  satisfied  by  parameters  that 
define  the  two-structures  complex  to  affirmatively  answer  the  question  posed. 
However,  as  argued  in  Reference  4,  that  T|g5((o)  exceeds  unity  may  be  a  necessary,  but 
is  not  a  sufficient  condition  for  achieving  an  effective  noise  control.  To  achieve  and 
effective  noise  control  a  more  comprehensive  analysis,  than  that  involved  in  the 
determination  of  T|g5(©),  is  required 


4.  Stored  Energy  Ratios  in  Noise  Control  Criteria 

To  examine  more  comprehensively  the  noise  control  criteria  it  is  convenient  to  model 
the  complex  in  terms  of  unattached  structures.  Whereas  Eq.  (1)  is  the  insitu  description 
of  the  complex,  the  equation  of  SEA  for  a  complex  in  which  the  structures  are 
artificially,  but  appropriately,  isolated  from  each  other  is 

gTi*((0)g‘'(0))  =  ne(a))  ;  £“(«))=  {E^((0)}  ;  n^(co)  =  {n^„(<o))  , 

ffi  =  (o>8ap)  :  =  •  (8a) 

or  invertedly 

E'’(0))  =  |‘’(a>)Q‘‘  IJeCco)  ;  ^‘’(00)=  (4oo(®)8op)  :  =  [ilV)]''  •  (8b) 

A  typical  equation  of  motion  for  a  structure  may  be  selected  from  Eq.  (8).  It  reads 

toC(®)E^(‘a)  =  nl((o)  ;  E®^©)  =  4^a(«))  [HeV®)/®]  •  (9) 

This  equation  states  that  the  stored  energy  E^(0))  is  attained  by  the  isolated  (a)th 


structure  in  response  to  an  external  input  power  IleaCo))  that  is  directly  injected  into  it; 
this  power  is  dissipated,  in  this  structure  in  isolation,  by  the  loss  factor  Tioofta).  From 
Eos.  (lb)  and  (8)  one  may  define  three  useful  forms  of  stored  energy  ratios; 

and  5o(®)-  The  first  ratio  is  defined 

^(©)=[E„(©)/E^(©)]  =  C(®)Po(ro)  ;  ^o(®)=[^(«>)fiL(®)]  : 

Po  (to)  =  [nea(©)All((«))]  ,  (10a) 

and  may  be  used,  for  example,  to  assess  the  influence,  on  the  stored  energy  of  the  (a)th 
structure,  due  to  the  incorporation  of  this  structure  to  be  an  insitu  member  of  the 
complex.  Clearly  SJ(o)  is  proportional  to  the  ratio  P” (w)  of  the  insitu  external  input 
power  into  the  (a)th  structure  to  that  in  isolation;  i.e.,  before  it  is  incorporated  in  the 
complex.  The  second  stored  energy  ratio  is  defined 

^(ffl)=[Ei(©)/E^(ffi)]  =  ^(©)PL(«))  ;  ^o%)  =  [W®)C(®)]  : 

p^(©)  =  [ney(©)/n"„(®)]  .  (lOb) 

and  may  be  used,  for  example,  to  assess  the  influence,  on  the  stored  energy  of  the  (a)th 
structure,  due  to  the  incorporation  of  this  structure  to  be  an  insitu  member  of  the 
complex  when  the  external  input  power  into  that  complex  is  applied  to  another 
structure;  e.g.,  to  the  (Y)th  structure.  Clearly  ^(co)  is  proportional  to  the  ratio 
Po  a(®)  external  input  power  into  the  (y)th  structure  insitu  and  the  external  input 
power  into  the  (a)th  structure  in  isolation.  The  third  ratio  is  defined 

^(w)  =  [sL(0))/5.(ffl)]  =  [eJ  (©)/E„(©)]  =  ^(©)  pi(ffl)  . 

^  (©)  —  [^oty(®)/^aa(®^)]  •  Poi(®*)  ~  •  (lOc) 

and  may  be  used,  for  example,  to  assess  the  influence,  on  the  stored  energy  of  the  (a)th 
structure,  of  injecting  the  external  input  power  into  the  (Y)th  structure  versus  injecting 
it  into  the  (oOth  structure  itself.  The  ratio  between  these  two  external  input  powers  is 
designated  Pa((o)  and  the  stored  energy  ratio  ^((O)  is  proportional  to  this  external 
input  power  ratio  under  the  conditions  just  specified. 

If  noise  control  of  the  (a)th  structure  is  the  criterion  of  import,  then  the  desire  is 
to  minimize,  in  each  case,  the  one  relevant  ratio  of  the  three;  either  5a(“). 
^(©)  or  £a((o).  Minimization  of  this  kind  renders  the  selected  ratio  small  compared 
with  unity;  the  smaller,  the  more  commendable  is  the  noise  control  achievement.  The 
first  factor  in  each  of  these  three  stored  energy  ratios;  namely,  4o  (®)»  ^  (®) 

^ ((0),  respectively,  are  proper  quantities.  The  propriety  is  in  the  sense  that  these 
quantities  are  functional  only  of  the  properties  of  the  structures  and  the  couplings 
among  them;  they  are  independent  of  the  stored  energies  in,  and  the  external  input 
powers  into  the  individual  structures  that  comprise  the  complex.  These  properties,  in 
SEA,  are  defined  in  terms  of  the  elements  of  the  loss  factor  matrix  Tj  (co)  and/or  of  the 
gain  factor  matrix  ^(©).  For  a  prescribed  model  of  the  complex,  these  elements  are 
assumed  known  aifd  changes  in  these  elements,  to  achieve  a  desired  noise  control 
condition,  are  also  assumed  known.  A  question  arises  with  respect  to  the  second  factor 


in  each  of  the  three  stored  energy  ratios:  Are  these  second  factors;  namely, 
Po(to),  pin  (CO)  and  Po  (CO),  respectively,  which  consist  of  various  ratios  of  external 
input  powers  into  specific  structures,  directly  or  indirectly  dependent  on  the  properties 
of  the  structures  and  especially  of  the  couplings  among  them?  If  the  external  input 
powers  are  assumed  to  be  independent  of  the  couplings 


Po(co)  =>  pr(®)  =  1 

(11a) 

Poo(tO)  =>  Pol(0>)  =  [^l(®)  (Ma/My)] 

(11b) 

Po((0)  =>  Pt!^((0)  =  Poa((i)) 

(lie) 

On  the  other  hand,  if  the  external  input  powers  are  dependent  on  the  couplings,  changes 
in  these  couplings,  which  are  designed  to  achieve  desired  noise  control  condition  with 
respect  to  the  first  factors,  may  influence,  adversely  or  beneficially,  the  corresponding 
second  factors.  The  central  theme  of  this  paper  is  the  investigation  of  the  influence  of 
the  couplings  on  these  second  factors. 


5.  External  Input  Power  at  SEA 

It  is  usual  to  specify  the  external  drive,  to  which  a  structure  may  be  subjected,  by  an 
external  force-source  or  an  external  velocity-source;  in  the  first  the  external  force  is 
specified,  in  the  second  the  externally  imposed  velocity  is  specified.  When  the  external 
force-source  is  employed  the  external  input  power  into  a  structure  is 

ne(a))  =  (|Fe((0)|^>(G((0))  ;  Se(a))A<B  =  27t(lFe(c())|^)  ; 

{G(a)))  =  [(7t/2)n(<o)/M]  ,  (12a) 

and  when  the  external  velocity-source  is  employed  the  external  input  power  into  a 
structure  is 

0.(0))  =  <1  Ve((o)P)Re{  { [G(to)  -  i  B(©)]‘‘>  }  ;  (12b) 

where  G(©)  is  the  conductance  and  B((0)  is  the  susceptance,  with  both  these  quantities 
being  real,  Sg(©)  is  the  quadratic  spectral  distribution  of  the  force-source,  n(©)  is  the 
modal  density  and  M  is  the  mass  of  the  structure  [3].  In  order  to  avoid  difficulties, 
without  loss  in  insight,  Eq.  (12a)  is  used  in  this  paper  and  the  use  of  Eq.  (12b)  is 
deferred  to  another.  Figure  3a  depicts  the  single  structure  on  which  attention  is  now 
focused.  The  SEA  equation  of  motion  for  this  structure  is  given  by 

©T|(©)E(©)=  ne(©)  ,  (13) 

where  T|(©)  is  the  loss  factor  and  E(©)  is  the  stored  energy  that  is  generated  by  the 
external  input  power  n^(©).  The  external  input  power  n^(©)  into  this  structure  is 
stated,  as  agreed,  in  Eq,  (12a).  It  may  be  instructive  to  subdivide  this  structure  into  two 
substructures;  one  designated  (1)  and  the  other  (2),  as  prescribed  in  Fig.  3b.  The  SEA 


equation  of  motion  for  the  two-structures  complex  is  given  by 

©  [rij,(©)  +  Ti2i(©)]  Ei(©)  -  ©iii2((o)  E2(©)  =  nei(m)  ,  (14a) 

©  [TljjC©)  +  T1i2(<0)]  E2(©)  -  ©T|2i(“)  El  (©)  =  0  ,  (14b) 

Tlel(©)  =  [Tle(®)/^ll(®)]  =  [^  +  d(®)]  [1  +  d(®)]'*  i 

rii(©)  =  [Tl22(©)/Tlll(©)]  ;  d(<>>)  =  [E2(©)/Ei(®)]  •  (14c) 

[cf.  Eqs.  (la)  and  (4).]  Invoking  Eq.  (2),  Eq.  (14c)  may  be  cast  in  terms  of  averaged 
modal  quantities  and  parameters 

Tlel(®)=he(®)/’lll(®)]={  1  +  ^l(®)  [d(0»<Jl(®)]}  {l  +  [d(0>)Ol(®)]}  i 

d(ffl)  =  [d(“)Oi(®)]  ;  C?(©)  =  [e2(®yei(®)]  =  [v^2(®)  +  1]'‘  ; 

d(®)  =  [“2(®)/ni(®)]  =  [Il2l(®)/'ni2(®)]  ;  Vn(w)  =  [1122(®)/T1i2(®)]  • 

Thus,  the  "cowling  quotient"  Vi2((0),  the  modal  density  ratio  Xi  (03),  the  modal  stored 
energy  ratio  Ci  (©)  and  the  effective  loss  factor  ratio  y\c\  (®)  2JI  proper  parameters  of 
the  two- structures  complex.  Clearly,  if  Vi2(®)  >>  l»  the  coupling  between  the  (2)th 
and  (l)th  structures,  in  this  complex,  is  weak  and  Oi  (©)  «^1;  if  10  >  Vi2(G))  <  1,  the 
coupling  is  moderate  and  10  <  o|((0)  <  (1/2);  and  if  Vi2{co)  <  1,  the  coupling  is 

strong  and  Cl  ((0)  — >  1.  The  classification  is  in  accord  with  previous  tteatises  on  this 
subject  [1,2, 7, 8].  This  is  not,  however,  the  whole  story;  the  material  discussed  in 
Section  II  is  called  upon  to  contribute  to  the  story  too.  In  this  vein  the  (l)th  structure 
is  appropriately  isolated  and  its  SEA  equation  of  motion  is  then  stated  in  the  form 

©  ,  (©)  El  (©)  =  riel  (®)  . 

and  if  the  external  force-source  remains  unaltered  by  the  isolation,  the  external  input 
power  injected  into  the  (l)th  structure  in  isolation  is 

n;i(©)  =  <|Fe(©)P)<G®(©)>  ;  {Gt(o)>  =(Jc/2)[ni(©)/Mi]  .  (16b) 

[cf.  Eqs.  (8)  and  (12a),  and  Fig.  3b.]  From  Eqs.  (10a)  and  (14)  through  (16)  one  derives 

Si  (©)  =  [El  (©)/£“  (©)]  =  ^  (©)  ?l  (©)  ,  (17) 

^(®)  =  Ku(®)ilii(®)]  :  4n(®)={il.(®)(l  +  [^i(®)o^(®)])}  '  .(‘8a) 

pi(©)=[nei(©)/nei(©)] 


(18b) 


To  set  the  stage*  it  is  contrived  that  the  division  of  the  structure  into  a  two-structures 
complex  is  constructed  at  a  ’’controlled  boundary";  i.e.,  at  a  thought  boundary  that 
involves  no  change  in  the  physical  properties  of  the  original  structure.  Under  this 
construction  SEA  would  demand  that  quantities  and  parameters  in  Eqs.  (12)  and  (13) 
match  those  in  Eqs.  (17)  and  (18)  in  the  form 

<yi((0)-»l  ;  T1  ((!))->  Tie  (to)  ;  ne(CO) ->  nei((0)  .  (19) 

The  first  of  these  matchings  signifies  that  the  couplings  at  the  controlled  boundary  is 
strong,  as  a  merged  structure  would;  after  all,  the  complex  is,  in  fact,  a  single  structure! 
From  Eqs.  (17)  through  (19)  one  finds 


5i(co)  =  [Tln(a))/n(ca)]  [Mi/M]  ; 

,  M  =  M,  +  M2 

(20) 

^  (0)  =  [ti® ,  (©)/ 1)  (©)]  [n,  (©)/n(©)] 

;  n(©)  =  ni(©)  +  n2(®) 

.  (21a) 

Po(“)  =  [Mi/n,((D)]  =  [1+X.i(<d)]  [1  +  (M2/M1)] '  .  (21b) 


Two  major  points  eyierged:  The  first  is  the  simplicity  of  Eq.  (20)  and  the  pecond  is  the 
particular  form  of  Pq  (m),  as  stated  in  Eq.  (21b).  This  particular  form  of  Pq  (co)  may  be 
summarized 


pi  (CO) 


>  1  ,  x]((0)  >  (M2/M1) 

=  1  ,  A.?((o)  =  (M2/M1) 
<1  ,  X^((o)  <  (M2/M1) 


(22a) 

(22b) 

(22c) 


and  one  is  reminded  that  Xi(co)  =  [n2(co)/ni(co)].  Equation  (22b)  defines  the  two 
structures;  (l)th  structure  and  (2)th  structure,  to  be  similar  and  Eqs.  (22a)  and  (22c) 
define  them  to  be  dissimilar;  Eq.  (22a)  defines  a  ’’light"  and  Eq.  (22c)  defines  a  "heavy" 
adjoined  (2)th  structure.  In  Eq.  (22)  the  notion  that  the  external  input  power  into  a 
structure  is  independent  of  the  coupling  when  another  is  adjoined  to  it,  is  challenged, 
notwithstanding  that  if  the  structures  are  similar,  as  just  defined,  the  challenge  is 
muted. 

The  contrived  division  of  the  structure,  just  discussed,  brings  out  another  topic  of 
significance.  The  division  clearly  results  in  two  structures,  each  of  which  has  a 
resonance  frequency  distribution  that  occupies  a  higher  region  of  the  (o-domain  than  the 
original.  Indeed,  in  the  lower  frequency  region,  where  "global-modes"  lie,  the  division 
of  the  single  structure  cannot  be  strictly  entertained.  As  suggested  by  the  global-modes 
designation,  in  that  lower  frequency  region  in  which  these  global-modes  reside,  the 
(l)th  and  (2)th  structures  must  be  assumed  merged  apriori.  This  merger,  in  turn, 
validates  apriori  the  matching,  stated  in  Eq.  (19),  for  the  global-modes. 


Returning  to  the  central  topic  of  discussion,  the  boundary  between  the  two 
structures  is  assumed  physical  rather  than  controlled,  and,  therefore,  Eq.  (19)  could  no 
longer  be  validated  apriori.  One  expects  that  if  the  coupling  of  the  (2)th  structure  ty  the 
(l)th  structure,  at  this  boundary,  is  weak,  the  external  input  power  ratio  Po(a)) 
converges  onto  unity.  Heuristically,  the  bridge  between  weak  and  strong  coupling,  and 
vice  versa,  can  be  expressed,  for  the  two-structures  complex,  in  the  form 

Po  (CO)  =  { 1  +  (00)  [oi  (CO)]’  }  { 1  +  (M2/M1)  [<T^  ((0)]’  }  '  ; 

0^(00)  =  [1 +Vi2((o)]'‘  <  1  ,  (23a) 

where  the  index  q  is  yet  to  be  determined;  a  likely  candidate,  however,  is  q  =  1.  In 
Eg.  (23a)  a  weak  coupling  is  characterized  by  a  small  value,  compared  with  unity,  for 
0i((0)  and,  in  accord  with  Eq.  (19),  a  strong  coupling  is  characterized  by  a  value  of 
Oi(©)  that  converges  on  unity.  In  any  case,  for  the  two-structures  complex,  as 
Eq.  (15)  attests,  the  quantity^  Gi  (<D)  is  a  proper  parameter.  In  this  sense  Eq.  (23a)  also 
deEnes  a  proper  quanti^ty;  Po  (to)  is  proper.  Using  Eq.  (23a),  Fig.  4  is  pjesented.  In 
this  figure  values  of  Pq  (<o)  are  depicted  as  a  function  of  (M2/M1)  and  Xj  (©)  for  two 
fixed  values  of  Oi  (to);  in  F^.  4a,  ai(co)  =  1,  which  is  commensurate  with  strong 
coupling  and  in  Fig.  4b,  af((0)  =  0.2,  which  is  comi^ensurate  with  a  fairly  weak 
coupling.  Analogously,  the  external  input  power  ratio  Poi  (to),  as  stated  in  Eqs.  (10b) 
and  (12a),  can  be  expressed,  for  the  two-structures  complex,  in  the  form 

Pol «»)  =  ?“ («){»+  X^((0)[okfi))]’}  {1  +  (M,/M2)[o;«o)]’}  '  ; 

P*i((o)  =  [X^,(a))(Mi/M2)]  :  O2(a))=[l+V2i(oo)]'‘<l  ; 

vi)(a))  =  [tiii(co)/t12i((0)]  ,  (23b) 

and  again,  Poi (co),  in  Eq.  (23b),  as  Eq.  (15)  attests,  is  proper,  [cf.  Eq.  (lib).]  The 
criterion  for  weak  or  strong  coupling  in  Eq.  (23b)  is  characterized  by  whether  02  (®) 
small  compared  with  unity  or  approaches  unity,  respectively.  Finally,  from  Eqs.  (23a) 
and  (23b)  and  Eqs.  (10c)  and  (12a)  one  obtains 

p?(«>)  =  {  [Poi(fi))]  (ok©)  <  1) / [Po(©)]  (Oi(©)  <  1) }  ,  (23c) 

2  ... 
and,  clearly,  Pi  (to)  is  proper.  [The  product  or  the  ratio  of  two  proper  quantities  is 

proper!]  From  Eq.  (23)  it  emerges,  again,  that  if  the  two  structures  are  similar 

?ij(a))  =  (M2/M,)  ,  (24) 

the  external  input  power  ratios,  just  stated,  are  all  substantially  equal  to  unity, 
independently  of  the  coupling  [1,2,4].  It  also  emerges,  again,  that  if  the  two  structures 
are  dissimilar  and  the  coupling  is  strong  in  the  sense  that  the  coupling  quotient  v  1  ^(©) 
is  small  compared  with  unity  so  that  0i  (to)  1,  the  external  input  power  ratio  Po  (co) 
differs  from  unity.  Notwithstanding  that  for  weak  coupling  in  the  sense  that  the 


coupling  quotient  Vi2(to)  is  large  compared  with  unity  so  that  OaC®)  «  Po(®) 

approaches  unity  even  if  the  structures  are  not  similar;  i.e.t^when  Eq.  (23)  is  violated. 
Anal(^eous  assessment  can  be  conducted  with  respect  to  Po  i  (to),  stated  in  Eq.  (23b), 
and  P 1  ((0),  stated  in  Eq.  (23c). 

The  generalization  of  Eq.  (23)  can  be  readily  made.  Following  the  definitions  of 
Po  (to),  Po  o(®)  and  Pa(«>),  stated  in  Eq.  (10),  utilizing  Eq.  (12a)  and  the  procedure  that 
led  to  Eq.  (23),  one  may  readily  extrapolate  and  state 

Po  (to)  =  { (MpMx)  [0^(0))]“  }  , 

Oo(®)  =  Kpo(®)A^(®)^aa(®)]  <  1 

pL(®)  =  PSI(®)  {  ^  ^^®)  (Mp/M,)  [<I?((0)]‘' } 

Pw(®)  =  [4(®)  (MoAly)]  :  <Jy(®)  =  [^Py(®)/^(®)  ^YY<®)]  <  '  ’ 

Pa(®)  =  [Poo(®)](o?(®)  <  1)/  [Po(®)](<jS(®)  <  1)  -  (25c) 

where  use  is  made  of  Eqs.  (lb)  and  (2)  and  Poo[(©)  is  defined  in  Eq.  (11b).  Since  the 
elements  in  the  gain  factor  matrix  |((i))  are  proper  and  so  are  the  modal  density  ratios, 
the  external  input  power  ratios,  "Stated  in  Eq.  (25),  are  also  proper.  Thus,  in  this 
generalization  to  a  multi  (more  than  two)-structures  complex  the  quantities  Po((o), 
Poa(o))  and  Po(<0)  are  proper,  notwithstanding  that  once  the  first  two  are,  the  propriety 
of  the  third  follows.  Moreover,  it  remains  invariant  that  if  the  structures  are  similar 

XS(®)  =  (Mp^a)  ,  (26) 

the  external  input  power  ratios,  stated  in  Eq.  (25),  are  all  equal  to  unity.  When  the 
structures  are  dissimilar,  deviations  from  unity  of  these  ratios  may  occur;  such 
deviations  from  unity  need  to  be  estimated  when  noise  control  criteria  are  being 
developed  for  multi-structures  complexes  [4,8].  Of  particular  import  in  these  estimates 
is  the  influence  of  the  couplings,  among  the  various  structures,  on  these  ratios.  The 
manner  of  estimating  these  deviations,  as  they  relate  to  the  couplings  among  the 
structures,  is  presented  in  this  paper.  Equation  (25)  in  conjunction  with  Eq.  (10)  niay 
be  efficaciously  employed  to  establish  noise  control  criteria  in  situations  in  which 
dissimilar  structures  are  coupled  memebers  in  the  same  complex. 
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Figure  1,  A  SEA  model  of  two  coupled  structures. 


Fig.  2  The  effective  loss  factor  ratio  Tl^(©)  as  a  function  of  the 
stored  energy  ratio  Cs(®)  factor  ratio  ilj(©). 


a)  An  externally  driven  SEA 
model  of  a  simple  structure. 

Fig,  3 


b)  A  two-structure  complex 
obtained  by  appropriate  division  of 
the  structure  depicted  in  Fig.  3a. 


Fig.  4.  The  external  input  power  ratio  Po(to)  as  a  function  of  (M2/Mi) 
and  Xj(co)  for  a  fixed  value  of  the  modal  energy  ratio,  o^((0). 
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Abstract 

Exact  expressions  for  the  SEA  power  flow  relation  between  substructures 
axe  presented.  The  approach  is  based  on  stochastic  naodal  analysis  and  is 
capable  to  treat  non-conservative  and  strong  coupling.  Moreover,  energy 
distributions  within  subsystems  are  obtained. 


Introduction 

SEA  is  a  well  established  procedure  to  evaluate  the  vibration  in  complex  sub¬ 
structures  controlled  by  the  energy  dissipation  and  coupling.  The  methodology  is 
applied  mainly  in  the  high  frequency  domain  for  which  mode  shapes  cannot  be 
predicted  deterministically.  SEA  is  well  documented  and  the  recent  book  by  Keane 
and  Price  (1996)  summarises  essential  developments  in  that  field.  In  the  critical 
overview  of  this  book  by  F.  J.  Fahy  it  is  mentioned  that  the  accuracy  might  not 
be  satisfactory  for  strong  non-conservative  coupling.  Moreover,  it  is  not  applicable 
for  the  low  frequency  range.  The  present  approach  tries  to  fill  this  gap. 


Method  of  Analysis 

Stationary  Stochastic  Modal  Response 

In  typical  application  of  SEA,  the  amplitudes  of  vibration  are  generally  quite  small, 
and  all  components  react  essentially  linear.  It  is  therefore  justified  to  confine  the 
following  considerations  to  a  linear  structural  system,  of  which  the  equation  of 
motion  may  read, 


Mx^Cx-\-Kx^  fit)  (1) 

where  Af,  C  and  K  denotes  the  mass,  viscous  damping  and  stiffness  matrix,  and 
X  and  fit)  represent  the  generalised  displacement  and  force  vector,  respectively. 
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For  the  derivation  of  the  stochastic  response,  it  is  advantageous  to  rewrite  the 
equation  of  motion  (1)  in  a  first  order  form, 


y=Ay+g 


(2) 


introducing  the  state  vector  y,  g  and  the  matrix  A  as  specified  in  the  following 
where  U  denotes  the  identity  matrix: 


y'^  =  {x^,x‘^}  ;  =  ;  A  = 


0  U 

-M-^K  -M-^C 


(3) 


There  are  well  established  procedures  to  determine  the  stochastic  response  of 
linear  systems  (see  e.g.  Lin  (1976)).  The  main  features  of  the  stochastic  response 
can  be  characterised  by  it  first  two  moments,  i.e.  the  mean  vector  E{y}  and 
the  covariance  matrix  D  =  E{yy^}  -  Efy}  •  E{y}^,  where  E{-}  denotes  the 
mathematical  expectation  or  average. 

The  mean  vector  E{y}  is  obtained  by  taking  the  expectation  of  eq.(2)  leading 
to  eq.(4).  Since  the  mean  E{y}  must  for  a  stationary  response  not  change  w.r.t. 
time,  it  follows  that  the  right  hand  side  of  eq.(4)  is  zero,  and  the  mean  vector  is 
determined  analogously  as  in  the  static  case  where  the  loading  is  replaced  by  its 
time  invariant  expectation. 


E{y}  =  A.E{y}  +  E{y} 
for  E{y}  =  0  :  E{x}  =  •  E{/} 


(4) 

(5) 


As  it  is  common  practice  in  random  vibration  analysis  it  will  be  assumed  in  the 
following,  that  the  response  y  and  the  excitation  f  or  g  have  zero  mean,  i.  e. 
E{y}  =  E{g}  =  0,  bearing  in  mind  that  the  static  part  needs  to  be  added  if  the 
total  response  is  required. 

The  covariance  matrix  D  can  be  determined  in  a  straightforward  manner.  The 
differentiation  of  the  symmetric  matrix  D  w.r.t.  time,  and  introducing  eq.(2)  in 
the  expression  below. 


D  =  ^E{yy'^}  =  E{yy'^  +  =  AD  +  DA^  +  B  =  0  (6) 

at 

lead  to  the  so  called  Lyapunov  equation  for  the  stationary  case  (jD  =  0),  where 
the  matrix  B  denotes  the  symmetric  matrix: 


B  =  E{gy^}  +  E{yg'^} 


0  E{x/'^}M-^ 

M-^E{fx'^}  M-‘E{/x^}  +  E{x/^}M-^ 


(7) 


The  above  relation  defines  a  linear  equation  system  to  determine  uniquely  all 
2N^  +  N  components  of  the  symmetric  covariance  matrix  D,  provided  the  matrix 
B  and  the  matrices  defining  the  structure  are  known. 

Note  that  no  restricting  assumptions  have  been  made  in  eq.(6)  with  eq.(7) 
regarding  the  stochastic  characteristics  of  the  excitation.  Considerable  effort  is 
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needed  to  determine  the  sub-matrices  E{/x^}  and  E{/x^}  for  the  general  case, 
where  the  random  loading  f{t)  and  the  stochastic  response  x{t)  are  correlated. 
Only  for  the  special  case  of  a  purely  random  process,  i.e.  so  called  white  noise, 
these  two  matrices  can  be  formulated  independently  from  the  specific  response 
x{t)  and  x(t).  Let  the  random  excitation  be  represented  as 

(8) 

where  ^{t)  represents  a  vector  of  M  uncorrelated  white  noise  components  ^k(t) 
and  G  a  matrix  of  dimension  N  x  M  with  constant  coefficients.  Using  such  a 
representation  spatially  correlated  white  noise  excitation  can  be  described.  The 
components  (k{t)  are  assumed  to  be  uncorrelated  since  it  is  always  possible  to 
introduce  a  linear  transformation  leading  to  the  above  representation.  In  most 
cases,  the  distributions  of  the  excitation  are  close  to  a  normal  one  for  which  the 
components  ^a:(^)  can  be  regarded  as  independent.  Each  white  noise  component 
is  characterised  by  the  Dirac  delta  correlated  auto-covariance  function  Rkki^) 

Rkkir)  =  E{6(t)6{t  +  t)}  =  hk  •  S{r)  (9) 

or  its  Fourier  transform  resulting  in  a  constant  spectral  density  Skk  =  hkli^T^)- 

+00 

Skk{i^)  -  J  Rkk{T)e~"^'^dT  =  const  =  ^4*  (10) 

— oo 

White  noise  is  a  fairly  accurate  substitute  in  case  of  a  broad  band  excitation  as 
commonly  met  in  problems  of  noise  transmission.  However,  coloured  noise  can  also 
be  treated  by  utilising  filtered  white  noise.  Bearing  in  mind  that  a  generalisation 
to  coloured  noise  is  possible,  the  excitation  will  be  regarded  in  the  following  as 
white  noise  only.  For  white  noise  excitation,  the  force  vector  f{t)  is  statistically 
independent  from  the  displacement  vector  x(f),  and  also  independent  from  the 
velocity  x{t  <t)  and  E{/x^}  is  only  function  of  the  white  noise  intensity  matrix 
I  and  mass  matrix  Af , 

E{/a:^}  =  E{/}  •  E{x}^  =  0  ;  E{/a:'^}  =  ic  •  I  •  (11) 

where  the  white  noise  intensity  matrix  J  is  a  diagonal  matrix  and  the  matrix  B 
defined  in  eq.(7)  simplifies  to: 

For  further  considerations,  eq.(3)  and  the  above  relation  for  matrix  B  is  in¬ 
troduced  into  the  Lyapunov  eq.(7),  leading  to  three  equivalent  relations  for  the 
stationary  stochastic  response, 

E{xx^}  -h  E{xx^}  =  0  (13) 

K  •  E{xx^}  -  C  •  E{xx^}  -  M  •  E{xx^}  =  0  (14) 
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K  ■  Eixi^}  •  M  -  M  •  Eixi^}  ■  K  + 

C  ■  E{xi:^}  •  M  +  M  ■  E{xx^}  C  =  G  ■  I  G'^  (15) 

where  eq.(13)  has  been  introduced  into  the  last  two  equations. 

Utilising  the  last  three  equations,  all  =  2N'^-{-N  components  of  the  symmet¬ 
ric  covariance  matrix  D  can  be  determined  uniquely  by  solving  a  linear  equation 
system  of  dimension  K,  For  large  N,  however,  e  due  to  its  size,  the  solution  of 
the  iT-dimensional  equation  system  becomes  cumbersome.  This  difficulty  can  be 
circumvented  using  modal  decomposition  as  shown  subsequently. 

Assuming  modal  damping,  the  equation  of  motion  (1)  decouples  by  using  modal 
coordinates  z(t), 


x(t)  =  ^  •  z(t)  (16) 

Zj{t) +2QujjZj{t) =  qj{t)  =  <j)j  ■  f  ;  l<j<N  (17) 

where  the  matrix  $  contains  all  eigenvectors  of  the  characteristic  equation, 

K  ^  =  M  <^  A  (18) 

where  A  =  [diag(cjj)]  is  a  diagonal  matrix  comprising  all  eigenvalues.  The  eigen¬ 
vectors  are  orthogonal  with  respect  to  the  stiffness  matrix  K  and  mass  matrix  Af 
and  are  normalised  to  satisfy  the  relations: 

K  ^  =  A  ;  M  $  =  (19) 

Assuming  further  that  the  damping  matrix  C  decouples  using  the  transformation, 

r  =  •  C  •  =  [dmp(7j)]  ;  (20) 

and  introducing  the  last  two  relations  into  eqn.(13)-(15),  these  equations  assume 
for  modal  coordinates  the  following  simple  form: 

E{zz'^}  +  E{zz'^}  =  0  (21) 

A  •  E{zz'^}  -  r  •  E{zi^}  -  E{zz^}  =  0  (22) 

A  •  E{zi^}  -  E{zz^)  ■  A  +  r  •  E{ii^}  +  E{zi^}  •  T  = 

i  =  G  - 1  G^  ^  (23) 

Utilising  a  modal  representation,  one  is  in  the  favourable  position  to  give  an  explicit 
solution  in  closed  form  for  all  components  of  the  covariance  matrix  D  as  shown  in 
the  following.  Considering  the  j-th  row  and  fc-th  column  of  eq.(22)  and  next  the 
A:-th  row  and  j-th  column  leads  to  the  following  two  equation, 

u)jE{zjZk}  -  ')lj'^{zjZk}  -  E{zjik}  =  0  (24) 

u)kE{zjZk}k  +  -yk^izjZk}  -  =  0  (25) 
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where  E{zjZk}  =  -E{zkZj}  (see  eq.(21))  has  been  used  in  the  last  eq.(25).  The 
terms  E{zjZk}  and  E{zjZk}  can  be  eliminated  from  the  above  two  equations,  i.  e. 
expressed  as  function  of  E{zjZk}: 


(  E{zjZk}  ]  _  EjzjZk}  f  7j+7t  \ 
\  E{zjZk}  J  7,a;|+7«;w|  \  J 

Eq.(23)  can  also  be  represented  by  its  components  which  read, 

(w?  -  u)l)E{zjZk}  +  (7i  +  7k)E{zjZk}  =  Ijk 


leading  to  the  solution, 


lih. 


+  7*  + 


7iWfc+Titt^y 


(26) 


(27) 

(28) 


by  utilising  eq.(26).  The  last  relation  completes  the  solution  in  closed  form  for 
the  second  moments  in  modal  coordinates  and  will  be  the  basis  for  deriving  the 
following  SEA  relations. 


Spatial  Distribution  of  Kinetic  Energy 

Statistical  Energy  Analysis  relates  the  power  p  introduced  into  the  system  by  the 
external  excitation  to  the  vibrational  energy  E  of  the  structural  components.  To 
simplify  the  derivation,  it  will  be  assumed  that  the  mass  matrix  is  diagonal,  which 
corresponds  to  lumped  mass  points  instead  of  a  continuous  mass  distribution.  This 
simplification,  however,  has  a  negligible  effect  on  the  deterministic  and  stochastic 
response  of  a  structure  respectively.  To  derive  such  a  relation,  the  white  noise 
intensity  matrix  I  must  be  related  to  the  power  of  the  excitation  introduced  into 
the  system.  Recall  from  eq.(8)  that  the  intensity  matrix  /  is  a  diagonal  matrix 
because  the  components  ^^(t)  of  the  vector  ^  are  uncorrelated.  Each  component 
f fc  (t)  introduces  on  the  average  a  certain  amount  pk  of  power  into  the  system 

Pk  =  f2  EifiXim = bkk  f;  (29) 

•  t  Z.  TTli 

t=l  »=1 

where  the  first  index  i  in  gik  €  G  denotes  the  DOF  and  the  second  index  k  refers  to 
the  white  noise  component.  Thus  the  white  noise  intensity  Ikk  of  the  component 
^jfe(i)  can  be  related  with  the  average  power  pk  of  the  stationary  white  noise  process 
^fe(t).  For  the  special  case  for  which  the  excitation  ^k{t)  acts  independently  on  a 
single  mass  point  mjb,  the  power  simplifies  to  pk  =  hk/i^TUk)^ 

For  continuous  structures  modelled  by  a  FE-model,  the  above  relations  between 
white  noise  intensity  and  power  is  not  convenient.  First  of  all,  the  excitation  ^k{i) 
can  not  be  white,  but  is  specified  by  a  power  spectrum  Skk  which  might  have 
negligible  power  outside  a  certain  frequency  range.  Moreover,  there  are  actually 
no  discrete  mass  points  where  the  excitation  acts  upon.  Therefore,  an  alternative 
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expression  will  be  given.  In  case  the  excitation  ^tcts  only  on  the  A:-th  DOF, 
the  following  relation  can  be  derived  by  modal  analysis, 

-  N  N 

Pk  =  E{hxk }  =  E  (30) 

i=l  i=l 

where  the  first  index  in  <j>ki  refers  to  the  DOF  and  the  second  index  to  the  mode. 
The  above  expression  can  be  generalised  for  broad  band  excitation: 

Pk  =  ■^'^Skk{‘^i)<i>\i  (31) 

t 

For  the  general  case  where  the  possible  correlated  excitation  is  defined  by  eq.(8), 
the  input  power  reads: 

N  N 

P*  =  E  E  ■S^*fc(‘^n)(E  9ik<l>inf  (32) 

t=l  n  *=1 


Next,  the  modal  density  Ijk  is  related  with  the  power  pk  of  the  external  white 
noise  excitation. 

M  N  N 

Ijk  =  <^/  •  G  •  /  •  IiiC£  (33) 

t=l  /=1  l-\ 

Relating  the  white  noise  intensity  la  to  the  power  pi 

M 

-Gfc  =2^Ci(^-.ib)Pi  (34) 

t=l 


the  coefficients  Ciy^k)  are  determined  from  eq.(32)  leading  to  the  dimensionless 
quantities 

Vgifc<b(^j)gtfc(a>fc)(Ei=i  <l>ii9ii)(i:L  4>ik9ii) 

T.nSkkMT.t,<t>lngin? 

where  is  a  dimensionless  quantity. 

Denoting  the  averaged  kinetic  energy  of  each  DOF  j  as  Cj  and  recalling  the 
modal  representation  in  eq.(16)  leads  to 

1  .  N  N 

E  E  (36) 

n=l /=! 

where  the  first  index  j  in  denotes  the  DOF  of  the  n-th  normalised  eigenvector 
or  mode.  Nothing  further  that  for  small  damping  ratios  which  are  usually  in 
the  range  of  a  few  percent  and  less,  the  main  contribution  to  the  kinetic  energy 
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of  the  structure  stems  from  the  diagonal  terms  E{i^}  and  closely  spaced  modes 
with  «  u)fj  and  assuming  further  that  the  eigenpairs  are  ordered, 


^  CJ2  ^  ^ 

eq.(28)  can  be  replaced  by  the  following  expression: 

Cj  =  ^  "b  2  ^  *^0jn<^jn+lE{ini^n+l}  +  •  •  • 

n=l  n=l 


Introducing  the  notation, 


7(n,l)  =  7n  +  + 


7nWf  +  7/^2 


the  terms  read. 


E{inii}  = 


2 

7(n,0 


M 

t=l 


(37) 


(38) 


(39) 

(40) 


and  thus  the  kinetic  energy  of  the  j-th  DOF  specified  in  eq.(38)  becomes: 


AT  ,  M  N-l 

n=l  t=l  n=l 


Introducing  the  vectors, 


=  {ei,e2,...,eN}  ; 


=  {PijP2,«--,Pa/} 


^(n,0 


^j(n,n+l) 

7(n,n+l) 


M 

i=l 


{/il(n./)>  ^2(n,0j  '  •  •  >  ^N(n,0} 

{Cl(n,i)>  C2(„,/),  .  .  .  ,  CM(n,0  } 


(41) 


(42) 


the  above  equation  can  be  generalised  to  establish  a  relation  for  the  spatial  dis¬ 
tribution  of  the  energy  e  for  all  DOFs  of  the  structure  subjected  to  white  noise 
excitation  p: 


e  =  [f2  +  2  ^in,n+l)  •  +■■■]■  p  (43) 

n=l  7{n,n)  7(n,n+l) 

The  above  relation  is  the  main  result  of  this  paper  and  deserves  a  more  detailed 
discussion. 

Consider  first  the  vector  /i(n,o  defined  in  eq.(39).  Since  the  eigenvectors 
or  modes  are  normalised  w.r.t,  the  mass  matrix,  the  vector  satisfies  the 

property: 

N 

^  ^  ^j{n,n)  “1  5  fi  ^  ^j{n,n)  ^  1  (^^) 

i=i 

N 

X)  =0  ;  -1  <  <1  ;  for  Z  ^  n  (45) 

j=l 
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(46) 


Looking  at  the  total  kinetic  energy  etot  of  the  system, 


it  becomes  apparent,  that  only  the  first  term  in  eq.(43)  contributes  to  the  total 
energy  of  the  system,  while  the  second  and  higher  terms  vanish  due  to  eq.(45). 
Thus,  the  second  term  in  eq.(43)  accounts  for  a  redistribution  of  the  kinetic  energy 
within  the  system  letting  the  total  amount  of  energy  constant.  The  effect  of 
the  redistribution  is  in  most  cases  negligible  where  the  eigenfrequencies  are  well 
separated  and  become  important  only  for  pairs  of  closely  spaced  eigenfrequencies 
as  it  will  be  demonstrated  in  the  numerical  examples. 

For  the  special  case  in  which  independent  excitations  act  on  single  masses  rrik 
introducing  the  external  power  E{/jfcirjk}  into  the  structural  system,  it  is  readily 
verified  {hk  =  2mkPk  (see  eq.(29))  and  =  (t>kn^kihk)  that 

Cjfc(n,/)  =  rnk(t>kn(l>ki  =  hk{n,l)  (47) 

hold  for  which  eq.(43)  reads: 

N  L  lT  iV~l  L  lT 

e  =  [y  +  2  y  (48) 

7(n,n)  7(n,n+l) 

where  the  A:-th  component  of  the  vector  p  denotes  the  input  power  pk  =  E{fkXk}- 

SEA  of  Coupled  Structural  Components 

The  SEA  method  can  be  regarded  as  procedure  to  determine  the  vibration  energy 
balance  in  complex  coupled  systems.  The  subsystems  in  the  SEA  model  are  either 
weakly  coupled  structural  components  or  "blocks  of  similar  modes”.  The  external 
excitation  introduces  in  each  subsystem  an  input  power  Din  which  is  dissipated 
by  internal  damping,  but  also  transmitted  to  neighbouring  subsystems  by  the  cou¬ 
pling.  The  dissipation  of  the  power  in  of  the  i-th  subsystem  is  expressed  by 
the  so  called  loss  factor  rji  multiplied  by  the  kinetic  energy  Ei  of  the  subsystem. 
The  power  flow  Ilij  from  the  i-th  to  the  j-th  neighbouring  subsystems  is  measured 
by  the  coupling  loss  factor  rjij  multiplied  by  the  difference  {Ei  —  Ej)  of  energies. 
Hence,  SEA  states  that  power  is  transmitted  only  from  subsystems  of  higher  ki¬ 
netic  energy  towards  neighbouring  systems  with  lower  energy.  In  case  the  systems 
consist  of  J  subsystems  the  following  typical  energy  flow  equation  is  established. 


Vlj  “"^12 

-ViJ 

(  El  ] 

Hi  '1 

-V2i  m  +  * 

-V2J 

1  E2 

y  =  i 

Ha 

•  +  T,j^j  vjj. 

1  Ej  ^ 

(49) 
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for  certain  frequency  bands  [ui^uJu]  with  ujc  =  {(^i  +Wu)/2  and  where  the  coupling 
loss  factors  are  symmetric,  i,e.  r]ij  =  rjji.  For  substructures  Si  and  Sj  which  are 
not  directly  coupled,  the  coupling  loss  factors  are  assumed  to  vanish,  i.e.  rjij  =  0. 

For  a  shorter  notation,  the  above  SEA  power  flow  relation  is  expressed  in 
matrix  notation, 

f  •{jE;}  =  {n,n}  (50) 

with 

■Yy  6  r  ;  7ii  =  ^  ^ 

where  the  ”hat”  in  7  is  introduced  to  distinguish  these  coefficients  clearly  from 
modal  damping  7,  defined  in  eq.(20). 

The  above  SEA  equation  (49)  is  now  compared  with  the  exact  solution  stated 
in  eq.(43)  and  eq.(48).  The  solution  in  eq.(43)  is  given  in  the  form 

e  =  f  ■  p  (52) 


corresponding  to  an  inverse  formulation  of  (49).  The  eq.(43)  can  be  easily  specified 
for  energies  Ei  in  substructures  Si,i  =  1,2, Let  {Ji}  be  the  set  DOF 
belonging  to  the  substructure  Si.  Since  the  kinetic  energy  Ei  of  substructure  Si 
is  just  the  sum  of  all  energies  ej  of  the  DOF  j  belonging  to  Si,  eq.(43)  reads  for 
substructures, 


N  Z  T  N-l 


ft(n.n+l)-C(„.„+i)  ^  ^  (53) 

7(n,Ti)  7(n,n+l) 


with: 


(54) 


Ei= 

mji} 

h{n,l)=  ’  ^Jn,l)  =  {hHn,t),h(.n,l),--->hL{n,l)}  (55) 

jeiJi} 

In  a  next  step,  the  power  input  Ili  in  a  substructure  Si  is  defined  as  the  sum  of 
single  sources  pj 

Hi  =  X)  Pi 


where  it  is  assumed  that  there  is  no  correlation  in  the  excitation  across  substruc¬ 
tures,  i.e.  the  coefficients  gij  ^  0  (see  eq.(8))  belong  for  all  I  to  the  same  substruc¬ 
ture.  Introducing  the  quantities 


-  {ci(n,0 ,  C2(„,{)  1  •  •  • .  CL(n,/)  }  (57) 
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the  kinetic  energy  in  the  substructures  is  determined  by  the  linear  relation, 


E  =  r  n 


(58) 


or  equivalently  in  the  standard  SEA  form 

r  ^  =  n  with  f  = 


where  the  matrix  Y  reads: 

Y  —  '  ^(n.n)  2  ^(n.n+1)  ‘  ^Jn,n-\-l) 

~  7{n.n)  7(n.n+l) 


(59) 


(60) 


Please  note,  that  the  coefficients  Ci^n,i)  ^.re  determined  uniquely  only  in  case  it  is 
additionally  specified  at  which  DOFs  the  power  inputs  pj  are  introduced  into  the 
subsystem.  In  other  words,  the  specification  of  the  power  introduced  into  the 
elastic  subsystem  Si  is  in  generally  not  sufficient  to  specify  uniquely  the  average 
kinetic  energies  or  stationary  stochastic  response  of  the  system.  Only  for  the 
case  that  the  whole  substructure  Si  vibrates  uniformly  over  its  domain  and  quasi 
independent  from  neighbouring  substructures  (weak  coupling),  the  specification  of 
the  power  input  is  sufficient  to  determine  uniquely  all  energies  in  the  substructures. 

Another  important  aspect  is  the  symmetry  (see  eq.(49)  and  eq.(59))  of  the 
SEA  power  flow  relation.  For  arbitrary  strong  coupling  between  substructures, 
the  matrix  T  is  non-symmetric  contrary  to  the  matrix  F  in  eq.(50).  Considering 
eq.(48)  the  matrix  f  is  symmetric  under  the  assumption  that  substructures  do 
behave  like  mass  point  with  a  single  DOF  each  mass  point.  Thus,  in  case  the 
substructures  are  very  rigid  in  comparison  to  the  coupling  the  matrix  F  tends  to 
be  symmetric. 


Numerical  Examples 

El,n  X  El,p  A 

I  3.0  m  ;  5.0  m _ |  3.0  m  | 


Figure  1:  Structural  System 

Thp  power  flow  relation  in  an  elastic  beam  as  shown  below  in  Fig.l  is  investigated 
in  the  following.  Due  due  its  symmetry  closely  space  modes  occur.  The  beam 
has  a  constant  mass  density  p  and  two  elastic  torsional  couplings  k.  Due  to  space 
limitations,  only  the  case  where  A:  oo  is  presented,  representing  strong  coupling. 
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Figure  2:  Partition  of  beam-structure  into  three  sub-structures  SI,  S2  and  S3 


Modal  analysis  has  been  performed  for  the  shown  beam  structure  using  19  modes. 

In  a  first  case  the  structure  is  partitioned  into  three  substructures  as  shown 
in  Fig.3  where  the  supports  represent  natural  boundaries  of  the  substructure. 
The  results  depend  according  to  eq.(60)  mainly  on  the  specific  modal  damping 
The  results  obtained  for  constant  7(n,n)  presented  below. 

For  QiVj  =  const  ;  k  oo  ;  modes  €  [1, 19] 

{El  ]  .  [0.87825  0.01758  0.08737]  (  ] 

E2  }  =  2 — -z -  0.03438  0.96485  0.03485  •  <  Ha  > 

Es  )  4<Cw>  1^0.08737  0.01759  0.87825]  [  Ha  J 

■+1.1507  -0.01889  -0.1137]  f  ]  f  Hi  ] 

4  <  Cw  >  -0.0370  +1.0378  -0.0370  •  {  ^2  >  =  <  ^ 

-0.1137  -0.0189  +1.1507J  [  S3  J  I  Ha  J 

The  above  shows  the  results  according  to  eqn.(58)  and  (59)  using  all  first  19  modes. 
Next  the  same  quantities  are  shown  using  only  the  first  four  modes. 

For  Qijj  =  const  ;  k oo  \  modes  €[1,4] 

{El  ]  .  [0.60127  0.02818  0.34163]  f  Hi  ] 

E2  >  =  2 — 7 -  0.05710  0.94364  0.05710  *  <  Ha  ^ 

Sa  J  4<Cw>  1^0.34163  0.02818  0.60127]  Ha  J 

■+2.4580  -0.0318  -1.3936]  f  Si  ]  f  Hi  ] 

4  <  Cw  >  -0.0644  +1.0636  -0.0644  •  <  Sa  ^  =  <  > 

-1.3936  -0.0318  2.4580  ]  [  S3  J  I  Ha  J 

Finally  strong  coupling  is  investigated  using  a  partition  into  substructures  as 
shown  in  Fig.3.  One  can  observe  that  the  presentation  according  to  eq.(58)  is 
quite  reasonable  in  contrast  to  the  standard  SEA  representation  (59),  which  is 
admittingly  not  designed  for  strong  coupling. 

For  (jUjj  =  const  ;  fc ->  oo  ;  modes  €[1,19] 

'  Si  ]  [0.38358  0.38788  0.00603  0.03053]  [  Hi  ' 

Sa  I  1  0.53705  0.53954  0.01155  0.05684  I  Ha 

Sa  I  “  4  <  Cw  >  0.01299  0.01086  0.96485  0.03438  '  |  Ha  ' 

Ei  0.06638  0.06172  0.01758  0.87825  n4 
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Figure  3:  Partition  of  beam-structure  into  four  sub-structures  SI,  S2,  S3  and  S4. 

■-409.20  -(-294.74  -0.8859  -4.8200]  f  ]  f  ' 

.  .  -f-407.04  -291.32  -f-0.8611  -1-4.6746  j  -^2  I  J 

4  <  Cw  >  8438  -0.6241  -(-1.0392  -0.0296  |  ^^3  |  |  Hs 

-(-2.3069  -1.7925  -1.4350  -|-1.175oJ  [  -£4  J  I  n4  ^ 


Conclusions  and  Outlook 

The  following  conclusion  are  drawn  from  the  presented  results: 

(1)  Exact  expressions  for  the  SEA  power  flow  relations  have  been  obtained.  These 
expressions  are  exceptionally  simple  and  allow  to  consider  strong  coupling  (not 
just  in  the  SEA  sense)  and  energy  dissipation  in  the  couplings.  It  has  been  shown 
that  a  inverse  representation  is  for  arbitrary  strong  coupling  better  suited  than 
the  present  standard  form. 

(2)  A  SEA  expression  for  the  energy  distribution  has  been  derived  based  on  de¬ 
terministic  modal  analysis.  The  derived  expressions  might  be  used  also  for  non 
deterministic  modes,  considering  the  mean  and  variance  of  the  modes  shapes.  Spa¬ 
tially  averaging  leads  to  accurate  estimates  also  for  unknown  modes  shapes. 

(3)  The  presented  approach  is  expecially  suitable  for  the  low  frequency  domain 
and  for  strong  non-conservative  coupling.  It  allows  to  account  for  specific  modal 
damping  ratios,  which  might  be  quite  different  especially  in  the  low  frequency 
domain. 
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1.  Introduction 

There  is  a  need  for  in  situ  experimental  estimation  of  loss  &ctors  and  proper  sub^stem 
division  when  analysing  assembled  ^sterns  using  statistical  energy  analysis  (SEA). 

On  the  basis  of  a  physical  measure,  the  modulation  transfer  function  computed  fix>m  the 
squared  impulse>tesponse,  a  method  has  been  developed  for  this  purpose,  see  Fahy  and 
Ruivo  (1997),  Lundberg  (1997). 

The  SEA  power  balance  equations  in  a  narrow  band  (tPg,  Aot)  are  for  two  coupled 
subsystems 

'dEiCOl 

dt  ^oVizir^iWl  fniCO 

L  dt 

where  and  =  t/jj  +  7,^.  is  the  coupling  loss  factor  describing 

the  energy  flow  from  the  i:th  to  the  j:th  sub^stem  and  7y  the  internal  dissipation  loss 
fector  in  sub^stem  i.  E^{t)  is  the  resonant  vibrational  energy  stored  in  subsystem  i 
and  n,.  (t)  the  external  input  power  injected  into  subitem  i. 

The  equations  can  be  Fourier  transformed,  rearranged,  inverted  and  put  on  the  form  of 
power-energy  transfer  functions  (Lindblad  1974),  which  are  of  low-pass  character: 

£,(0)1  _ _ 1 _ 

A  (^)  J  0^ + ^0  )0O + d)o  %  )  -  »72i®0  ^12 

'jCi+<OoTi2  a>o7i2  Tn,(0)‘ 

./O  +  ®0^l.  02(0) 


(2.) 


^  indicates  the  transfonned  functions  and  O  is  the  transform  variable  equal  to  an 
ordinary  ^gular  frequency.  The  upper  left  element,  e.g.,  in  the  square  matrix  of  (2)  is 

/  n,  ,  where  the  index  indicates  that  only  ft,  is  active. 


In  principle  the  SEA  parameters  in  a  transfer  function  model  in  (2)  could  be  identified 
fi'om  e.g.  a  least  square  fit  to  a  corresponding  measured  fimction.  However  a  transfer 
function  in  the  diagonal  of  (2),  though  of  second  order,  deviates  very  little  from  a  first 
order  if  r/j,  «  TJ^^  and  /  or  7,2  «  ■  Then  the  results  ftom  such  an  identification 


will  have  no  meaning  and  a  necessary  fiirther  step  is  to  normalise  on  the  source. 

Take  the  quotient  between  transfer  functions  with  the  same  source,  i.e.  between 
elements  within  the  same  column  of  (2),  e.g. 


^  <»0>721 

jQ-haoni 


(3.) 


which  is  a  robust  lower  order  model  Notice  that  the  input  power  can  be  reduced  and 
thus  does  not  have  to  be  measured. 

In  earlier  days  when  measuring  response,  one  tried  to  use  ideal  sources  like  constant 
force  or  constant  velocity  sources,  giving  the  boundary  conditions  and  v=0, 
respectively.  Nowad^s  when  transfer  functions  are  measured,  one  must  pay  attention  to 
the  virtual  boundary  condition  introduced.  It  can  be  achieved  putting  the  variable  in 
the  denominator  of  the  transfer  function  equal  to  zero.  Transfering  this  to  (3)  where 
is  (secondary)  generator,  it  means  that  the  virtual  boundaiy  condition  is  given  hy  =0, 
i.e.  subsystem  1  is  energy  earthed.  Let  a  plate  be  imaginaiy  divided  into  two  parts,  1 
and  2.  Then  which  implies  that  ^  consequently  the 

quotient  (3)  will  be  flat  up  to  a  (high)  crossover  frequency 
boundaiy  actually  is  reflecting,  the  smaller  1/12  and  then  lowered  and  in  the 

limit  it  will  be  determined  by  the  internal  dissipation  factor  which  gives  (Oq  7/22  • 


2.  The  relation  between  the  physical  system  and  the  SEA  formulation 

A  structure  or  an  acoustic  indoor  channel  may  with  high  accuracy  be  modelled  into  a 
linear,  time-invariant  and  causal  ^stem.  This  means  that  an  impulse-response 
completely  describes  the  ^stem.  Let  a  structure  be  excited  in  a  position  by  a  force 
which  is  a  single-firequency  modulated  white  noise  signal: 


Figure  1,  A  structure  excited  by  a  point  force 


2 


n(t) 


mechanical 


transfer  mobility 

Figure  2.  The  linear  system  and  in  and  outputs. {ii(/)}  is  a  stationary 


fill 

stochastic  process,  cos - / 

2 

nonstadonaiy  process. 


a  detenninistic  function  and  the  force  {n(t)}  •cos'^t  a 
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The  velocity  response  v(/)  in  an  observation  position  r  is 

v(t)  =  h*  ^n(0  cos^  /  j  (4.) 

where  the  star  denotes  convolution  and  h  is  the  band-pass  filtered  impulse-response  i.e. 

h  =  K{t,r,r^)*hBp  (5.) 

h  could  include  all  linear  distortions  (e.g.  of  loudspeakers). 

The  ensemble  average  over  many  realisations  of  the  squared  velocity  response  process  is 
(Using  the  calculation  trick 

£{v*(0}  = 

=  ~  xM/  ->>)}•  cos^(r  -  x)  cos^{t-y)h(x)h{y)dx(fy  = 

=  A^*cos^^(r)  (6.) 

where  it  is  used  that  the  auto-correlation  of  white  noise  is  a  Dirac  delta  function. 

The  Fouriertransform  of  the  squared  impulse-response  is  essentially  the  complex 
modulation  transfer  function  {CKfTF)^  which  is  defined  by  Schrdder  (1981)  and  Polack 
and  Schrdder  (1984)  as 

00 

CW7F(n)  =  J  (t)e-^dt .  Hjj.  (ft)  (7.) 


where  H^,  is  an  ideal  low-pass  filter.  The  ChfTF  can  be  computed  by  post-processing 
the  impulse-response  by  squaring  followed  hy  Fouriertransforming. 

If  two  plates  of  area  5|  andS^  and  of  equal  mass  per  unit  area  are  coupled,  then 


(CMF(n.r.))„  5. 
(a«F(ar.))„  ■  S, 
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will  be  strongly  related  at  low  frequencies  to  the  SEA  expression  in  (3).  <  >  denotes 
spatial  average,  the  right  index  in  the  double  subscripts  ctenotes  the  externally  excited 
plate  and  the  left  the  observed.  Let  the  result  of  a  fit  of  (8)  to  a  ^stem  where  the  orders 
of  the  denominator  and  numerator  polynomials  are  given  and  equal  to  1  and  0, 
respectively,  be  the  coefiicients  in  the  eiqrression 

h 

(9.) 


Identification  yields  that  the  following  pairs  are  related; 


(10.) 


Incidentally  one  may  derive  an  expression  corresponding  to  (6)  for  the  instantaneous 
input  power  11(1)  =  (/)Vo  (t) ,  see  ^>pendix. 


3.  State  of  method  development 

r>  ■  t-L  ^  ^  Modulation  transfer  function 

Rel.  amplitude  ( - ) 


( - ),  the  direct  field  ( - and  the  total  field  ( - ).  13.8  {\ls)uAtj  »  O.OOls,  m 

lection  4. 

Ranges  of  applicability: 

®  SEA  ®  Quasi  8tea(^-8tate  SEA  The  upper  limit  is  approximate 

[0.63,12.5]  Hz,  range  for  calculation  of  Speech  Transmission  Index  (STI).  A  different 
application  of  the  CMTF  is  in  room  acoustics.  There  is  a  procedure  to  convert  CMTF  data  into  a 
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single  figure  called  the  "speech  transmission  index"  (STI).  It  has  been  shown  that  the  STI  is  very 
closely  related  to  speech  intelligibility 

®  Direct  field  modulation  is  dominant  At  the  left  end  of  the  range,  the  magnitudes  of  the 
modulation  of  the  direct  and  the  reverberant  field  are  equal,  which  could  define  a  "modulation 
direct  field  radius",  see  section  4. 

Up  to  now,  the  method  has  been  used  for  estimation  of  SEA  coupling  and  dissipation 
loss  factors  in  built  up  structures  and  rooms,  see  Fahy  and  Ruivo  (1997),  Lundberg 

(1997) .  Till  now,  the  method  has  been  used  rather  heuristic  in  range  ®  see  figure  3, 
which  upper  limit  aibitraiy  has  been  chosen  to  where  the  phase-function  is 
approximately -n!  4. 


4.  The  direct  field  and  the  modulation  transfer  function 


Let  the  squared  impulse  response  consists  of  two  parts,  the  direct  field  and  a  purely 
exponential  reveiberant  field  (Houtgast  T.  et  al  (1980)): 


r-r„ 


tj  is  the  initial  time  delay  gap,  ^/)the  Heaviside's  unit  step  function,  Sit)  Dirac's 
delta  function  and  co^  7J=  13.8  /  T,  where  T is  the  reverberation  time. 

The  direct  field  is  attenuated  with  the  distance  from  the  source.  A  point  source  in  a 
room  will  have  a  direct  field  that  decreases  at  6  dB  per  doubling  of  distance.  The 
CMTF  results  from  application  of  (7): 


CMTFiCl)  oc  +0-^''  ^ -  (12.) 

|r-ro|  jCl+o)ftT} 

The  part  referring  to  the  direct  field  is  modulation  frequency-independent  and 
constitutes  a  "floor"  for  the  amplitude  of  the  CMTF.  At  higher  modulation  frequencies 
the  contribution  of  the  direct  field  becomes  significant,  as  is  shown  in  the  example  in 
figwe  3,  where  the  ratio  between  the  energy  in  the  direct  field  to  the  reverberant  field 
is  0.17.  The  distance  where  the  magnitudes  of  the  modulation  of  the  direct  field  and 
the  reverberant  field  are  equal,  could  be  called  "modulation  direct  field  radius". 
Derived  firom  (12)  and  normalised  on  the  ordinary  direct  field  radius,  it  is  equal  to 


When  estimating  SEA  parameters,  the  contribution  from  the  modulation  of  the  direct 
field  should  not  be  dominating. 
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Modulation  direct  field  radius  ( - ) 


Figure  4.  The  modulation  direct  field  radius  (normalised).  Incidentally  this  has 
B|>plications  at  investigations  of  slit  leakage. 


S.  Subsystem  modulation  homogeneity 

In  experiments  on  structures  and  rooms  it  has  been  observed  that  within  the  subsystems 
the  relative  variance  of  the  amplitude  and  phase  of  the  CMTF  increases  as  the 
modulation  frequency  rises. 
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Figure  5.  CMTFis  for  five  observation  positions^  one  source  position.  From  experiments  on  a  steel-plate 
of  area  1.7  nF  and  thickness  2  mm.  The  right-hand  ordinate  represents  the  modulation  coherence  as 
specified  by  (13  )  and  (14). 

It  is  important  that  the  model  behaviour  of  the  physical  system  holds  above  the 
crossover  frequency,  else  there  is  no  point  in  doing  the  parameter  estimation.  The 
spatial  homogenity  could  be  quantified  by  a  computed  modulation  coherence  fimction 

|2 


z: 


l^CMTF(a,r„r,) 


nZUCMTF(Q,r„rX 


(13.) 


M^here  the  summation  is  over  the  observation  positions.  Fahy  and  Ruivo  (1997)  have 
pointed  out  that  the  modulation  phase  dispersion  phenomenon  appears  to  place 
considerable  doubt  on  the  validity  of  extension  of  the  SEA  equations  to  represent  non¬ 
stationary  vibrational  energy  fiow  between  sub^stems.  Also  a  modulation  "phase 
coherence"  fimction  could  be  computed  from 


j.y"  Q^/7F(fl,rt,ro) 
«^*='|CM7F(Q,r*.r„)| 


(14.) 


The  SEA-model  designer  must  group  modes  that  are  "similar"  together.  It  is  possible 
that  the  modulation  transfer  function  could  be  used  as  a  "tool"  for  this; 

•  The  quotient  between  modulation  transfer  functions  (same  source)  at  two  observation 
positions  supposed  to  be  within  the  same  siib^stem,  should  be  flat  and  not  differ  to 
much  from  unity,  up  to  a  frequency  above  the  crossover  frequency. 

•  The  slopes  of  the  amplitude  and  phase-function  of  the  hi^  frequency  asymptote  of  a 
power-energy  transfer  Action  in  the  SEA  model  tell  the  number  of  subsystems  "in 
between"  the  observed  one  and  the  directly  driven. 
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6.  Propagation  delay  between  subsystems 

In  the  SEA  power  balance  equations  for  two  coupled  rooms,  the  energy  incident  to  the 
coupling  area  is  assumed  to  he  immediately  available  for  absorption  and  transmission 
by  die  other  ^stem.  But  physically  this  is  not  the  case  due  to  the  finite  energy  velocity. 
Assume  there  is  a  delay  iSt  between  the  subsystems  which  is  estimated  by  the  travel 
time  between  the  centroids  of  the  systems  (Lyle  1981)  Then  in  the  power  balance  of 
system  2,  £j(/)should  be  replaced  A/)  (and  in  the  balance  of  system  1, 

£2  (0  ^  -^2  ~  firequency  domain  this  corresponds  to  a  multiplication 

by  e’-^^and  then 

A)  =_Mi - g-m  (15) 

JQ+O)on2 

To  make  (15)  a  minimum-phase-shift  function,  a  phase  lead  ctmtpensation,  , 
could  be  introduced.  This  is  done  in  an  experiment  with  two  coupled  rooms,  see  next 
section. 


7.  Airborne  sound  insulation  measurement 


In  the  International  Standard  for  measurements  of  aiibome  sound  insulation  between 
rooms,  ISO  140-3,  the  equivalent  absorption  area  in  the  receiver  room  is  evaluated  fiom 
a  separate  measurement  of  e.g.  the  reverberation  time.  Additionally,  if  the  background 
level  in  the  receiving  room  is  larger  than  the  sound  pressure  level  due  to  the  sound 
source,  a  precise  value  of  the  latter  cannot  be  determined  However  the  estimation  of  the 
equivalent  absorption  area  is  time  consuming  and  the  desire  to  get  received  sound 
levels  10  dB  above  the  background  noise  level  makes  demands  upon  the  source. 

The  energy  density  in  a  wave  is  I/c  and  the  total  energy  in  the  receiving  room 
is/j  (t)V  /  c.  Under  the  assumption  of  diffuse  sound  fields,  the  power  balance  equation 


for  the  receiving  room  in  a  specific  fiequency  band  is; 


c  )  4 


Taking  the  Fourier  transform  of  (16)  one  obtains; 


MI.a 

4 

(16.) 

4 

(17.) 

Rearranging  (17)  yields: 


Let 


S-C'  T 
4V 


JCI+ 


Ac 

W 


(18.) 
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{CMTF(_a,r,))„ 
(CMTF(.a,r,)\, 
be  fitted  to  (9).  Identification  yields; 


(and  A  4-> 


7.1.  EXPERIMENTS  IN  TWO  COUPLED  ROOMS 


(19.) 

(20.) 


Twelve  observation  positions  in  each  room  were  used  and  one  source  position.  The 
pressure  impulse-responses  in  the  standardised  one-third  octave  bands  with  centre 
frequencies  100  to  3150  Hz  were  measured.  The  test  signal  was  a  maximum  length 
sequence  of  length  65535.  It  is  deterministic  and  periodic  and  its  period  length  is 
matched  to  the  record  length  of  the  analyser.  The  sampling  frequency  in  the  bands  100  - 
800  Hz  was  4000  Hz  and  the  record  length  16.384  s  giving  a  frequency  resolution  of 
0.061Hz. 


Rel.  amplitude  ( - ) 


Phase  (degrees) 


Frequency  (Hz) 

Figure  6.  The  quotient  (19)  in  a  specific  band  and  a  least<^are  fit 

The  impulse-responses  were  post-preceded  in  Matlab  according  to  eq.  (7)  by 
CMTF=dft(h.^2);  In  figure  6,  the  soUd  line  is  the  mean  of  the  CMTFis  in  the  receiving 
room  divided  the  mean  of  the  CMrF:s  in  the  driving  room.  The  model  first  order 
curve,  denoted  ^  the  dash  line,  is  fitted  to  the  low  fiequency  part  of  the  solid  line  using 
the  fimction  invfreqs  in  Matlab  Signal  Processing  Toolbox; 

[b.a]=ittvfreq8(mean(CMTF21(l:n)),/mean(CMTFll(l:n)),w(l:n),0,l);  b  and  a  will 
contain  the  coefficients  of  the  numerator  and  denominator  polynomials,  respectively,  w 
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is  the  frequency  vector  and  **0”  and  "1”  specify  the  desired  orders  of  the  numerator  and 
denominator  polynomials.  The  CMTF:s  are  truncated  at  n,  corresponding  to  the 
frequency  where  the  phase-function  is  approximately  -n!  A, 

In  another  computation,  a  phase  lead  compensation,  ,  where  the  delay  was  put 
to  =  7. 8  /  340s,  was  multiplied  with  (19)  before  the  fit  procedure.  In  figure  7  and  8 
the  corresponding  results  are  denoted  "compensated”. 


Centrefrequency  (Hz) 

Figure  7.  The  transmission  oo^cienL 

The  results  of  the  CMTF  method  are  ^stematicaliy  smaller  than  those  from  ISO  140-3, 
with  excq>tion  of  the  bands  100  Hz  and  1600  Hz. 
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Equiv.  absorption  area  (m^Sabine) 


Centrefrequency  (Hz) 

Figure  8.  The  equivalent  alMorption  area. 

The  linear  system  description  provid^  the  opportunity  for  reducing  the  influence  of 


the  background  noise  and  narrow-band  analysis,  see  figure  9. 


lima  (a)  Frequency  (Hr) 

Figure  9.  Left:  Increasing  the  Signat-to>Noise  Ratio  by  time  averaging^ times.  TTie  graphs  show  the 
impulse-response  (envelopes  smoothed)  in  a  position  in  the  receiving  room,  in  a  one-third  octave  band 
with  centre  frequency  1000  Hz.  The  SNR  when  is  equal  to  -8  dB. 


,  where  2  are  the  acoustical  transfer  impedances.  The  expression  is  fiequency 


smoothed  with  a  sweeping  Gauss-window  of  constaiit-i)ercentage  bandwidth  (3  %). 
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APPENDIX 

Proceeding  in  a  manner  indicated  by  (6)  it  can  be  shown  that  the  ensemble 
average  is 

^{n(0}  =  Y  (0  (Al) 

Then  in  the  frequency  domain,  the  quotient  between  the  kinetic  energy  density 
and  the  input  power  is  equal  to: 

)*«■)] 

where  9  is  the  Fourieroperator  and  p  the  density. 
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1.  Introduction 

A  judicious  choice  of  subsystems  for  an  SEA  model  is  essential  to  the  reliability  of  both 
theor^cal  and  experimental  applications  of  SEA,  Although  there  exist  no  universally 
established  criteria  or  guidelines  on  which  to  base  this  crucial  fundamental  decision,  it  is 
generally  recommended  that  the  chosen  subsystems  should  be  'weakly  coupled'  to  their 
immediate  neighbours.  Here  too,  there  is  no  universally  accepted  definition  or  criterion 
of  'we^*  coupling  [1],  Among  previously  proposed  weak-coupling  conditions  are  the 
following:  (i)  coupling  loss  factors  (CLFs)  of  a  subsystem  much  smaller  than  its  internal 
(dissipation)  loss  factor  [2];  (ii)  wave  power  transmission  coefficient  across  a 

subsystem  interface  much  less  than  unity;  (iii)  «  1,  where  Af/  denotes 

modal  overlap  factor  of  subsystem  i  [3,4];  (iv)  Green  functions  (or  frequency  response 
functions)  of  an  uncoupled  subsystem  little  sdfected  by  coupling  to  the  rest  of  the  system 


Although  it  is  not  clear  which,  if  any,  of  these  is  most  the  appropriate,  the 
desiderata  associated  with  weak  coupling  may  be  expressed  in  qualitative  terms  as 
follows:  (i)  a  substantial  difference  between  the  modal-average  energy  of  a  subsystem 
which  directly  receives  input  power  form  an  external  source  and  that  of  any  other 
subsystem  which  is  not  directly  excited;  (ii)  coupling  loss  factors  between  directly 
coupled  subsystems  much  greater  than  those  between  subsystems  separated  by  other 
interposed  subsystems;  (iii)  frequency-average  coupling  loss  factors  which  correspond 
closely  wiA  those  based  upon  the  wave  power  transmission  coefficients  between  the 
corresponding  infinitely  extended  (non-modal)  subsystems;  (iv)  coupling  loss  factors 
insensitive  to  subsystem  damping. 

These  conditions  militate  against  the  existence  of  'global'  modes  which  have 
significantly  different  natural  frequencies  from  those  of  the  uncoupled  subsystems  and  in 
which  mod^  energy  is  distribute  over  two  or  more  subsystems.  Under  conditions  of 
weak  coupling,  the  system  modes  are  localised'  in  the  sense  that  they  closely  resemble  in 
natural  frequency  and  shape  the  modes  of  the  uncoupled  subsystems  (given  the 
^propriate  boundary  conditions),  and  that  their  energies  reside  principally  within  the 
corresponding  subsystems.  The  modes  of  many  practical  structures,  particularly  those 
which  are  highly  non-uniform  (e.g.  beam-stiffened),  constitute  a  mix  of  global  and  local 
modes,  a  state  which  offers  a  serious  difficulty  for  SEA  modellers  (this  problem  is 
currently  being  addressed  by  the  development  of  hybrid  global/local  models). 
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2.  Coupling  strength  and  experimental  SEA 

Experimental  SEA  has  two  principal  modes  of  application:  (i)  Determination  of  intamal 
and  coupling  loss  factors  on  the  basis  of  controlled  excitations:  (ii)  Inference  of  input 
powers  on  the  basis  of  an  SEA  model  derived  in  the  labtxatory  together  with  estimates  of 
subsystem  response  energies  derived  from  vibration  measurements  made  during  system 
operation  [7]. 

The  first  mode  is  implemented  by  means  of  the  power  injection  technique,  in 
which  broad  band  forces  are  applied  sequentially  at  a  number  of  different  points  on  each 
subsystem  and,  for  each  input  point,  the  resulting  responses  are  measured  at  a  rather  large 
number  of  points  on  each  subsystem.  The  power  inputs  and  response  energies  are 
estimated  from  signals  generated  by  force  and  acceleration  transducers.  Alternatively, 
the  equivalent  powers  and  energies  are  derived  from  the  Fourier  transforms  of  applied 
impulsive  forces  and  the  resulting  transient  refuses.  Determination  of  the  loss  factors 
requires  inversion  of  the  matrix  of  estimated  energies.  Strmig  coupling  between  selected 
subsystems  produces  a  matrix  which  is  ill-conditioned  for  inversion  because  the 
associated  subsystems  tend  to  a  state  of  equipartition  of  modal  energy,  and  some  of  the 
off-diagonal  elements  can  equal,  or  even  exce^,  the  diagonal  elements.  The  elements  of 
the  energy  matrix  are  subject  to  uncertainty  associated  with  spatial  sampling  error, 
spectral  estimation  error  and  with  the  assumption  of  equivalent  mass  which  is  employed 
10  convert  estimates  of  measured  response  velocities  to  kinetic  energy.  This  uncertainty 
is  propagated  throughout  the  invert^  matrix  and  often  leads  to  serious  errors  in  the 
estimates  of  loss  factors:  it  is  not  uncommon  for  negative  loss  factors  to  emerge. 

Strong  coupling  between  any  one  or  more  pairs  of  subsystems  is  clearly 
undesirable.  Unfortunately,  the  presence  of  strong  coupling  is  usually  detected  only  after 
a  lengthy,  time  consuming  measurement  exercise  has  been  completed.  The  following 
sections  describe  the  results  of  an  attempt  to  develop  a  rapid,  preliminary  test  for 
subsystem  coupling  strength  which  is  applied  prior  to  implementation  of  the  power 
injection  method.  The  aim  is  to  provide  SEA  experimenters  with  an  indicator  which 
'sounds  the  alarm'  when  strong  coupling  is  detected. 

3.  Energy  impulse  respemse 

At  the  beginning  of  the  research  programme  which  led  to  the  development  of  the 
indicator  proposed  herein  it  was  decided  that  the  most  appropriate  of  the  previously 
mentioned  conditions  associated  with  a  state  of  weak  coupling  is  that  of  Langley  [5,6], 
since  it  relates  to  the  existence,  or  otherwise,  of  global  modes  which  involve  highly 
correlated  motions  in  two,  or  more,  contiguous  subsystems.  This  condition  violates  one 
of  the  principal  assumptions  of  SEA,  namely  that  all  modal  responses  are  uncorrelated. 
The  employment  of  a  number  of  'randomly*  located  excitation  points  on  each  subsystem 
may  provide  an  approximation  to  unccxrelated  modal  forces,  as  required  by  SEA  theory, 
but  it  does  nothing  to  mitigate  the  disruptive  effect  of  the  presence  of  global  modes. 
[Note:  it  is  not  appropriate  to  attempt  to  overcome  this  difficulty  by  an  appeal  to  notions 
of  ensemble  statistics  in  relation  to  tests  on  single  physical  samples]. 
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However,  it  is  not  practicable  to  attempt  to  quantify  the  effect  of  subsystem 
coupling  on  Green  functions  in  the  frequency  domain  [8].  Uncoupled  subsystems  are  not 
usually  available  and  the  question  of  appropriate  boundary  conditions  is  problematic. 
Consequently*  attention  has  been  directed  to  the  response  behaviour  in  the  time  dommn. 
It  seemed  likely,  on  physical  grounds,  that  the  impulse  response  of  a  directly-excited 
subsystem  would  closely  resemble  that  of  another  subsystem  to  which  it  is  strongly 
coupled*  but  would  differ  significantly  from  that  of  another  subsystem  to  which  it  is 
weakly  coupled  in  terms  of  the  wave  power  transmission  coefficient  This  *hunch*  was 
partly  stimulated  by  the  results  of  early  work  on  the  impulse  response  behaviour  of 
coupled  oscillators  [9,10]  and  more  recent  woik  on  transient  SEA  by  Pinnington  and 
Lednik  [1 1].  A  programme  was  initiated  to  investigate  whether  the  postulated  difference 
exists  and,  if  so,  how  it  could  be  quantified  to  form  the  basis  of  an  Indicator'  of  coupling 
strength. 


SEA  employs  subsystem  energy  as  the  expression  of  vibrational  state,  and 
because  it  common  practice  to  measure  structural  response  with  accelerometers,  from 
which  kinetic  energy  density  can  be  estimated,  it  was  decided  to  investigate  by  means  of 
theoretical  analysis  the  temporal  evolution  of  the  kinetic  energies  of  a  number  of  simple 
subsystems  consequent  upon  impulsive  excitation.  Vibrational  kinetic  energy  is  an 
oscillatory  quantity,  unlike  total  energy,  so  it  was  necessary  to  devise  a  procedure  for 
suppressing  these  oscillations,  while  retaining  the  longer-time-scale  evolution  of  the  total 
energy.  The  impulse  responses  were  Fourier  Transformed,  band-pass  filtered  and  Inverse 
Fburier  Transformed;  the  resulting  filtered  impulse  responses  were  squared,  scaled 
£^propriately  to  give  subsystem  energies,  and  the  time-histories  of  the  kinetic  energy 
were  integrated  over  a  time  interval  which  was  twenty  times  the  inverse  of  the  lower 
frequency  limit  of  the  band:  the  start  of  this  time  interv^  was  moved  along  the  time  axis 
to  produce  a  'temporal  moving  average',  or  envelope,  of  the  kinetic  energy:  examples  are 
presented  in  Fig.  1.  [Note:  the  integration  interval  was  selected  on  an  od  hoc  basis.] 

4«  Theoretical  models 

Systematic  parametric  studies  have  been  made  of  a  number  of  models  of  idealised 
subsystems  of  which  the  vibrational  behaviour  admits  closed  form  analytic  solutions  [8]. 
The  first  model  comprises  a  pair  of  uniform  elastic  rods  of  length,  supporting  quasi¬ 
longitudinal  waves.  Each  rod  is  clamped  at  one  end  and  coupled  at  the  other  end  by  an 
elastic  spring  of  which  the  strength  is  systematically  increased.  One  subsystem  is 
subjected  to  an  Dirac  force  impulse.  When  the  spring  is  very  strong,  the  energy  impulse 
responses  of  both  subsystems  exhibit  the  simple  exponential  decay;  with  very  weak 
coupling,  the  en^gy  impulse  response  of  the  indirectly-excited  rod  exhibits  a  clear  build 
up  to  a  peak,  followed  by  a  decay,  as  shown  in  Fig.  1.  The  time  delay  to  the  peak  is 
normalised  on  the  characteristic  time  for  wave  energy  to  travel  the  length  of  the  excited 
rod;  it  is  denoted  by  0. 

A  study  of  the  variation  of  0  with  non-dimensional  spring  strength  k  for  a  rod 
length  ratio  of  3/7  shows  that,  over  a  large  range  of  'low*  spring  stiffness,  0  remains 
constant.  As  the  spring  stiffness  is  increased  beyond  a  certain  value,  0  falls  rather 
rapidly  and  approaches  zero,  as  shown  in  Fig.  2.  Analysis  of  the  natural  fluencies  and 
mode  shapes  of  the  coupled  system  shows  that  in  the  range  of  k  when  0  falls  sharply. 
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the  vibrational  behaviour  of  the  system  changes  from  that  of  two 

ral.  so  Jesting -ta.  O-e  M  » 

.<%  Mnhai  hehaviouT  Fie.  2  also  shows  the  variation  ofti  with  if  for  a  roa  lengm 
ratfo  of  1/2  In  this  case,  0  remains  close  to  zero  over  the  whole  range  o^nng 
S  .^uSt  smS  that  the  reason  for  this  marked  dif feiena  m  Saviour  h^  m 

the^t  that  thae  is  coincidence  between  the  natural  frequencies  of  at  least  om  pair  of 

of  ti«  sotis  injbe 

The  time-histtwies  of  the  power  transferred  from  the  directly-dnven  rod  to  of**®  . 
wo  cases  is  presented  in  Fig.  3;  there  is  a  clear  morphological  and  quantitative  distinction 

between  the  two  foims. 

The  variation  of  0  with  coupling  spring  stiffness  was  also 
subsystems  consisting  of  beams  and  also  p^  of  thm  flat. 
characteristic  fall  which  was  assumed  to  indicate  the  transition  between  we^  ( 
S“ti  Wobal  mod.)  bobavtioor,  is  obsov^  in  ^ 

coincidence  exists  between  at  least  one  i^r 

Also  studied  was  a  system  consisting  of  two  end-connected  lo^  of  (hfferent  cr«s 
sectional  area  which  support  quasi-longitudinal  waves. 

coincidence',  the  transitional  fall  in0  is  observed,  the  value  appro^hmg  zero  for  an^ 
ratio  of  unity  (no  discontinuity).  The  relevant  ^coupled  S  Si 

corresponding  to  a  free  boundary  condition  at  the  coupled  end  for  .. 

fixed  boundary  condition  for  the  thinner  rod.  This  observation  is  ‘‘ 

demonstrates  that  the  definition  of  'uncoupled'  in  the  present  context  depends  upon  th 
form  of  constraint  offered  by  one  subsystem  to  the  other  when  coupled. 

The  fact  that  no  significant  time  delay  to  the  peak  of  the  energy  impulse  is 
observed  if  modal  coincidence  does  not  occur  in  a  selected  frequency  ^d, 
weak  the  coupling,  would  appear  to  present  a  serious  obstacle  to  Ae  fi^ibihty  of  ^‘"8 
an  indicator  of  coupling  strength  on  Ais  delay.  Subs^uent  stodies,  however.  mAcate 
that  Ae  problem  is  mwe  of  academic  interest  than  practical  significance. 

5.  An  indicator  of  coupling  strength 

AlAough  Ae  non-dimensional  time  delay  to  Ae  peak  of  Ae  Wnetic  '"JP“j^ 

response  is  sensitive  to  coupling  strengA,  subject  to  satisfaction  of  Ae  conAPon  of 

coincidence,  it  is  also  sensitive  to  subsystem  damping.  Si^  Ae  P}**P°®^ 

was  to  seek  a  uraversal  indicator  of  couplmg  strengA  which  exclusively  relates  to  the 

facility  wiA  which  waves  cross  subsystem  mtCTfaces.  it  was  necessary  to  JP® 

effect  of  subsystem  damping.  This  was  achieved  by  defiiiing  * 

quantity  denoted  by  Cs  as  illustrated  by  Fig.  4.  Evaluation  of  Cg  for  the  idealised 

systems  described  above  revealed  a  remarkable  degree  of  uniformity  of  form  and  of 

values  associated  wiA  very  weak  coupling,  irrespective  of  system  topology  ^d  wave 

type,  as  illustrated  by  Fig.  5,  and  a  fair  degree  of  immunity  to  jmf  changes  of  ^P‘"8 

(Fig.  6).  On  the  basis  of  these  analyses,  we  postulate  a  tiroshold  for  Cs  of  0.07,  a^ 

suggest  that  values  below  Ais  serve  a  warning  that  Ae  choice  of  subsystems  may  not  be 

ipprqiriate. 


6.  The  modal  coincidence  problem 


AN  INDICATOR  OF  COUPLING 


5 


neS^  and  that  a  sufficient  degree  of  modal  proximity,  m^  be 
S^Stly,  a  series  of  theoretical  studies  of  this  phenomenon  have  been  made  m  oide 

to  develop  a  jHOximity  criterion. 

As  a  Dielude  to  the  analysis  of  extended,  multi-mode  subsystems,  the  Iwhaviour 

rf C.  ^rrfcS.K^i.sly  1a™p«4  si»i»8-co»P>«<l,  ^ 

analysed.  Tl»  variation  of  C5  with  the  strength  of  the  couphng  sprmg  has  been  evaluated 
fOT  a  range  of  damping  ratios  representative  of  those  exhibited  by  practical  structiir^. 
The  ratio^of  uncou5ed®natural  frequencies  has  been  varied  by  * 

indirectiv-excited  oscillator.  Examples  of  the  results  are  shown  m  Bg.  7.  The  u^r 
asymptote  of  Cj  is  very  similar  to  that  for  rods,  beams  and  plates.  The 
below  which  Cj  falls  below  0.07,  even  with  weak  damping,  decreases  as  ^pmg 
increased  The  most  significant  feature  is  the  confluence  of  all  cto 
proposed  threshold  of  0.07.  For  a  given  damping,  the  ^Sis 

Eorresponding  to  the  threshold  value  of  does  not  chMge  with  ^  ^ 

characteristic  reinforces  the  argument  for  the  selection  of  this  threshold  value  and  fo  j 
as  a  valid  indicator  of  the  transition  from  strong  to  weak  I 

does  suggest  that  the  value  of  spring  strength  which  correspon^ 
sensitive  to  damping:  the  implication  is  that  couphng  strength  (in  ^  present  sense) 
produced  by  a  given  spring  can  be  weakened  by  increasing  subsystem  dampmg. 

A  similar  analysis  has  been  carried  out  for  two  rectangular 
width  plates  coupled  along  the  interface  by  a  combination  of  Im^  i  Ae 

springs  Because  of  the  multi-mode  nature  of  this  system  it  is  not  possible  to  the 
Quincy  ratio  systematically  as  it  is  for  discrete  owill^; 

ofCc  for  two  different  plate  length  ratios  was  mvestigated.  It  was  found  that  the  value  o 
the  indicator  varied  considerably  with  locations  of  the  points  of  force  input  res^n^ 
measurement:  consequently,  a  set  of  values  for  twenty  frw  different 
input  and  output  locations  was  computed.  The  mean  and  90%  confutence  hmits  of  Cs  are 
presented  in  Fig.  8;  the  former  as  functions  of  the  strength  of  the  toreion^ 

Swt  the  same  confluence  behaviour  as  the  oscillators.  The  doping  could  not  l» 
varied  for  reasons  of  unacceptable  demands  in  computer  run  time.  The  observed  sp^ 
variability  suggests  that  it  may  be  necessary  to  measure  Cs  at  a  number  of  points  in 

experimental  evaluations. 

The  principal  conclusion  from  these  analyses  is  that  ^  modal  pro^ty  is  adequate  to 
enswe  that  Cs  is  greater  than  0.07  in  the  case  of  very  weak  coupling,  it  will  ensure  that 
U  is  remains  above  this  threshold  ^coupling  is  not  strong.  The  vital 
modal  proximity  criterion  can  be  validly  derived  on  the  basis  of  models  incorporating 
very  weak  coupling  which  are  amenable  to  analytic  approximations. 
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7.  Derivation  of  a  modal  proximity  criterion 
7.1.  WEAKLY-COUPLED  OSCnXATORS 

A  cloKd  fbmi  MialyUc  »l«ao»  is  av^tobje  tor 

coupled  oscillators  in  the  limit  of  vamshmgly  smdll  ^  In  aw  fi  and  Cl  which 
been  used  to  evaluate  Cs  as  a  functira  of  the  four  variables  0i,  <02,  tl  “«>  W  wnicn 

represent  the  uncoupled  natural  ®  ?  whfcSJ^ 

Combinations  of  these  variables  are  sought  that  ^u«  a  s  .  ^ 

007  with  very  weak  coupling:  the  associated  domain  is  defined  as  tto  of  m^ 
ni^Lm  tv-  i  if  the  damping  ratios  are  held  constant,  the  bounrtoes  of 

die  donin  LLpond  to  constant  frequency  ratio 

expands  as  damping  is  increased.  With  C,  as  a  functmn  of  thr^  ® 

of  the  domain  of  modal  proximity  can  be  determined  «  a  *1^ ^ 

10.  Modal  proximity  is  clearly  related  to  combined  oscillator  bandwidth. 

7.2  WEAKLY-COUPLED  MULTI-MODE  SUBSYSTEMS 

A  deterministic  form  of  analysis  is  not  appropriate  to  systems  b^u^  h 

cannot  be  generalised.  Hence  a  statisucal  approach  was  adopted  with  subsyste 

Smptotic  modal  densities  and  modal-average  1?®*.  factor 

nrobabilitv  of  occurrence  degree  of  modal  proximity  in  a  frequency  band  *s  d 

b^e  pStobS^stribution  of  the  minimum  difference  between  uncoupled  mc^ 

Stml ‘SencL.  On  the  basis  of  the  converiti^anal  SEA  ^umptioj^f 

probabUity  of  occurrence  of  a  natural  frequency  withm  a  given 

Dfflo  simulation  procedure  was  used  to  genet^  fluency 

independent  distributions.  The  generated  distribution  ®*®s®;y 

distribution  having  both  mean  and  standard  deviauon  given  by  where  Nii^ 

exoected  number  of  natural  frequencies  in  bandi;  this,  of  course.jtepends  upon  rnorW 

deSy  and  selected  bandwidth.  Hence  the  frequency  separanon 

90%  cumulative  probability  may  be  defined;  this  iilso  depends  upon  bandwidth.  Finally, 

a  Modal  Proximity  Indicator  may  be  defined  as 

Mp  =  0min  */  ^90 

where  X7  and  x2  are  the  frequency  ratios  which  bound  the  mr^l 

the  given  assumed  or  measured  loss  factors  (as  shown  m  Fig.lO)  and 

Umit  of  the  selected  frequency  band.  If  Mp  is  greater  th»  unity,  a 

0.07  indicates  the  existence  of  strong  coupUng  at  a  confidence  level  of  90%.  Note  that  Mp 

is  sensitive  to  damping  through  x/  and 

8.  Some  tests  of  Mp 

As  mentioned  in  Section  4.  values  of  Q  have  been  determined  for  various 
coupled  idealised  subsystems.  Calculations  of  Mp  for  weakly  coupled  r^s  and  b^s 
produced  values  much  less  than  unity,  thereby  confirming  the  observed  sensiuvity  to 
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small  geometric  variations  associated  with  low  modal  density,  which  ^ 

Sates  of  C,  for  one  pair  of  input  and  response  pomts  sugg^ted  dm 

sensitive  to  such  variations  [8].  Subsequent  estimates  of  the  viduM  ^ 

toput  and  response  points  on  the  plate  yielded  confidence  Imuts  of  0.079  and  0.188. 

which  clearly  indicates  adequate  naodal  iHOximity. 

tetween  2  in  a  200  Hz  band  centred  on  200Hz  and  278  in  the  same  bandwidth  centred  on 
6900  Hz.  confirming  a  high  degree  of  modal  proximity. 

9.  Conclusion 

A  novel  indicator  of  coupling  strength  between  SEA  subsystems.  ‘® 

nroDOsed  It  is  rapidly  determined  from  the  band-filtered 
LbSstems  when  hidirectly  excited  by  another  subsystem  which  is 
Thailetical  and  experimental  evidence  suggests  that  Cs  for  a 

be  determined  at  a  number  of  points  on  any  one  subsys^"}  ^  ^  a  g^  Jttmate  o^*e 
temporal  evolution  of  the  subsystem  energy.  C,  exhibits  a  form  of  . 

coupling  strength  which  appears  to  be  universal  and  mdependent  of  subsystm  ^ 
wave  t^.  ThI  upper  value  associated  with  very  coupling  a^ 
fiom  system  to  system,  provided  that  a  modal  prowmity  cnienon  is  satisfied  as  ^ 

KSTpSxiSy  iSicMo,  <l«K«d  b,  M,  .Aid.  C™  be  evaluMrf  ^ 

the  modal  densities  and  loss  factors  of  the  subsystems  concerned,  l^vided  that  Mp  is 
greater  than  unity,  a  value  of  Cj  below  a  defined  threshold  value  indirates  tee  “istenre 
S^ong  coupling  itween  selected  subsystems  in  tee  fiOTi  of  glol^  m^.  ewtetion 
is  not  conducive  to  accurate  experimental  determinauons  y,is 

accurate  theoretical  SEA  response  predictions.  An  SEA  model  which  exhibite  teis 
betoviour  should  be  modified  to  integrate  strongly  coupled  subsystems  into  one 
subsystem. 
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Non-dimensional  time 


Fig.l  Kinetic  energy  impulse  responses  for  weakly  coupled  subsystems:  (a)  directly-driven 
subsystem:  (b)  indireedy-driven  subsystem. 
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Fig.2  Variation  of  6  with  non-dimensional  coupling  spring  strength  K 
for  rods  of  length  ratios  3/7  (A)  and  1/2  (O), 
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Fig3  Temporal  variation  of  transmitted  power :  (a)  length  ratio  W.  (b)  length  ratio  1/2. 
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K,  (Nm/rad) 

Fig.8  Variation  of  mean  and  90%  confidence  interval  of  Cs  for  coupled  plates  with  non- 
dimensional  coupling  spring  strength  for  two  plate  length  ratios. 


Frequency  (Hz) 

Fig.9  Frequency  ratio  bounds  for  modal  proximity  as  a  fimction  of  frequency  for  weakly  coupled 
oscillators. 


natural  frequency  ratio. 
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1.  Abstract 

This  paper  deals  with  the  statistical  aspects  of  the  Power  Injection  Method  (PIM),  a 
well-established  technique  to  experimentally  derive  the  SEA  loss  factor  model.  It  is 
outlined  how  the  variances  of  the  energies  measured  in  the  power  injection  process  can 
be  obtained  and  how  approximate  analytical  expressions  describing  the  propagation  oi 
the  energy  variances  through  the  loss  factor  calculation  can  be  derived  based  on  a  first 
order  Taylor  expansion.  The  expressions  giving  the  loss  factor  variances  as  functions 
of  the  energy  variances  offer  the  practical  advantage  that  they  can  be  quickly  evaluated 
during  the  acquisition  process.  Subsequently,  it  is  discussed  how  the  confidence  levels 
of  the  SEA  predictions  can  be  obtained.  The  practical  usefulness  and  limitations  of  the 
derived  analytical  expressions  are  investigated  based  on  a  Monte-Carlo  variability 
analysis.  The  statistical  theory  is  then  applied  to  a  railway  carriage  of  a  high-speed 
train,  illustrating  how  the  effectiveness  of  loss  factor  modifications  can  be  evaluated  in 
tenns  of  confidence  levels. 

2.  Introduction 

SEA  is  a  high-frequency  vibro-acoustic  modeling  technique  which  works  with  the 
averaged  response  taken  in  the  time,  frequency  and  spatial  domain  instead  of  local 
response  variables.  The  successful  application  of  SEA  relies  on  a  high  modal  density 
and  high  modal  overlap  to  ensure  that  the  average  is  a  useful  and  reasonably  accurate 
quantity  [1].  SEA  adopts  the  concept  that  the  time  averaged  net  power  flow  between 
two  subsystems  varies  at  a  rate  proportional  to  the  difference  in  modal  energy  in  a 
given  frequency  band  and  that  the  time  averaged  power  internally  dissipated  in  a 
subsystem  is  proportional  to  the  total  energy  level  of  this  subsystem.  Both  assumptions 
of  proportionality  give  rise  to  the  coupling  and  the  internal  loss  factors  which 


constitute  the  basic  SEA  model.  The  global  SEA  equation  is  obtained  by  balancing  the 
time  averaged  external  power  input  to  each  subsystem  with  the  power  dissipated  in  the 
subsystem  and  the  net  power  flows  to  the  coupled  subsystems.  This  results  in  the 
following  equation : 

‘  N 

'^21  "^A^l 

» =  1 

N 


N  ‘ 

j  =  1 

where  N  is  the  total  number  of  subsystems,  Ei  represents  the  time  averaged  total  energy 
of  the  i-th  subsystem,  Pi  is  the  time  averaged  power  input  to  the  i-th  subsystem,  co  is  the 
radian  center  band  frequency,  riy  is  the  coupling  loss  factor  between  subsystems  i  and  j 
and  Tiii  is  the  internal  loss  factor  of  subsystem  i.  The  matrix  [L]  in  equation  (I), 
composed  of  the  internal  and  coupling  loss  factors,  is  further  referred  to  as  the  total 
loss  factor  matrix. 
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The  Power  Injection  Method  (PIM)  is  the  most  widely  used  technique  to 
experimentally  derive  the  SEA  loss  factor  model  without  the  need  to  disassemble  the 
structure  into  components  [2].  It  basically  comes  down  to  exciting  each  subsystem  in 
turn  and  measuring  the  response  energies  on  all  subsystems.  The  difficulty  that  arises 
in  the  experimental  approach  is  the  measurement  of  the  total  resonant  energy  of  the 
i-th  subsystem,  Eg,  due  to  excitation  in  subsystem  j.  In  order  to  cope  with  this,  the 

vibrating  or  acoustical  field  is  sampled  at  several  discrete  points.  The  measured  point 
velocities  or  pressures  are  squared  and  spatially  averaged  to  respectively  yield  the  space 

averaged  square  velocity  ot*  pressure  brackets  <>  denote  the  spatial 

averaging.  For  sake  of  simplicity,  the  variable  (^Rg  ^  is  introduced  which  represents 

in  case  of  a  structural  subsystem  and  in  case  of  an  acoustical  subsystem. 

The  energy  of  the  i-th  subsystem  due  to  excitation  in  the  j-th  subsystem  is  then 
estimated  by  multiplying  with  the  total  subsystem  mass  Mi  or  the  subsystem 

volume  Vj  ; 


Eg  =  (structural)  or  Eg  ^  (acoustical) 


(2,3) 


where  p  is  the  medium  (mostly  air)  density  and  c  the  sound  velocity  in  the  medium. 
The  total  subsystem  mass,  Mj,  in  equation  (2)  can  only  be  used  in  the  calculation  of  the 
total  energy  for  uniform  structures  of  constant  thickness  (plate)  or  cross-section 


(beam).  In  order  to  overcome  this,  it  has  been  suggested  to  use  the  “equivalent  ’ 
mass/volume  in  equations  (2,3)  instead  of  the  real  mass/volume  [3]. 


The  loss  factors  can  be  derived  from  the  PIM-energies  as  follows  [4] : 


N 

-^12 


-”21  •• 

■  -”wi 

N 

-I.”''  ■■ 

-”n2 

N  ' 

■ 

f  =  1 

£1: 


K. 

El. 

EL 


f^rlZ.l=-[r]  ' 

(i) 


(4) 


where 


denotes  the  normalized  energy  in  subsystem  i  due  to  power  input,  Pj, 


in  subsystem). 


Approximate  formulas  can  also  be  derived  on  the  basis  that  the  energy  in  non-driven 
subsystems  is  significantly  lower  than  in  the  directly  driven  subsystem  (weak  coupling 
assumption),  guaranteeing  positive  loss  factor  values  [5] : 
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An  important  aspect  of  equation  (5)  is  that  it  enables  the  coupling  loss  factors  between 
two  coupled  subsystems  to  be  calculated  from  measurements  made  only  on  those  two 
subsystems,  regardless  of  the  other  subsystems. 


3.  The  Statistical  Aspects  of  PIM 

In  the  power  injection  process,  each  subsystem  is  excited  at  3  or  more  points  chosen  at 
random  in  order  to  simulate  statistical  independence  of  the  modes  [2].  The  responses  at 
different  locations  are  measured  for  each  subsystem.  Typically,  about  5  to  10  response 
points  per  subsystem  are  measured.  The  square  velocities/pressures  are  individually 
normalized  by  unity  input  power,  subsequently  linearly  averaged  and  multiplied  by  the 
mass/volume,  yielding  the  normalized  energies  E"y  appearing  in  equations  (4)  and 
(5,6). 

The  accuracy  of  the  experimental  SEA  model  will  depend  on  the  specific  number  of 
excitation  and  response  points  chosen  on  each  subsystem.  There  will  always  be  a 
certain  spread  associated  with  the  normalized  space  averaged  square  velocity/prcssure 
<R"jj>  due  to  the  averaging  of  a  finite  number  of  values.  Therefore,  it  is  meaningful  to 
calculate  the  associated  confidence  levels  of  <R‘*ii>  and  to  comprehend  how  these 
confidence  levels  can  be  translated  into  the  confidence  levels  of  the  loss  factors. 


3.  ] .  THE  MEAN  AND  VARIANCE  OF  THE  POPULATION  OF  THE 
NORMALIZED  RESPONSES 


The  population  of  normalized  square  velocities/pressures  which  are  dealt  with  in  PIM 
are  infinite  because  of  an  infinite  number  of  potential  excitation  and  response  points. 
From  the  measurements,  only  a  sample  of  nomialized  responses  is  obtained,  each 
corresponding  to  a  specific  excitation  and  response  point.  If  R"ij.pi]  denotes  the 
normalized  square  velocity/pressure  measured  at  response  location  p  ot  the  i-th 
subsystem  due  to  excitation  at  location  q  of  the  j-th  subsystem,  the  mean  value  and  the 
variance  of  the  population  of  the  normalized  square  velocities/pressures  of  subsystem  i 
for  excitation  in  subsystem]  can  be  estimated  as  follows  [6] : 
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where  Nresp  is  the  number  of  response  locations  of  response  subsystem  i  and  Nin,>  the 
number  of  excitation  locations  of  the  excited  subsystem  j.  The  overbar  denotes  the 
estimated  mean  value.  Jt  corresponds  to  the  brackets  <  >  denoting  the  spatial 
averaging,  i.e.  <R"ij>  =  R" j.  Note  the  difference  in  annotation  between  the  (unknown) 
mean  and  variance  representing  the  entire  population,  respectively  denoted  by  the 
Greek  letters  |Ji  (population  mean)  and  a  (population  variance)  and  the  mean  and 
variance  estimated  from  a  sample  of  quantitative  data  (R"ij.pq  for  p  =  1  ...  N,esp.  q  =  1 
...Ninp)  respectively  designated  by  the  overbar  (sample  mean)  and  the  Roman  letter 
(sample  variance).  The  sample  standard  deviation,  s,  is  the  non-negative  square  root 
of  the  sample  variance.  It  is  a  measure  of  spread  expressed  in  the  units  of  the  original 
data.  The  relative  standard  deviation  which  allows  comparison  of  the  spread  ot 
different  data  sets  on  a  relative  basis  is  defined  as  the  ratio  between  the  standard 
deviation  and  the  mean. 


3.2.  THE  VARIANCE  OF  THE  NORMALIZED  ENERGIES 


For  experimental  SEA,  the  main  result  of  interest  is  not  the  estimated  mean  and 
variance  of  the  population  of  the  normalized  responses  as  such,  but  rather  the  mean 
and  the  variance  of  the  space  averaged  square  velocity/pressure  <R"ii>  or  the  sample 
mean  R"ij.  In  other  words,  what  is  e.g.  the  90%  interval  bracketing  the  unknown  mean 
of  the  entire  (infinite)  population  of  the  normalized  responses. 

The  Central  Limit  Theorem  says  that,  for  a  large  number  of  samples  NrcspNi„p  ,  the 
sample  mean  R"ij  is  approximately  normally  distributed  with  the  mean  p  and  a 

variance  given  by 
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The  interval  [/?,;- 1.645^^, ,/?;+ 1.645s-.  ]  brackets  the  unknown  mean  with 
90%  interval. 

Assuming  then  that  there  is  no  uncertainty  on  the  subsystem  mass/volume,  the 
estimated  variance  of  the  normalized  energies  is  given  by 

y2  ^  (10,11) 

sin  ~  (structural)  or  A  (acoustical) 

p V 

It  can  be  shown  that,  from  an  experimental  point  of  view,  the  assumption  of  no 
uncertainty  on  the  mass/volume  is  justified  when  computing  the  variances  ot  the  loss 
factors.  Reason  hereto  is  the  fact  that  the  mass/volume  of  the  i-th  subsystem  is  actually 
a  scaling  factor  for  the  loss  factors  rjy  for  j  =1  ..  N  [7,8]. 

4.  The  Calculation  of  the  Variances  of  the  Loss  Factors 

The  objective  is  now  to  study  the  transmission  of  the  variances  of  the  normalized 
energies  through  the  loss  factor  calculation.  Two  methods  can  be  distinguished  to 
calculate  the  loss  factor  variances.  On  the  one  hand,  the  application  ot  the  statistical 
propagation  of  error  formulas  giving  an  approximate  analytical  expression  for  the  loss 
factor  variance  as  function  of  the  variances  of  the  normalized  energies.  These 
expressions  can  be  quickly  evaluated  during  the  acquisition  process.  On  the  other 
hand,  based  on  a  Monte-Carlo  variability  analysis  which  requires  much  more 
computational  effort  and  time,  but  offers  the  advantage  to  be  more  accurate  if  a 
sufficiently  high  number  of  experiments  are  evaluated.  The  statistical  Monte-Cario 
method  also  provides  the  possibility  to  evaluate  the  probability  distribution  of  the  loss 
factors. 


4.1.  ANALYTICAL  APPROACH 

The  variance  calculation  for  the  loss  factors  derived  from  either  full  matrix  inversion 
(see  equation  (4))  or  from  approximate  formulas  (see  equations  (5,6))  is  outlined. 

4. 1. 1.  Full  Matrix  Inversion 


The  loss  factors  are  estimated  through  the  inverse  of  the  normalized  energy  matrix. 
The  statistical  transmission  of  variance  or  propagation  of  error  fonnula  says  that  the 
mean  of  the  loss  factors  can  be  approximated  by  evaluating  equation  (4)  for  the 
estimated  mean  of  the  normalized  energies  and  that,  based  on  performing  a  first  order 
Taylor  expansion,  the  variance  of  the  total  loss  factor  ly  is  approximately  given  by  : 
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It  can  then  be  shown  that  the  variance  associated  with  the  coupling  loss  factor  between 
subsystems  i  and  j  is  given  by  [9] : 


(13) 


In  case  of  weak  coupling,  the  major  contribution  to  the  variance  of  the  coupling  loss 
factor  Tiij  will  occur  if  k=j  and  if  I=i  as  then  the  product  of  two  total  loss  factors  Ih  and 
Iji  occurs.  This  means  that  it  is  important  that  the  variance  of  the  normalized  energy 
E"|i  is  low  to  get  a  high  precision  for  the  loss  factor  tlij.  Formula  (13)  also  shows  that  in 
case  of  strong  couplings,  the  variance  will  be  higher  in  comparison  with  weak 
coupling. 

Similar  to  the  derivation  of  expression  (13),  it  can  be  shown  that  the  variance  ot  the 
internal  loss  factor  of  subsystem  i  is  given  by  [8]: 

1  w  N  -  _  ,  ,  (14) 


4.1.2.  Approximate  Formulas 


The  propagation  of  error  formula  can  also  be  applied  to  equations  (5,6),  giving  a  good 
approximation  for  the  loss  factors  in  case  of  weakly  coupled  subsystems.  By  performing 
the  first  order  Taylor  expansion,  the  following  expressions  can  be  derived  for 
respectively  the  coupling  and  the  internal  loss  factor  [7] : 
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One  should  realize  that  the  formulas  (15,16)  describe  how  variability  of  error  is 
propagated  or  transmitted  through  a  mathematical  function.  In  this  case,  the 
mathematical  formula  is  an  approximate  method  to  compute  the  loss  factors.  The 
formulas  will  not  take  into  account  the  bias  error  made  due  to  using  the  approximate 
loss  factor  calculation  instead  of  the  full  matrix  inversion.  This  error  is  however  of 
second  order  and  typically,  the  approximation  will  result  in  a  slight  overestimation  of 
the  loss  factors.  The  quality  of  the  approximate  loss  factor  calculation  can  be  assessed 
by  synthesizing  the  energies  and  comparing  these  with  the  measured  energies  obtained 
from  the  PIM  tests  [10]. 

4.1.3.  Usefulness  of  the  analytical  expressions 

The  approximate  analytical  expressions  transforming  the  variances  ot  the  normalized 
energies  into  variances  of  the  loss  factors  are  extremely  helpful  to  decide  whether  or 
not  PIM  measurements  can  be  terminated.  By  analyzing  the  different  contributions  to 
the  loss  factor  variance,  it  can  be  seen  which  critical  subsystems  require  a  higher 
discrete  spatial  sampling  of  the  response  field.  The  confidence  levels  also  contribute  to 
gaining  more  insight  about  the  sub-division  into  subsystems,  the  key-stage  in  the  whole 
SEA-process.  As  SEA  deals  with  the  reverberant  response  field,  one  would  expect  that 
the  spread  of  the  normalized  point  responses  within  the  same  subsystem  is  quite  low. 


The  latter  implies  that  the  variance  of  the  population  ot  the  normalized  square 
velocities/pressures  given  by  equation  (8),  is  low.  A  fairly  low  number  of  excitation  and 
response  points  is  then  sufficient  to  accurately  estimate  the  true  average.  A  high 
variance  of  the  normalized  energy  for  a  reasonable  number  of  excitation  and  response 
points  might  indicate  that  the  subsystem  division  does  not  comply  with  the  SEA  basic 
assumptions.  From  equation  (9),  it  can  be  seen  that  increasing  the  number  of  excitation 
and  response  points  will  narrow  down  the  confidence  interval,  but  precautions  have  to 
be  taken  with  this.  In  case  of  large  spread  of  the  responses  within  the  same  subsystem, 
it  might  be  more  meaningful  to  re«partition  the  subsystem  into  smaller  subsystems, 
having  a  response  population  with  a  lower  variance. 


4.2.  THE  MONTE-CARLO  APPROACH 


The  Monte-Carlo  method  computes  the  loss  factor  mean  and  the  loss  factor  variance 
based  on  conducting  experiments  or  simulations.  In  each  experiment,  the  nonnalized 
energies  are  perturbed  conform  to  a  normal  or  Gaussian  distribution  having  the  sample 

mean  E"ij  and  sample  variance  .  It  is  assumed  that  each  term  of  the  normalized 

energy  matrix  can  be  independently  perturbed.  The  loss  factor  calculation  is  then 
performed  for  a  vast  amount  of  possible  combinations  of  disturbances  of  the 
normalized  energies.  In  case  M  evaluations  are  carried  out,  tor  each  loss  factor,  M 
values  will  be  produced,  T|f  .  The  mean  of  the  loss  factor  is  then  estimated 

by 
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and  the  variance  is  given  by 
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Contrary  to  the  analytical  expressions  which  yield  approximations  for  the  loss  factor 
mean  and  variance,  if  the  number  of  simulations  M  is  sufficiently  high,  an  accurate 
result  for  the  loss  factor  mean  and  variance  is  obtained.  Additionally,  the  data  set, 
n’  allows  to  compute  the  probability  histogram  for  each  loss  factor 

which  can  be  visualized  to  check  whether  a  normally  distributed  population  is  found. 
The  disadvantage  of  the  Monte-Carlo  approach  however  lies  within  the  significant 
amount  of  computation  time  in  case  the  number  of  subsystems  included  in  the  SEA- 
model  becomes  large.  In  case  of  N-subsystems,  variables  can  be  independently 
perturbed  in  each  experiment  and  it  can  be  easily  understood  that  the  number  of 
experiments,  M,  should  be  much  larger  than  in  order  to  get  reliable  estimates. 


5.  The  Variance  of  the  SEA  Predictions 


Assuming  that  the  operational  power  inputs  into  different  subsystems  arc  given,  the 
mean  energy  level  of  each  subsystem  can  be  estimated  by  applying  the  SEA  power 
balance  equation : 

where  {  Eoper}  represents  the  mean  levels  of  the  predicted  response  energies  and  {P„p) 
is  the  known  operational  input  power  vector.  As  the  loss  factors  are  experimentally 
identified  by  inverting  the  normalized  energy  matrix  as  expressed  by  equation  (4),  it  is 
more  convenient  to  rewrite  equation  (19)  in  terms  of  the  normalized  energies  which 
were  measured  in  the  power  injection  process  : 

_  _  _  w  _  (20) 
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Consequently,  the  variance  of  the  predicted  energy  level  of  subsystem  i  is  given  by 


As  equation  (20)  is  a  linear  equation,  the  probability  distribution  of  the  predicted 
operational  energy  will  be  normal  if  the  normalized  PIM-energies  are  normally 
distributed. 

6.  Test  Results  and  Discussions 

6. 1 .  EVALUATION  OF  THE  ACCURACY  OF  THE  ANALYTICAL  VARIANCE 
EXPRESSIONS  BASED  ON  A  MONTE-CARLO  VARIABILITY 
ANALYSIS 

In  order  to  assess  the  practical  usefulness  and  limitations  of  the  analytical  expressions 
which  are  approximate  due  to  the  involved  first  order  Talor  expansion  in  the 
derivation,  the  analytical  formulas  were  applied  to  a  numerical  example  and  compared 
with  the  statistical  Monte-Carlo  approach.  The  normalized  PIM  energy  matrix  ot  a  6 
fairly  weakly  coupled  subsystem  model,  resembling  a  box  structure  with  an  opening, 
forms  the  basis  for  the  numerical  simulation.  The  coupling  loss  (actors  are  about  6  to 
10  times  smaller  than  the  internal  loss  factors  and  the  weak  coupling  condition  is 
better  fulfilled  for  the  higher  frequencies.  Three  cases  for  the  variances  of  the 
normalized  PIM  energies  were  investigated  :  relative  standard  deviation  ot  all 
normalized  energies  equal  to  10%,  20%  and  30%.  Figures  1,  2  and  3  compare  the 
relative  standard  deviation  of  the  internal  loss  factor  r|44  and  the  coupling  loss  factor 
ir|45  estimated  by  using  equations  (14)  and  (13)  with  the  Monte-Carlo  result.  The 
number  of  experiments  in  the  Monte-Carlo  approach  was  chosen  equal  to  100000, 
guaranteeing  a  high  confidence  in  the  obtained  results.  It  can  be  dearly  observed  from 


figure  1  that  excellent  agreement  is  obtained  in  case  the  relative  standard  deviation  ot 
the  PIM  energies  equals  10%.  Figures  2  and  3  show  that  the  analytical  expressions  are 
less  good  in  case  of  higher  relative  standard  deviations  (20%  and  30%).The  estimates 
are  better  for  the  higher  frequencies  due  to  weaker  coupling  between  the  subsystems.  In 
general,  the  analytical  expressions  tend  to  underestimate  the  Monte-Carlo  variance,  but 
the  tendency  and  the  relative  importance  are  well  predicted.  So,  from  an  engineering 
point  of  view,  the  analytical  expressions  yield  a  useful  result  and  offer  the  practical 
advantage  that  they  can  be  quickly  evaluated.  The  histograms  of  the  internal  loss  factor 
Ti44  and  the  coupling  loss  factor  TI45  have  also  been  evaluated  for  the  one-third  octave 
band  lOOOHz  and  are  depicted  in  figures  4  and  5.  It  can  be  seen  that  the  loss  factor’s 
distributions  are  not  completely  symmetric  anymore,  especially  in  case  the  relative 
standard  deviation  of  the  PlM-energies  equals  20%  and  30%.  However,  practically 
speaking,  the  assumption  of  a  normal  distribution  with  respect  to  the  loss  factor 
confidence  calculation  is  adequate.  Note  also  that  for  some  experiments  in  the  Monte- 
Carlo  approach,  negative  loss  factors  were  obtained. 


Fii^ure  1:  Relative  standard  deviation  of  internal  loss 
factor  (app^f)  nnd  coupling  loss  factor  1^45 
(lower).  Relative  standard  deviation  of  PIM-energies 
equal  to  10%.  Solid  line  :  analytical  expressions 
Dotted  line  :  Monte-Carlo  approach. 


Figure  2:  Relative  .^ttandard  deviation  of  internal  Io.ks 
factor  t\44  (upper)  and  coupling  lo.ss  factor  r|j5 
(lower).  Relative  standard  deviation  of  PlM-energies 
equal  to  20%.  Solid  line  :  analytical  e.xpre.ssions 
Dotted  line  :  Monte-Carlo  approach. 


Hz 


Figure  3:  Relative  .standard  deviation  of  internal  loss 
factor  (upper)  and  coupling  loss  factor  11^5 
(lower).  Relative  .standard  deviation  of  PIM-energie.s 
equal  to  30%.  Solid  line  :  analytical  expres.sions 
Dotted  line :  Monte-Carlo  approach 


Figure  4:  Histogram  of  the  internal  Utss  factor 
for  the  one-third  ttetave  hand  l()(X)Hz.  Relative 
standard  deviation  of  PlM-energies  equal  to  10%. 
20%  and  30%. 
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Fif>ure  5:  Histofiram  of  the  couplinfj  loss  factor  1)^5  Fi)*ure  6 :  Geometry  mode!  of  two  vertical  sections  of 
for  the  one-third  octave  band  lOOOHz.  Relative  railway  carrioj^e  of  the  hif^h-speed  train, 
standard  deviation  of  PiM -energies  equal  to  10%, 

20%  and  30%. 

6.2.  APPLICATION  OF  THE  STATISTICAL  FORMULAS  TO  A  RAILWAY 
CARRIAGE  OF  A  HIGH-SPEED  TRAIN 

The  experimental  SEA  model  of  a  railway  carriage  of  a  high-speed  train  has  been 
derived  [11].  Justified  by  the  repetitive  nature  of  the  structure,  only  two  adjacent 
vertical  sections  of  the  railway  carriage  were  studied.  Taking  two  adjacent  sections 
instead  of  one  allowed  to  investigate  the  energy  transfer  in  longitudinal  direction.  The 
two  sections  were  divided  in  18  structural  components  which  were  the  roof,  the  roof 
edge,  the  upper  part  of  the  side  wall,  the  lower  part  of  the  side  wall,  the  wooden  floor, 
the  supporting  steel  floor,  the  supporting  beam  of  the  floor,  the  closing  plate  of  the 
underfloor  cavity,  the  exterior  and  interior  windows  and  the  inner  mask  around  the 
windows.  Including  the  passenger  compartment  and  the  underfloor  cavity  containing 
the  auxiliary  equipment  as  2  acoustical  subsystems  yielded  a  SEA  model  consisting  ot 
20  subsystems.  A  geometry  model  showing  the  subsystems  of  both  sections  is  shown  in 
figure  6. 

In  the  power  injection  process,  each  subsystem  was  excited  in  3  different  input 
locations  while  the  responses  at  5  to  8  locations  chosen  differently  trom  the  input 
locations  to  exclude  nearby  field  effects  were  measured  for  all  subsystems.  The  relative 
standard  deviations  of  the  normalized  energies  (equations  (9)  and  (10,1 1))  are  typically 
in  the  range  of  25  to  35%.  Figure  7  depicts  the  normalized  energy  in  respectively  the 
upper  part  and  the  lower  part  of  the  side  wall  due  to  excitation  in  the  upper  part  ot  the 
side  wall.  The  90%  confidence  levels  are  computed  on  the  basis  of  a  normal  or 
Gaussian  distribution.  The  internal  and  coupling  loss  factors  were  derived  based  on  the 
approximate  equations  (5,6),  assuming  that  the  energy  matrix  normalized  by  unit  input 
power  is  diagonal  dominant.  The  obtained  loss  factors  were  validated  by  superposing 
and  comparing  the  measured  and  the  synthesized  response  energies,  confirming  that 
the  approximate  methods  gave  good  results.  The  confidence  levels  of  the  loss  factois 
were  calculated  according  to  equations  (15)  and  (16).  Figures  8  and  9  respectively 
show  the  internal  loss  factor  for  the  interior  cavity  and  the  coupling  loss  factor  between 


the  upper  part  and  lower  part  of  the  side  wall  and  their  corresponding  90%  confidence 
intervals. 


Figure  7;  Normalized  energy  and  associated  90%  Figure  8:  Interna!  loss  factor  of  the  interior  cavity 
confidence  intervals  (dotted  lines)  for  the  response  in  (solid  line)  and  associated  90%  confidence  interval 
the  upper  part  (solid  line)  and  lower  part  (dashed  (dotted  lines), 
line)  of  the  side  wall  due  to  excitation  in  the  upper 
part  of  the  side  wall. 

The  derived  loss  factor  model  was  then  used  to  determine  the  way  power  flows  through 
the  structure  for  known  power  inputs.  Figure  10  depicts  the  predicted  energy  level 
(equation  (20))  and  the  associated  90%  confidence  levels  (equation  (21))  for  the 
interior  cavity  when  input  power  is  applied  at  the  supporting  beams  ol  the  floor. 
Subsequently,  two  effective  modifications  in  terms  of  adding  damping  treatment  were 
determined  from  sensitivity  studies.  The  internal  loss  factors  of  the  supporting  steel 
floor  and  the  lower  part  of  the  side  wall  were  doubled.  Figure  10  shows  that  the 
predicted  energy  level  for  the  modified  structure  is  significantly  lower  than  the  original 
level. 


Fi}>ure  9:  Couplhifi  loss  factor  between  upper  part  of 
side  wall  and  lower  part  of  side  wall  (solid  line)  and 
the  associated  90%  confidence  interval  (dotted 
lines). 


Fiffurc  10:  Predicted  enerfjy  level  (solid  line)  and 
associated  90%  confidence  interval  (dotted  lines)  for 
the  interior  cavity  due  to  operational  input  in  the 
beam.  The  predicted  enerf*y  level  for  modification  in 
two  internal  loss  factors  is  superposed  (dashed  line). 


7.  Summary  and  Conclusions 

This  paper  has  presented  the  statistical  aspects  concerning  the  Power  Injection  Method, 
a  well-known  technique  to  experimentally  derive  the  loss  factors.  It  has  been  shown 


that  analytical  expressions  can  be  deduced  describing  the  loss  factor  variance  in  terms 
of  the  variances  of  the  normalized  energies.  These  formulas  are  approximate  as  they 
are  based  on  a  first  order  Taylor  expansion.  However,  a  Monte-Carlo  variability 
analysis  on  a  numerical  example  of  6  subsystems  points  out  that  they  are  ot  practical 
usefulness.  The  analytical  expressions  allow  a  quick  assessment  of  the  confidence 
levels  of  the  variances  during  the  PIM-tests,  aiding  the  user  to  decide  whether  the 
desired  accuracy  has  been  achieved  and  whether  or  not  the  PIM-measurements  can  be 
terminated.  The  statistical  theory  has  been  applied  to  a  railway  carriage  ot  a  high-speed 
train,  illustrating  how  the  confidence  levels  of  the  loss  factors  and  the  SEA-predictions 
can  be  obtained  and  how  the  effectiveness  of  loss  factor  modifications  can  be  evaluated 
in  terms  of  confidence  levels. 
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L  Introduction 

For  the  past  three  decades,  structural  dynamics  prediction  models  have  been  almost 
exclusively  based  on  the  Finite  Element  Method  (FEM)  together  with  its  Experimental 
Modal  Analysis  (EMA)  counterpart  Although  this  tool  has  proved  highly  successful  for 
stress  and  low  frequency  vibration  modelling,  it  has  been  found  to  have  severe  limitations 
for  noise.  This  is  because  the  accuracy  of  many  finite  element  structural  models  becomes 
unacceptably  poor  by  about  the  10th  to  20th  mode,  particularly  if  there  are  bolted  or  spot- 
welded  joints.  The  important  acoustic  frequency  range,  however,  often  extends  beyond  the 
100th  mode.  It  is  for  this  reason  that  there  has  recently  been  a  renewed  interest  in  the 
Statistical  Energy  Analysis  (SEA)  technique  for  high  frequency  vibration  and  noise 
prediction.  The  successful  application  of  SEA  in  its  standard  form  relics  on  high  modal 
density,  high  modal  overlap  and  short  wavelengths,  ie  the  very  factors  which  render  FEM 
inaccurate.  This  is  because  SEA  works  with  the  average  response  of  a  structure  and  it 
needs  these  factors  to  ensure  that  the  average  is  a  realistic  and  thus  a  useful  quantity.  SEA 
and  FEM  are  therefore  complimentary  rather  than  competitive  techniques  -  FEM  for  low 
frequency  and  SEA  for  high  frequency. 

In  spite  of  the  need  to  produce  theoretical  predictive  models,  experimentally  based  models 
are  also  extremely  useful  in  practice.  Apart  from  their  use  in  pr^icting  the  effect  of  small 
modifications  to  a  standard  structure,  they  can  also  be  used  for  sensitivity  and  diagnostic 
purposes.  In  the  same  way  that  EMA  is  the  experimental  counterpart  of  FEM,  SEA  also 
has  an  experimental  counterpart,  sometimes  termed  Energy  Row  Analysis  (EFA).  It  is 
the  purpose  of  this  paper  to  show  how  EFA  can  be  used  to  diagnose  and  solve  some  of 
the  noise  and  vibration  problems  that  can  occur  with  complex  structures. 


2.  Theoretical  Concepts 

2.1  APPLICATION  OF  SEA  THEORY  TO  COUPLED  SUBSTRUCTURES 

The  basic  theory  of  SEA  as  formulated  by  Lyonfl]  showed  that  the  net  steady-state 
frequency  band  averaged  power  flowing  between  two  coupled  oscillators  is  proporuonal  to 
the  difference  in  their  vibrational  energy  levels,  ie 

Pij  =  p(Ei-Ej)  (1) 

where, 

Pij  =  net  power  flowing  from  oscillator  i  to  oscillator  j 
Ei,Ej  =  energy  of  oscillators 

p  =  constant  of  proportionality  =  coiTin  =  tt)2Tl21 
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CO  1 ,0)2  =  uncoupled  natural  frequencies  of  oscillators 

Ti  jj  =  coupling  loss  factor  from  oscillator  i  to  oscillator  j 

It  should  be  noted  that  E  and  p  are  also  time  and  frequency  band  averaged. 

Cremer  and  Heckl  have  shown  [2]  that  for  stiffness  (spring)  coupling  P  can  be  expressed 
as: 

_ 2(8i^6i)k2i| _ 

m^mj  {(co^i  -  (o^j)^  +  4  (5i  +  5j)(8i0)^j  +  8j(o^i) ) 

where, 

mi,mj  =  oscillator  masses 

8i,8j  =  oscillator  bandwidths 

kij  *  stiffness  of  coupling  spring 

Application  of  equation  (1),  together  with  the  definition  of  the  internal  loss  factor  (see 
below)  enables  the  power  balance  equations  to  be  written  for  each  oscillator  viz: 

Pi  =  coiTiiEi  +  (01T112  (El  -  E2)  (3) 

P2  =  C02TI2E2  +  (02T121  (E2  -  El) 

where, 

Pj  =  external  input  power  to  oscillator  i 

coitiiEi  =  power  dissipated  in  oscillator  i  due  to  damping 
Tti  =  internal  loss  factor  of  oscillator  i 


These  power  balance  equations  for  two  coupled  oscillators  can  be  applied  to  the  case  of 
two  weakly  coupled  structures  (subsystems)  provided  certain  assumptions  are  made.  For 
example,  it  is  assumed  that,  within  the  frequency  band  of  interest,  each  mode  absorbs  the 
same  amount  of  power,  stores  the  same  amount  of  energy  and  has  the  same  internal  loss 
factor.  Thus,  if  the  first  subsystem  has  Ni  modes  within  the  band,  the  input  power  to 

Pi  El 

each  mode  will  be  ^  and  the  energy  stored  by  each  mode  will  be  (Pi  and  Ei  are  band 

totals).  Similar  assumptions  are  made  with  regard  to  the  second  subsystem. 


Examination  of  equation  (2)  shows  that,  because  of  the  term  (o)^]  -  co^j)^  in  the 
denominator,  p  will  be  negligibly  small  unless  coi  -  ©j.  Hence,  each  mode  of  the  first 
subsystem  will  only  couple  significantly  with  the  mode  of  the  second  subsystem  that  is 
nearest  to  it  in  frequency.  The  average  value  of  P  for  these  Ni  couplings  gives  the 
average  value  of  the  coupling  loss  factor,  1112.  A  similar  argument  can  be  made  regarding 
the  coupling  of  each  of  the  N2  modes  of  the  second  subsystem  with  those  of  the  first, 
giving  an  average  coupling  loss  factor  in  that  direction  of  t12L 


Thus,  the  coupling  between  any  pair  of  modes  can  be  assumed  to  be  equivalent  to  two 
coupled  oscillators,  so  that  equation  (3)  is  applicable  ie 
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Pi  =(0111  El +091112  |Ei  -  ^  E2j  (4a) 

Pi  El  /E2  E  1  N 

-  n7J 

P2  =  (0112E2  +  09T121  ^E2 Ei^  (4b) 

Note  that  in  the  absence  of  any  infoimation  regarding  the  natural  frequencies  of  the  modes, 
the  band  centre  frequency  has  been  assumed  for  both. 


Summing  equations  (4a)  and  (4b)  gives: 

Pi+P2  =  co(iiiEi+t12E2)  +  (o|i112|^Ei  -^E2j+Tl21 

Now,  (Pi  +  P2)  is  the  total  input  power  to  the  system  and  ©(tiiEi  +  ■n2E2)  die  total 
losses  of  the  system  and,  under  steady-state  conditions,  these  must  be  equal.  Hence, 

t112^Ei  -^E2j+'n21  ^E2-^Eij=0 

or  ^  (N2E1  -  N1E2)  +  ^  (N1E2  -  N2E1)  =  0 

Thus,  for  (N2E1  -  N1E2)  ^  0 

Nitii2  =  N2T121  (5) 

This  is  the  well  known  reciprocity  relationship,  which  shows  that  the  total  coupling 
strength  (number  of  modes  times  the  coupling  strength  of  each  mode)  is  the  same  in  both 
directions  -  as  it  is  with  the  two  coupled  oscillators,  since  ©i  n.(02'  (N2E1  -  N1E2) 

=  0,  the  condition  of  equipartition  of  modal  energy  exists  and  it  can  be  seen  from 
equations  (4)  that  this  would  prevent  any  power  flowing  between  the  subsystems, 
regardless  of  the  value  of  the  coupling  loss  factors. 


Equations  (4)  can  be  used  for  any  practical  structure  provided  that  the  modal  densities  of 
each  subsystem  are  known.  Since  this  is  rarely  the  case,  it  is  usual  to  eliminate  the  ratio 

Nl 


N2 


between  equations  (4)  and  (5)  to  give: 


Pi  =©tiiEi  +  ©(hi2Ei  -'n2lE2)  (6a) 


P2  =  ©TI2E2  +  ©  ('n2lE2  -  'ni2El)  (6b) 


This  analysis  can  be  extended  to  any  number,  N,  coupled  subsystems  to  give: 
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or 


"pl” 

""  N 

"El" 

I^llk  . 
k=l 

•  -nNi 

* 

=  to 

* 

N 

• 

-pn- 

■•niN  • 

•  I^Nk 
k=l  J 

-En- 

[P]  =  (0[L][E] 


(7a) 


(7b) 


It  should  be  noted  that  the  iiii  element  in  a  leading  diagonal  term  of  [L]  represents  the 
internal  loss  factor,  T|i. 


2.2  COUPLING  LOSS  FACTORS 

It  is  important  at  this  stage  to  understand  the  physical  significance  of  the  coupling  loss 
factor,  Tiij.  As  originally  defined  in  relation  to  the  coupled  oscillators,  it  represents  the 
coupling  strength  between  their  two  modes.  Extending  this  definition  to  the  case  of  many 
coupled  substructures,  r\[j  could  in  principle  represent  the  average  modal  coupling  between 
any  two  subsystems,  whether  they  are  physically  connected  or  not.  In  practice,  the 
necessary  condition  for  weak  coupling  (to  prevent  equipartition  of  energy)  generally 
reduces  the  coupling  strength  between  unconnected  subsystems  to  negligible  proportions. 
It  is  therefore  usual  to  consider  these  indirect  coupling  loss  factors  as  equal  to  zero  - 
indeed,  it  is  usually  more  accurate  to  do  this,  particularly  for  an  experimentally  based 
model,  as  will  be  shown  later. 

There  are,  however,  some  notable  exceptions  to  this  rule.  Figure  1  shows  a  structure 
comprised  of  3  flat  plates  (each  considered  as  a  subsystem)  joined  at  right  angles.  The  in¬ 
plane  modes  of  plate  2  will  be  at  much  higher  frequencies  than  the  flexural  modes  of 
plates  1  and  3.  Therefore  the  low  frequency  flexural  modes  of  plate  1  will  couple  with 
those  of  plate  3  via  (non-resonant)  in-plane  motion  of  plate  2. 

In  this  case  plate  2  is  merely  acting  as 
a  connector.  Another  well  known 
example  of  this  “tunnelling” 
phenomenon,  as  it  is  known,  is  where 
two  acoustic  cavities  are  separated  by 
a  panel.  Acoustic  modes  of  each 
cavity  can  couple  together  via  non¬ 
resonant  (mass  law)  motion  of  the 
panel.  In  general  tunnelling  occurs 
when  two  similar  subsystems  are 
connected  via  a  third  dissimilar 
subsystem. 

It  is  therefore  very  important  when  setting-up  an  SEA  model  to  include  tunnelling 
connections;  however,  it  is  also  important  not  to  include  these  connections  where 
tunnelling  does  not  exist. 


5 


N,  LALOR 


2.2.1  Measurement  of  t}/ j 

Most  of  the  problems  associated  with  the  measurement  of  the  coupling  loss  factors  on 
practical  structures,  such  as  car  body  shells,  have  now  been  solved  and  these  techniques 
have  been  reported  in  detail  elsewhere  (eg  [3],  [4],  [5]).  Nevertheless,  in  view  of  the 
comments  made  earlier  concerning  the  advisability  of  setting  all  coupling  loss  factors 
between  unconnected  subsystems  to  zero,  it  is  worth  reviewing  the  E(xa  method  [4]. 


By  use  of  the  power  injection  technique  [6],  elimination  of  the  internal  loss  factors  and 
conversion  of  measured  <v^>  values  to  subsystem  energies  (via  Meq),  the  coupling  loss 
factors  can  be  expressed  uniquely  in  terms  of  the  measured  input  powers  and  subsystem 
energies.  Equation  (8)  gives  this  relationship  for  a  3  subsystem  model.  It  should  be 
noted  here  that  Ey  =  energy  of  subsystem  i  when  subsystem  j  is  excited  by  a  shaker. 


Equation  (8)  is  valid  for  the  case  where  each  subsystem  is  physically  connected  to  the 
other  two.  If,  however,  subsystem  2  is  disconnected  from  subsystem  3,  in  the  absence  of 
tunnelling,  1^23  and  T|32  will  be  equal  to  zero.  Equation  (8)  can  therefore  be  partitioned  in 


the  following  manner. 


(9) 


where  [rial  represents  the  matrix  of  non-zero  coupling  loss  factors.  It  can  be  seen  from 
the  first  equation  of  (9)  that 


inai  = 


’1112' 

1113 

Li13iJ 


=  ^  [Eaa]-’  [Pal 


(10) 


The  importance  of  this  method  is  that,  if  subsystem  2  is  not  connected  to  subsystem  3, 
the  energy  matrix  in  equation  (8)  is  badly  conditioned  -  note  the  E23  and  E32  terms, 
which  will  be  very  small  and  subject  to  noise  contamination,  on  the  denominators  of  the 
Epot  part  of  the  matrix.  In  addition,  although  Epp  is  essentially  well  conditioned,  the 
large  leading  diagonal  terms  will  be  suspect,  again  due  to  the  presence  of  the  E23  and  E32 
terms  on  the  denominators.  Eaa  does  not  suffer  from  these  problems  and  hence  equation 
(10)  will  give  much  more  accurate  values  of  the  non-zero  coupling  loss  factors.  In  fact 
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E(x(x  is  so  well  conditioned  that  it  can  be  approximated  to  a  diagonal  matrix,  which 
uncouples  the  equations.  The  coupling  loss  factors  can  then  be  expressed  simply  as  [4]: 


^ij- 


..PiJiL 

(oEii  Ejj 


(11) 


It  has  been  found  from  experience  that,  provided  weak  coupling  conditions  are  satisHed, 
equation  (11)  gives  acceptable  results  even  if  subsystem  2  is  connected  to  subsystem  3. 
Indeed,  it  can  be  used  for  much  larger  models  but,  again,  weak  coupling  conditions  should 
prevail. 


Before  leaving  the  subject  of  coupling  loss  factors,  a  further  new  development  should  be 
mentioned.  Recent  research  at  ISVR  has  shown  [7]  that  the  coupling  loss  factors  can  be 
expressed  directly  in  terms  of  the  measured  input  powers  and  <v^>  values.  For  example, 
for  a  3  subsystem  model: 

_ m  (V21  V33  -  V23  V31) _ 

^*^“(V22  V33  -  V23  V32  +  V23  V3l  -  V2l  V33  +  V2l  V32  -  V22  V3l) 


(12a) 


n21  = 


m  (V12V33- vn  V32) 


(vii  V33  -  V13  V31  +  V13  V32  -  vi2  V33  +  vi2  V31  -  vji  V32) 


(12b) 


where  vy  = 


The  3  subsystem  model  is  particularly  important  here,  as  it  is  in  relation  to  equation  (8), 
because  the  third  subsystem  can  be  considered  to  be  *The  rest  of  the  structure”,  ie  the 
influence  of  the  rest  of  the  structure  is  taken  into  account  when  evaluating  the  coupling 
loss  factors  between  two  subsystems  within  it.  The  result  shown  in  equations  (12)  above 
has  now  been  generalised  for  any  number  of  subsystems  [8].  It  should  also  be  noted  that 
dividing  equations  (12)  by  the  appropriate  loss  factor  gives  the  Smith  criterion  [9] 
uniquely  in  terms  of  measured  velocities  and  input  powers. 


Since  equations  (12)  rely  on  a  knowledge  of  the  internal  coupling  factor,  some 
consideration  should  be  given  here  to  its  evaluation.  Although  the  loss  factors  of 
individual  modes  within  a  frequency  band  may  differ  significantly,  it  is  usually  found  that 
the  band  average  values  follow  a  smooth  trend  with  frequency.  Tlius,  it  is  now  the  usual 
practice  at  ISVR  to  measure  the  octave  band  decay  (T(^)  values  and  interpolate  the  curve 

to  obtain  the  Vs  octave  values.  This  is  done  because  it  is  not  uncommon  for  individual 
V3  octave  bands  to  contain  no  modes,  although  this  is  quite  rare  for  octave  bands. 


2.3  EQUIVALENT  MASS 


Although  the  frequency  band  total  of  the  kinetic  energy  (KE)  and  the  strain  energy  (SE)  of 
a  mode  is  constant,  their  relative  amplitudes  depend  upon  the  frequency  of  vibration. 
Below  its  natural  frequency  SE  will  be  the  larger  of  the  two  and  the  position  is  reversed 
above  this  frequency.  When  the  vibration  is  exactly  at  the  natural  frequency,  then  the  two 
are  equal.  Thus,  the  band  averages  of  KE  and  SE  can  be  considered  approximately  equal, 
provided  that  the  natural  frequency  is  near  the  centre  of  the  band.  This  is  why  the  natural 
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frequency  of  the  “average  mode”  of  each  subsystem  is  considered  to  be  equal  to  the  band 
centre  frequency,  and  is  the  reason  for  the  assumption  made  earlier  for  the  oscillators  that 
(01  z  W2-  Because  KE  and  SE  vary  harmonically  with  time,  it  is  convenient  to  express 
them  in  terms  of  their  amplitudes,  or  maximum  values.  Thus,  the  time  and  frequency 
band  averaged  total  energy  can  be  expressed  as: 

{KE)max  =  (SE)niax  =  total  energy 

This  is  a  particularly  useful  relationship  because  it  is  much  easier  to  measure  KE  than  it 
is  to  measure  SE.  Unfortunately,  even  the  measurement  of  KE  presents  significant 
problems,  except  with  very  simple  structures.  For  one  of  the  uniform  flat  plates  shown 
in  Figure  1,  the  maximum  KE  is  given  by 


(KE)max  =  Eiot=M<v2>  (13) 

where, 

M  =  mass  of  plate 

<v^>  =  mean  square  velocity  averaged  over  the  surface  of  plate. 

However,  equation  (13)  is  not  valid  for  a  more  complex  structure  such  as  the  door  of  a  car, 
regardles  of  how  many  sampling  points  are  used  to  obtain  the  value  of  <v^. 

It  was  research  carried  out  at  ISVR  as  part  of  the  UK  government’s  Quiet  Heavy  Vehicle 
project  (QHV90)  that  first  showed  the  way  out  of  this  difficulty  [10].  Very  carefully 
conducted  experiments  on  diesel  engine  components,  which  were  bolted  to  blocking 
masses,  revealed  a  discrepancy  between  the  directly  measured  input  power  from  the  shaker 
and  that  back-calculated  fh)m  the  relation, 

P  =  COM  <v2>  Tli 

In  this  case  the  damping  loss  factor  was  obtained  from  vibration  decay  (T6o) 

measurements,  and  the  value  of  <v^>  from  a  large  number  of  accelerometer 
measurements.  At  the  time  it  was  decided  to  intrcxluce  a  correction  factor  K,  which  was 
found  to  be  frequency  dependent.  This  was  later  developed  into  the  Equivalent  Mass  (Meq) 
concept  [11], 

There  are  three  basic  reasons  why  Meq  differs  from  the  actual  mass: 

1 .  The  number  of  velocity  samples  used  to  compute  <\^>  is  not  sufficient. 

2.  The  simple  energy  formulation  of  equation  (13)  is  only  applicable  to  uniform 
structures. 

3 .  The  frequency  band  totals  of  KE  and  SE  are  not  equal . 

For  a  simple  uniform  flat  plate  10  samples  are  usually  sufficient  to  provide  a  stable 
average,  provided  that  some  are  not  made  redundant  by  placing  them  either  side  of  an  axis 
of  symmetry.  In  the  case  of  a  more  complex  structure  it  is  quite  difficult  to  separate  the 
first  two  aspects  mentioned  above,  although  the  combined  effect  can  be  quite  considerable. 
Figure  2  shows  the  results  of  two  KE  computations  made  on  a  finite  element  mdel  of  a  4 
cylinder  diesel  engine  block  [12].  In  the  first  instance,  the  total  KE  was  computed  from 
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V2  M  X,  where  X  is  the  velocity  vector  and  M  is  the  mass  matrix.  The  KE  was  then 
computed  using  equation  (13),  where  M  is  the  block  mass  and  <v^>  was  calculated  from 
all  the  nodes  forming  the  sides  of  the  block  ie  the  sites  that  could  be  sampled  for  an 
experimental  test  although,  in  practice,  far  fewer  would  normally  be  chosen.  The  figure 
shows  how  the  ratio  M  <v^>/ Vl  X^  M  X  varies  with  frequency. 


Figure  2  Ratio  of  Apparent  KE  to  Actual  KE  for  Engine  Block 


At  low  frequency  (below  the  first  mode  of  the  block)  the  ratio  is  unity  because  the  block 
vibrates  as  a  rigid  body.  However,  it  can  be  seen  that  the  ratio  increases  to  a  maximum  of 
nearly  6  at  around  1600  Hz.  This  represents  an  error  of  about  7.5  dB. 

Although  the  third  source  of  error  has  previously  been  discussed  in  Reference  [13]  it  is 
worth  repeating  the  main  argument  here.  For  a  simple  mass  (m)  and  spring  (k)  system 

vibrating  with  amplitude  xq  at  frequency  (o,  the  total  energy  (Eiot  =  E  tot)  given  by: 


Etot  =  ^  {m  0)^  cos^  (cot)  +  k  sin^(a)t))  Xq^  =  (  SE  )  +  ( KE  ) 


where  the  bars  represent  time  averaged  quantities  and 


1  2  7 
—  —  m 


(SE)  =  ^kxo"^  :  (KE)  =  |ma)^Xo 


Hence 


cx 


Etot  j.  ^  (  SE  )  +  (  KE  )  ^  k  +  m  (0^ 
"eke  (1^) 

Eiot  =  R  EkE  =  2^  m  <v2> 


Meq  —  2  ^ 
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When  (0<  <C0n,  R  and  therefore  Meq  approach  infinity.  At  resonance,  R  =  2  and  therefore 
Meq  =  ni.  At  very  high  frequency  Meq  approaches  y. 


However,  when  considering  band  totals  rather  than  values  at  a  partiuclar  frequency,  Meq 
can  be  very  significantly  different.  For  example.  Figure  3  shows  the  variation  of 
Meq/Actual  mass  with  frequency  for  the  previously  mentioned  engine  block,  computed 
from  the  finite  element  model  and  confirmed  by  experiment  [12].  It  can  be  seen  that  the 
ratio  rises  to  a  maximum  of  at  least  30.  This  represents  an  error  of  over  15  dB. 


Figure  3  Ratio  of  Equivalent  Mass  to  Actual  Mass  for  Engine  Block 


2.3.1  Measurement  of  M^g 

Recent  research  at  ISVR  has  shown  [8]  that  the  method  used  to  calculate  Meq  from 
measured  results  is,  in  fact,  not  quite  correct.  Previously,  the  method  developed  in 
Reference  [1 1]  has  been  used,  ie  for  subsystem  i: 


(Meq)i  = 


Pi(T6Q)i 
13.82  <vi2> 


Pi 

(OTli  <Vi2> 


However,  certain  discrepancies  in  predicted  results  have  indicated  that  this  relationship  for 
2  coupled  subsystems  should  be: 


(Meq)i  = 


_ _ 

(vii  vjj  -  vij  vji) 


(14) 


where  Vjj  has  the  same  meaning  as  with  equation  (12). 

For  more  than  2  subsystems  the  relevant  expression  becomes  increasingly  complex, 
although  a  generalised  solution  has  now  been  obtained  [8]. 
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3.  Practical  Applications  of  Experimental  SEA  Model 

Once  the  internal  loss  factors,  the  coupling  loss  factors  and  the  equivalent  masses  have 
been  obtained,  it  is  possible  to  directly  relate  input  powers  to  subsystem  velocities  (or 
sound  pressures,  in  the  case  of  acoustic  subsystems).  This  has  a  number  of  very 
important  practical  uses,  which  are  outlined  below. 

3.1  INPUT  POWER  DETERMINATION 

If  the  surface  average  of  the  squared  vibration  velocity  is  measured  on  each  subsystem, 
when  the  system  is  operating  normally,  the  operational  subsystem  energies  can  be 
obtained  by  multiplying  by  the  appropriate  equivalent  masses.  The  input  powers  are  thus 
derived  from  the  power  balance  equations  (7)  ie  from  the  product  0)[L][E]. 

Figure  4  shows  the  input  powers  calculated  for  a  saloon  car,  using  this  technique  [14]. 


Figure  4  Input  Powers  to  Car  at  100  km/hr 
3.2  SOURCE  CONTRIBUTIONS 

Having  determined  the  input  powers,  the  subsystem  energies  (and  hence  their  radiated 
noise)  can  be  obtained  from  a  recast  version  of  the  power  balance  equations  ie 

[E]=^[Lri[P] 
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By  setting  all  the  elements  of  [P]  to  zero,  except  the  one  under  investigation,  the  noise 
due  to  it  alone  can  be  calculated.  This  process  is  then  repeated  for  all  the  other  elements 
of  [P]  in  turn.  Figure  5  shows  the  results  of  such  an  analysis  carried  out  to  determine  the 
source  contributions  to  the  interior  noise  of  the  same  car. 


Figure  5  Source  Contributions  to  Interior  Noise 

3.3  POWER  FLOW  DIAGRAMS 

The  derived  input  powers  can  also  be  used  in  combination  with  the  SEA  model  to 
determine  vibrational  power  flow  round  the  structure.  This  is  made  possible  because  the 
power  balance  equations  can  be  rearranged  to  give; 

Net  power  flow  from  i  to  j  =  co  (Ei  Tjij  -  Ej  i\ji) 

Such  diagrams  are  of  considerable  value  to  the  noise  control  engineer,  for  they  clearly 
show  how  each  component  that  radiates  noise  gels  its  energy. 

3.4  SENSITIVITY  AND  OPTIMISATION 

It  is  possible  to  determine  the  sensitivity  to  each  SEA  parameter  by  perturbing  it  from  its 
normal  value  and  calculating  the  effect  on  the  subsystem  energies  through  the  power 
balance  equations.  However,  it  is  much  more  efficient  to  directly  differentiate  the  power 
balance  equations  115].  These  sensitivities  can  then  be  used  as  the  first  stage  of  an 
automatic  optimisation  process,  and  a  computer  program  has  been  written  at  ISVR  to  do 
this.  Experience  has  shown  that  around  5  dB  reduction  can  be  achieved  by  simply  moving 
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existing  damping  material  around,  and  significantly  more  if  coupling  loss  factors  are  also 
allowed  to  change  -  a  result  that  would  be  almost  impossible  to  achieve  by  trial  and  error. 
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Abstract 

This  paper  describes  the  application  of  Statistical  Energy  Analysis  to  the  development  of  a 
light  truck  sound  package.  The  development  concerns  addressed  included  airborne  engine 
noise,  tailpipe  exhaust  noise  and  rear  road  noise.  SEA  provided  a  framework  to  investigate 
different  sound  package  configurations  quickly  and  easily,  SEA  helped  prioritize  design 
alternatives  to  maximize  benefit/cost  ratio  and  to  shorten  development  time.  The  project 
resulted  in  significant  contributions  to  the  development  and  optimization  of  the  sound 
package  and  added  value  to  the  vehicle. 

The  first  section  describes  the  development  and  baseline  validation  of  the  SEA  model.  The 
model  was  checked  and  updated  based  on  data  gathered  by  “Engine  Noise  Simulator^’ 
(ENS)  testing,  and  similar  testing  for  tailpipe  and  underbody  noise.  Both  microphone  and 
acoustic  intensity  data  were  collected  and  compared  to  model  performance.  Once  the 
model  was  baselined,  it  was  used  to  develop  sound  package  alternatives.  For  airborne 
engine  noise,  a  model  and  physical  Designed  Experiment  (DEX)  was  carried  out  to  verify 
that  the  model  accurately  spanned  the  design  space.  The  model  results  and  hardware  DEX 
gave  similar  trends.  Design  recommendations  were  made  to  the  vehicle  program  and 
proved  out  in  hardware.  The  model  was  also  used  to  drive  sound  package  design  changes 
for  airborne  noise  in  the  rear. 


1.  Introduction 

Shorter  design  cycle  times  are  requiring  manufacturers  to  rely  increasingly  on  computer 
aided  engineering  (CAE)  to  verify  performance  of  new  designs.  Interior  noise  has  become 
an  important  performance  attribute  in  modem  passenger  vehicles,  as  quiet  and  comfortable 
interiors  are  routinely  expected  by  the  customer.  Accurate  high  frequency  CAE  models  are 
required  in  order  to  design  vehicles  to  meet  targets  for  interior  noise. 

While  no  existing  single  technology  offers  sufficient  accuracy  to  cover  vehicle  noise 
prediction  over  the  full  frequency  range  of  human  hearing,  current  CAE  practice  appears  to 
divide  the  noise,  vibration,  and  harshness  (NVH)  spectmm  into  two  ranges:  low  and  high 
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frequency.  Low  frequency  models  use  a  deterministic  approach,  usually  based  on  finite 
element  or  boundary  element  representations  of  acoustic  spaces.  High  frequency  models 
use  a  statistical  approach,  usually  based  on  some  form  of  SEA.  The  statistical  approach 
works  with  energy  and  power,  predicting  mean-square  acoustic  responses  averaged  over 
spatial  volumes  and  frequency  bands.  The  dividing  line  between  the  low  and  high 
frequency  ranges  is  quite  blurred  -  vehicle  excitation  and  response  appear  to  be  mainly 
deterministic  below  80  Hz,  and  mainly  statistical  above  250  Hz,  with  both  aspects  apparent 
in  the  intermediate  or  middle  frequency  range.  For  development  of  vehicle  sound  package, 
SEA  is  the  most  appropriate  system  modeling  tool  since  the  sound  package  performance  is 
targeted  at  the  hi^er  frequency  range,  and  in  fact  has  limited  effect  at  lower  frequencies. 

The  SEA  technique  is  rooted  in  the  work  of  the  early  1960's  when  working  groups 
attempted  to  address  serious  structural  acoustics  problems  in  defense  and  aerospace 
applications.  The  concept  of  power  flow  in  stmctures  was  developed.  Considerable  success 
was  recognized  in  aerospace  stmctures  during  this  time  period.  In  the  late  1960’s, 
increasing  publication  activities  were  seen  on  the  development  of  a  theoretical  basis  for 
working  methods  [1],  The  applications  spread  into  shipboard  and  building  acoustics  fields. 
In  the  1970's,  routine  uses  of  SEA  were  seen  in  navy  surface  and  submarine  applications. 

The  first  full  motor  vehicle  SEA  model  presented  in  the  literature  was  developed  by  DeJong 
in  1985  [2].  Interest  in  applying  this  technology  to  vehicle  development  has  steadily 
increased  since  then,  Delong’s  was  a  relatively  coarse  model  containing  36  subsystems  for 
a  1/2  car  model.  ITie  analysis  range  was  from  63  Hz  to  2  kHz  for  road,  powertrain  and 
wind  noise  sources.  Analytical  SEA  models  of  passenger  vehicles  have  been  reported  by 
Steel  [3],  Cimerman  [4],  Dong  [5],  Moeller  [6],  and  Lee  [7],  Because  of  concern  over  the 
complexity  in  automotive  systems,  a  test  based  procedure  for  building  SEA-like  coupling 
matrices  has  also  evolved.  These  procedures  have  been  reported  by  Shaw  [8],  Lalor  [9], 
Walsh  [10],  and  Bhaij  [11].  Chen  [12]  compared  a  test  ba^  model  to  an  analytical  model 
for  a  light  track.  Bhaij  [13]  combined  a  test  based  and  analytical  model  into  a  hybrid 
coupling  loss  factor  matrix. 

The  analytical  SEA  modeling  technique  was  £^plied  in  the  program  described  here.  The 
approach  selected  was  to  develop  a  single  general  puipose  SEA  model  of  a  light  truck.  The 
Sl^  track  model  has  been  applied  in  the  simulation  of  airborne  noise  transmission 
phenomena.  Presented  here  are  three  cases  to  evaluate  the  body  design  in  terms  of 
powertrain  and  road  noise: 

1.  Airborne  Engine  Noise  -  The  engine  noise  simulation  was  to  investigate  the  noise 
insulation  performance  of  the  front  end  of  the  body  system.  The  engine  noise  source  was 
replaced  by  a  simulator  which  was  a  cluster  of  loud  speakers  distributed  on  the  envelope  of 
the  engine  and  transmission  blocks. 
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2.  Airborne  Tailpipe/Exhaust  Noise  -  For  the  evaluation  of  noise  performance  due  to  the 
exhaust  tailpipe  noise  source,  a  tailpipe  noise  simulator  was  used  in  the  vehicle  design 
stage.  The  tailpipe  simulator  was  basically  an  electric  horn  to  excite  acoustically  at  the 
exhaust  location. 

3.  Airborne  Tire  Noise  -  To  evaluate  tire  noise,  the  airborne  sound  radiated  from  the 
interaction  of  tire  and  road  was  required.  The  reverberant  sound  pressure  in  the  wheelwell 
measured  in  chassis  dynamometer  testing  was  imposed  as  the  model  excitation.  In  this 
study,  only  the  rear  wheels  were  used. 


2.  Model  Develr^pment  and  Validation 
2.1  GENERAL  APPROACH  TO  MODELING 

Hit  modeling  philosophy  adopted  in  this  investigation  was  to  build  one  general  purpose 
SEA  model  to  describe  the  light  truck  interior  acoustic  response  to  a  variety  of  external 
loads.  In  SEA  modeling,  it  is  imperative  to  capture  the  detail  necessary  to  describe  the 
dynamics  of  the  critical,  or  dominant,  path.  The  model  will  be  less  sensitive  to  any 
modeling  details  on  non-dominant  paths.  Realistic  sound  package  optimization  for 
simulation  of  “key  life”  events  requires  having  multiple  sources  active  over  fairly  wide 
frequency  ranges.  The  sources  can  include  road  noise,  both  structurebome  through  the  tire 
and  airborne  radiated  from  the  tire;  airborne  and  structurebome  powertrain  noise;  wind 
noise;  aspiration  noise;  component  noises;  and  tailpipe/exhaust  noise.  There  are  a  multitude 
of  paths  active  from  each  of  these  sources  with  strengths  varying  widely  with  frequency. 
Any  sound  package  optimization  for  one  source  acting  independently  would  be  less  than 
optimum  for  the  vehicle  as  a  whole.  Also,  different  events  will  have  very  different 
excitations,  or  load  cases.  Some  “key  life”  events  of  interest  include  rough  road  at  35  mph, 
smooth  road  at  85  mph,  steady  acceleration,  as  well  as  impact  and  transient  events. 

The  sound  quality  of  the  result  must  be  considered  as  well  as  the  overall  level.  To  meet 
these  challenges,  a  very  deUdled  SEA  model  was  developed  that  has  sufficient  detail  to 
capture  a  variety  of  sources  and  their  associated  paths.  An  analytical  model  was  chosen  so 
that  the  predictions  could  be  applied  early  in  the  program  before  representative  hardware 
was  available.  Acoustic  refinement  in  hardware  requires  nearly  production  level  vehicles  to 
produce  meaningful  results.  The  SEA  model  allowed  estimates  to  be  made  earlier  in  the 
program.  One  advantage  of  an  analytical  coupling  matrix  is  the  ability  to  compute  design 
sensitivities,  either  directly  from  the  matrix  or  by  differencing  results  of  two  different  model 
runs.  There  is  no  direct  way  to  tie  sensitivities  to  design  variables  in  the  test  based 
technique. 

Two  different  techniques  for  sound  package  modeling  have  evolved  as  well.  The  technique 
adopted  here  is  to  explicitly  model  the  sound  package  as  elements  in  an  SEA  model.  This 
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technique  is  described  in  Powell  [14].  It  is  an  asymptotic  technique  that  captures  the  high 
frequency  behavior  of  the  lay  up  of  materials.  Another  technique  is  described  by  Cimerman 
[4]  and  involves  using  apriori  information  about  the  lay  up  behavior  in  terms  of 
transmission  loss  and  insertion  loss.  The  apriori  information  can  come  from  test  or  external 
analysis.  The  advantage  of  the  former  meAod  is  that  parameter  sensitivity  is  directly 
available  from  the  code  and  does  not  need  to  be  externally  generated. 

The  SEA  approach  adopted  here  is  a  general  purpose  analytical  model  with  self  contained 
frill  parameter  design  sensitivity.  This  allowed  the  model  to  be  used  for  multiple  sources 
with  extensive  sensitivity  calculation  and  qitimization. 

2.2  STRUCTURAL  MODELING 

For  the  vehicle  stmcture,  the  sheet  metal  components  were  modeled  with  elementary 
structural  members  for  which  wave  propagation  theories  have  been  developed.  The 
systems  used  in  this  model  were  beams,  plates,  and  cylindrical  shells.  However,  the  wave 
modes  on  the  structure  were  the  principal  entities.  The  bending  and  inplane  waves  on  the 
structural  members  were  treated  separately.  The  inplane  waves  combine  both  the 
longitudinal  and  shear  waves  since  the  wave  properties  are  similar  and  the  two  are  strongly 
coupled  to  each  other. 

Plate  subsystems  were  used  to  model  most  of  the  sheet  metal  panels.  In  the  high  frequency 
range,  where  wave  lengths  are  much  shorter  than  the  radii  of  curvature,  the  effects  of 
curvature  can  often  be  ignored.  This  simplification  generated  acceptable  results.  Many  of 
the  structural  members  were  modeled  as  beams  or  shells  with  thin  circular  cross  section, 
that  included  both  one-dimensional  and  two-dimensional  deformations.  Inplane  subsystems 
were  included  for  all  of  the  structure,  in  parallel  with  the  flexural  subsystems. 

A  junction  is  a  connection  between  stmctural/acoustical  subsystems  defined  by  a  common 
motion.  In  this  model  only  the  local  geometry  at  the  junction  was  used  to  define  the 
interaction  between  component  modes.  The  major  junctions  were  the  interfaces  among  the 
plates,  shells  and  acoustic  spaces. 

2.3  SOUND  PACKAGE  MODELING 

The  trim  and  sound  package  design  play  two  roles  in  isolating  the  car  passenger  interior 
from  unwanted  noise.  Its  design  is  to  insulate  the  interior  from  airborne  noise  by  increasing 
the  transmission  loss  of  the  structure.  Transmission  loss  is  the  ratio  of  sound  power  incident 
on  the  body  structure  to  the  sound  power  transmitted  to  the  interior,  expressed  in  decibels. 
The  second  role  is  to  reduce  the  level  of  structurebome  noise  radiated  to  the  interior  at  high 
frequency.  This  reduction  is  also  expressed  in  decibels  as  the  insertion  loss.  The  trim  and 
sound  package  design  decouples  the  steel  panels  from  the  interior  at  higher  frequencies. 
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The  sound  package  design  can  also  affect  the  absorption  of  sound  in  the  interior.  It  is 
important  to  characterize  all  of  these  effects  in  the  SEA  model 

In  the  special  case  of  trim  added  on  top  of  a  structural  member  or  carpet  over  a  panel,  the 
increased  transmission  loss  and  insertion  loss  were  modeled  using  five  subsystems  and  two 
junctions.  The  subsystems  were:  outside  air,  plate  bending,  trim  enclosed  air,  trim 
mass/bending  layer,  and  inside  air.  The  trim  enclosed  air  represents  the  acoustic  space 
between  the  structural  member  and  the  trim.  If  the  trim  air  space  is  fiber  filled,  as  under  a 
carpet  layer,  the  damping  should  be  high  to  represent  the  sound  attenuation  in  a  porous 
material. 

The  coupling  through  sound  package  decoupler  was  specified  by  two  junctions.  The 
outside  air  was  connected  to  the  trim  air  with  the  plate  bending  as  a  barrier.  Then  the  trim 
was  connected  to  the  inside  air  with  the  trim  layer  as  the  barrier.  For  holes  in  the  trim,  an 
additional  area  junction  was  used  to  connect  the  trim  air  to  the  inside  air.  TTie  mass  of  the 
air  column  in  the  opening  was  explicitly  modeled  to  capture  the  Helmholtz  effect. 

2.4  BASELINE  VALIDATION  OF  THE  MODEL 

The  baseline  validation  of  the  light  truck  SEA  model  with  Engine  Noise  Simulator  (ENS) 
test  results  was  important  for  several  reasons:  verification  of  the  configuration  assumptions 
adopted  in  building  the  model,  guidance  for  improvement  in  the  model  building  process, 
and  for  the  product’s  NVH  in^Movement.  The  ENS  equipment  was  simply  a  set  of  speakers 
mounted  on  an  engine-shaped  wooden  box,  as  described  in  Griffiths  [15].  There  were  low 
and  high  frequency  loudspeakers  installed  on  six  faces  of  the  box.  The  loudspeakers  on 
each  face  were  excited  while  loudspeakers  on  the  other  faces  were  inactive.  The  most 
important  feature  for  the  ENS  facility  was  its  good  repeatability  of  test  results  (within  1  dB) 
with  a  white  noise  excitation.  During  the  test,  the  vehicle’s  power  train  and  drive-line  were 
removed.  The  test  was  conducted  in  a  semi-anechoic  room. 

The  ENS  airborne  noise  test  for  the  light  truck  SEA  model  validation  included  77 
microphone  and  1 1  acceleration  measurements  that  were  grouped  into  4  clusters:  source 
(engine  compartment),  environment  (exterior),  structure  radiation  (vibration)  and  target 
(interior)  as  shown  in  Rgure  1.  Twelve  microphones  were  placed  in  the  engine 
compartment  to  characterize  the  noise  source.  The  exterior  sound  pressures  were  surveyed 
at  locations  underneath  the  floor  panels,  over  the  hood,  windshield  and  roof,  and  beside  the 
outer  panels  and  glass.  Eleven  vibration  measurements  were  concentrated  on  the  fiontal 
areas  such  as  dashboard,  floor  panel,  roof,  windshield  glass,  door  panel  and  side  glass. 
Twenty  microphones  were  located  in  the  interior  at  driver’s  and  passenger’s  ears,  knees  and 
toe  board  areas,  inside  the  hinge-pillar  and  behind  the  instrument  panel  to  survey  the  major 
noise  transmission  path  characteristics  from  the  engine  compartment  to  the  passenger  cabin. 
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The  SEA  model  validation  process  involved  checking,  verifying  and  modifying  the  model 
to  capture  the  dynamics  of  the  hardware,  as  shown  in  the  test  data.  The  first  step  was  to  use 
the  SEA  model  predicted  “thermal  graph”  described  by  Moeller  [6,16],  which  represents  the 
modal  energy  response,  to  check  the  model  connectivity.  The  criterion  was  that  the  modal 
energy  should  diffuse  smoothly  from  the  source  to  the  far-field  sink.  The  phenomena  were 
easily  visualized  through  a  finite  element  display  model.  The  second  step  was  to  correlate 
the  model  response  predictions  to  the  test  data.  The  discrepancy  information  between  the 
predicted  and  measured  responses,  combined  with  model  predicted  power  flow  information, 
was  used  to  locate  and  correct  model  building  errors,  as  well  as  to  verify  and  validate  the 
model  assumptions  and  strategies.  The  correlation  process  follows  the  noise  transmission 
paths  from  source  to  the  target.  In  this  case  the  target  was  driver’s  and  passenger’s  ear 
locations.  The  model  predictions  and  test  measurements  are  shown  in  Figure  2.  The  results 
show  good  agreement  to  the  ENS  test  measurements,  suggesting  that  the  model  captured 
the  major  dynamics  of  the  hardware. 

The  light  truck  SEA  model,  validated  by  the  ENS  tests  for  engine  presence,  was  then 
applied  to  evaluate  and  develop  the  sound  package  in  the  cargo  area  for  the  tailpipe  noise 
excitation.  Since  the  SEA  model  was  refined  to  include  more  details  in  the  vehicle  cargo 
area,  additional  validation  was  conducted  for  the  rear  part.  The  Tailpipe  Noise  Simulator 
(TNS)  was  used  to  excite  the  vehicle  in  the  same  facility  used  for  the  ENS  test.  The  noise 
source  for  the  SEA  model  was  described  by  a  series  of  sound  pressure  measurements 
around  the  TNS  and  the  measured  sound  pressures  were  imposed  as  the  excitation  to  drive 
the  model.  Transfer  function  comparisons  around  the  second  seat  passenger’s  head  position 
are  shown  in  Figure  3.  It  can  be  seen  that  the  transfer  functions  at  this  position  have  some 
discrepancy  over  2,500  Hz,  which  was  assumed  to  be  caused  by  the  directionality  of  the 
acoustic  power  radiated  from  the  tailpipe  simulator, 

2.5  INTENSITY  VALIDATION  OF  THE  MODEL 

A  sound  intensity  test  for  the  vehicle  in  the  semi-anechoic  room  was  conducted  to  further 
verify  the  SEA  model  predictions.  The  above  model  validations  for  engine  and  tailpipe 
noise  sources  were  carried  out  to  correlate  the  predicted  model  responses  with  the 
measurements  in  terms  of  sound  pressure  levels  (SPL).  The  point  SPL  and/or  spatially- 
averaged  SPLs  in  a  subsystem  are  a  scalar  index  which  contains  all  contributions  from 
adjacent  subsystems  and  no  information  on  power  flow  directionality.  It  requires  a  large 
amount  of  measurements  along  the  noise  path  to  capture  the  major  dynamics  of  the  system. 
Sound  intensity  scanning  over  the  surfaces  of  subsystems  captures  both  the  magnitude  and 
the  directionality  of  energy  flow.  The  sound  intensity  predictions  on  subsystem  surfaces  in 
SEA  models  were  compared  to  the  measured  sound  intensities  over  the  hardware  surfaces  to 
further  validate  the  SEA  model. 

Instruments  used  in  the  test  included  a  B&K  2144  Real  Time  Intensity  Analyzer  with  B&K 
4181  and  4183  Sound  Intensity  Probes.  The  sound  intensity  scanning  was  performed  under 
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the  Tailpipe  Noise  Simulator  excitation.  The  scanning  areas  included  the  surfaces  of  the 
cargo  floor  panel,  quarter  panel  trim,  quarter  panel  glass,  and  the  liftgate  panels  inside  the 
rear  cabin. 

Figures  4  and  5  show  the  power  flow  comparison  over  the  cargo  floor  panel  carpet  and 
headliner  surfaces.  The  gray  areas  in  the  figures  denote  the  power  flows  into  the  vehicle 
interior  from  the  surface  over  which  the  sound  intensity  was  scanned  and  the  white  areas 
indicate  the  power  flows  into  the  surface.  The  SEA  model  power  flow  predictions  show  a 
good  similarity  to  the  power  flows  recorded  on  the  hardware  surfaces.  Especially  in  the 
cargo  floor  carpet  case,  not  only  does  it  show  the  similar  pattern  but  also  accurately  predicts 
the  transition  frequency  at  which  power  flows  change  direction.  In  addition,  the 
information  on  the  power  flow  patterns  over  the  sound  package  surface  provided  a 
framework  for  thinking  about  development  of  sound  package  designs. 


3.  Exercising  SEA  for  Design 

The  light  truck  SEA  model  was  intensively  validated  under  different  loads  and  by  different 
criteria.  The  results  show  that  the  model  was  robust  in  terms  of  predicting  the  trends  and 
patterns  of  the  hardware  dynamics.  The  validation  process  itself  provided  good  insight  on 
where  and  how  the  sound  package  should  be  developed.  The  SEA  model  was  then  used  to 
explore  the  design  space,  to  improve  the  acoustic  performance  of  the  vehicle,  and  to 
evaluate  and  assess  the  sound  package  design  alternatives. 

The  model  was  first  used  to  address  engine  presence  NVH  issues  and  to  guide  the 
evaluation  and  development  of  sound  package  designs  for  airborne  noise.  Eight  sound 
package  changes  were  proposed  for  evaluation.  The  dash  doubler  was  a  composite  of  two 
sheet  metal  layers  with  mastic  in  between.  The  engine  side  dash  insulator  was  a  sheet  of 
fiber  glass  material  placed  in  the  central  part  of  the  dash  on  the  engine  compartment  side. 
The  hood  absorber  was  a  sheet  of  fiber  glass  attached  beneath  the  hood.  Hush  panels  were 
plastic  panels  with  a  layer  of  foam  attached  to  close  out  the  bottom  of  the  instrument  panel 
openings. 

The  design  variables  were  converted  to  the  appropriate  SEA  model  parameters  and 
implemented  in  the  SEA  model  to  conduct  a  DEX  to  predict  effectiveness  of  the  proposed 
sound  package.  The  hardware  was  tested  on  the  light  truck  for  the  same  DEX.  Comparing 
the  effects  plots  in  Figures  6  and  7  show  that  the  light  truck  model  captured  the  major 
dynamics  of  the  hardware  and  was  capable  of  identifying  the  response  change  patterns  and 
trends  when  the  hardware  was  modified. 

The  model  was  also  used  to  develop  sound  package  in  the  rear  part  of  the  vehicle  to  reduce 
the  noise  due  to  the  tailpipe  and  road  noise  excitations.  The  target  was  to  reduce  the  sound 
pressure  levels  at  the  second  row  passenger’s  ear  locations.  To  achieve  this  goal  c^timally, 
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the  mcxiel  was  used  to  identify  the  major  sound  transmission  paths  from  the  noise  source 
subsystem  to  the  target  subsystem  where  the  second  row  passenger’s  heads  are  located. 

This  process  was  performed  beginning  at  the  target.  First,  power  flows  into  the  target  from 
its  adjacent  subsystems  were  checked.  Then  the  subsystem  which  had  the  maximum 
contribution  was  selected .  That  subsystem’s  maximum  contributor  was  followed  and  so 
forth  until  the  source  subsystem  was  reached.  The  sequentially  selected  subsystems 
constitute  the  major  noise  transmission  path.  The  maximum  contributors  to  2nd  row 
passenger’s  ear  subsystem  were  the  cargo  upper  acoustic  space  below  1,000  Hz,  and  the 
rear  door  window  above  1,000  Hz.  Then  we  traced  the  major  contributor  to  the  cargo 
upper  subsystem,  which  showed  that  below  1,000  Hz  the  major  contributor  is  the  cargo 
lower  subsystem.  The  major  contributor  to  the  cargo  lower  subsystem  was  identified  as  the 
lift-jack  compartment,  Figure  8,  which  is  directly  connected  to  the  rear  wheel  well,  i.e.,  the 
noise  source.  Based  on  these  analyses,  a  decoupler  consisting  of  a  barrier  with  foam  was 
recommended  to  cover  the  rear  wheel  well  to  block  and  absorb  the  sound  transmission  from 
the  rear  wheel  well.  Figure  9  shows  that  noise  reduction  difference  between  the  baseline 
and  the  baseline  plus  rear  decoupler  averaged  about  1.3  dB  across  the  frequency  spectrum. 


4.  ConclusHMis 

A  multipurpose  SEA  model  of  a  light  truck  was  built  to  evaluate  its  airborne  noise 
insulation  performance. 

1 .  The  model  was  validated  against  three  different  criteria:  steady  state  field  response, 
acoustic  intensity/power  flow  comparisons  and  software/hardware  DEX. 

2,  The  validated  model  was  used  to  guide  development  of  the  vehicle  sound  package 
resulting  in  shortened  vehicle  development  time. 
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Figure  1 .  Sensor  locations  for  engine  noise  simulator  test. 
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Figure  4.  Tailpipe  noise  simulator,  sound  intensity,  cargo  area  floor. 
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Figure  5.  Tailpipe  noise  simulator,  sound  intensity  scan,  headliner  area. 
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Figure  6.  Engine  ndse  simulator  designed  experiment,  dash  doubler  effect  at  driver  head. 


Figure  7.  Engine  noise  simulator  designed  experiment,  cowl  side  insulator  effect  at  driver 
head. 
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SEA  Modtl  for  T^IPip*  MoIm 
Powar  Flowing  into  Corgo  Lowor  P/S  Air 


Figure  8.  Power  flowing  into  passenger  side  cargo  lower  acoustic  space 


Rgure  9.  Second  row  passeng^’s  ear  ncMse  reduction  prediction  comparison  between  the 
baseline  SEA  model  and  baseline  plus  sound  package  under  rear  wheel  well 
excitation. 


PREDICTING  NOISE  TRANSMISSION  IN  A  TRUCK  CABIN 
USING  THE  STATISTICAL  ENERGY  ANALYSIS  APPROACH 


Dr.  GERARD  BORELLO 
InterAC 

lOy  impasse  Borde-Basse  ZA  La  Violette  31240  L'Union  France 


A  Statistical  Energy  Analysis  (S.E.A.)  based  model  of  a  truck  cabin  has  been  developed 
in  collaboration  with  the  Research  Center  of  RVI  (Renault  Vehicules  Industiiels)  in 
Lyon,  France.  The  aim  of  the  associated  study  was  the  detenmnation  of  virtual  (as  for 
numerical  but  reidistic)  potential  solutions  for  improving  the  sound  quality  within  the 
drivei^s  cabin.  It  was  why  this  model  was  initially  planned  to  predict  the  internal  noise 
due  to  an  external  acoustic  loading  and  due  to  mechanical  forces  applied  to  the  chassis 
expected  to  be  the  main  sources  for  this  type  of  vehicle.  An  hybrid  approach,  mixing 
experimental  SEA  and  analytical  SEA  modeling,  was  chosen  from  the  begiiining  to 
reach  the  virtual  noise  reduction  objectives. 


1.  Testing  the  actual  cabin 

Prior  to  investigate  noise  control  solutions,  the  robustness  of  the  model  needed  to  be 

proven. 

A  five  days  test  campaign  on  a  truck  vehicle  was  undertakai  for  creating  the  S.E.A. 

experimental  database. 

The  main  following  tests  were  performed  on  the  RVI  vehicle : 

•  Identification  of  coupling  and  damping  loss  factors  by  the  power  injection  method 
using  a  18  subsystem  experiment^  SEA  model.  This  task  implies  measuring  the 
power  injected  in  the  different  subsystems  with  a  calibrated  excitation  as  well  as 
measuring  the  corresponding  energy  transfers  by  recording  all  cross  transfer 
inertances  between  coiqiled  subsystems.  An  impact  hammer  was  used  as  the 
excitation  process. 

•  Measurement  of  sound  pressure  levels  (SPL),  acceleration  in  some  locations  and 
power  injected  under  steady  state  excitation  using  a  shaker  attached  to  the  chassis. 

•  Measurement  of  reverberation  time  in  the  cabin. 

•  Simulation  of  an  external  acoustic  loading  using  a  loudspeaker  located  underneath 
the  cabin  and  collect  of  subsystem  accelerations  and  SPL's. 

•  Internal  excitation  of  the  cabin  using  a  loudspeaker  and  collect  of  some 
accelerations  and  SPL's. 


The  experimental  S.E.A  analysis  has  allowed  the  identification  of  experimental  dampmg 
loss  factors  (DLF)  and  coupling  loss  factors  (CLF)  of  the  difleient  panels  constitutive  of 
the  cabin.  The  other  test  results  were  used  to  compare  with  corresponding  simulations 
using  the  analytical  SEA  model  of  the  cabin  devdoped  with  the  AutoSEA  software. 


2.  The  SEA  experimental  model 


Only  direct  coupling  loss  factcars  corresponding  to  direct  links  between  subsystem  (as 
sketched  in  Figure  1)  were  computed  using  the  AutoSEA-X  [3]  sd’tware  devdoped  by 
InterAC  company. 

In  this  software  die  DLPs  are  calculated  separately  from  the  CLPs  using  the  following 
matrix  equations  whore  Cij  corresponds  to  the  ncxmalized  transfer  energy  between 
subsystems  i  and  j  and  Pi  to  the  normalized  power  injected  (‘normalized'  meaning 
dividing  each  quantity  by  the  excitation  force  autospectrum).  These  equations  are 
assuming  no  damping  losses  within  joints. 
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Equations  for  DLF  identification 


The  calculation  of  CLF's  is  based  on  the  herebelow  equations  and  associated  theory  can 
be  found  in  [1,2]. 
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Equations  for  CLF  identification 


Figure  L  Connectivity  of  the  18  subsystem  experimental  SEA  model 


Rather  large  standard  deviation  were  found  in  space  frequaicy  averaged  velocity  squared 
estimates  used  for  the  compuUtion  of  normalized  transfer  ene-gies  (see  Figure  2)  due  to 
some  complexity  on  corresponding  structures  and  the  limited  duration  of  the 
experimental  SEA  testing  (limited  number  of  transfer  inertances  for  each  subsystem). 
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Figure  2.  Standairi  deviation  in  dB  in  subsystem  velocity  squared  estimates 


3.  The  analytical  SEA  model 


The  model  was  gr^hically  constructed  within  AutoSEA  [4]  from  RVI  sketches  and 
drawing  as  shown  in  Figure  3.  This  model  was  built  using  the  standard  AutoSEA  of 
flexural  plate  and  cylinder  SEA  elements.  Then  the  measured  DLF's  were  imported 
within  the  model  through  the  neutral  file  format  of  AutoSEA.  Some  measured  injected 
power  where  used  to  validate  asymptotic  SEA  input  mobilities  calculations  on 
subsystems  where  simple  theory  needed  to  be  tuned.  Simulating  an  external  acoustic 
loading  with  the  analytical  model  leads  to  the  comparison  given  in  Figure  4.  We  can  see 
the  pr^ction  of  the  cabin  SPL  is  pretty  good  in  a  frequency  bandwidth  that  starts  from 
around  100  Hz  up  to  5  to  6  kHz.  This  result  has  only  been  obtained  after  import  of 
experimental  DLPs  within  the  analytical  model.  Prior  to  this  import,  using  preliminary 
constant  value  of  DLF  vs  frequency  was  leading  to  SPL  discrepancy  of  about  6  to  10  dB 
between  test  and  prediction  in  many  frequency  bands  making  the  ccMrrelation  with  the  test 
a  nearly  impossible  task.  Altar  DLF  import,  the  discrepancy  was  reduced  to  a  few  dB, 
allowing  then  for  a  better  interpretation  of  dilfaences  between  test  and  prediction  and 
some  improvement  of  the  modeling  was  achieved  by  playing  on  the  structural 
characteristics  of  some  subsystems. 

When  loading  the  chassis  using  a  randomly  excited  shaker,  the  analytical  model  shows 
satisfactory  trends  in  term  of  noise  transmission  in  the  frequency  bands  where  the 
comparison  is  possible  (when  above  the  background  noise  of  the  test  work  room).  Good 
correlation  with  acceleration  measurements  in  some  refoence  points  was  also  observed, 
leading  to  the  conclusion  the  model  was  also  suitable  for  analyzing  structural 
transmission  coming  from  the  engine  attachment  points(mo$t  of  the  CLFs  were 
analytical  in  this  case. 

Accurate  prediction  of  the  behavior  of  some  particular  subsystems  was  not  achievable 
but  these  singularities  were  identified  and  recommendations  given  to  RVI  as  using 
alternative  SEA  libraries  or  local  finite  element  results  but  it  was  still  possible  to  frame 
the  trends. 


eure  4  Predicting  SPL  inside  cabin  and  comparing  with  corresponding  measure^nt  (the 

the  external  measures  distribution  of  SPL  used  as  input  to  simulate  the  acoustic  loading). 


Figure  5.  Predicting  SPL  inside  cabin  and  comparing  with  corresponding  measurement  in  exciting  the 
chassis  with  a  shaker.  The  cabin  experimental  SPL  only  emerges  from  the  background  noise  between  300 

and  1000  Hz 


4.  The  optimization  of  sound  transmission  in  cabin 

The  base  of  the  optimization  of  sound  pressure  levels  in  the  cabin  is  to  minimize  (in  the 
analytical  model)  input  powers  from  all  connected  sources  radiating  within  the  cabin 
after  appropriate  ranking.  These  contributions  are  shown  in  Figure  6. 

From  this  analysis,  floor  and  side  panels  are  mainly  contributing  on  a  frequency  broad 
band  scale  but  with  dilferent  paths  (resonant  or  non  resonant  depending  of  the  frequency 
band). 

The  model  also  shown  that  noise  reduction  solutions  based  on  increase  of  internal 
damping  were  rather  inefficient.  Performance  of  solutions  based  on  improved  trim  panels 
or  mass  adjunction  were  evaluated  that  showed  improvement  of  around  10  dB  mainly 
above  500  Hz. 


Figure  6.  Distribution  of  power  inputs  within  the  cabin  acoustic  space  vs  subsystems  and  frequency 


5.  Conclusions 

A  theoietical  model  of  a  truck  cabin  was  developed  for  understanding  the  respective 
contributions  of  the  different  structural  components  to  the  internal  sound  pressure  level. 
This  model  shows  that  using  an  analytiad  SEA  model  ^ihanced  by  die  import  of 
experimental  damping  loss  factors,  it  is  possible  to  predict  the  global  vibroacoustic 
behavior  of  the  cabin  to  various  external  loading  :  external  acoustic  sound  field  to 
simulate  engine  noise  radiation  and  force  punctual  excitation  to  simulate  input  of 
structural  vibration  by  the  engine  mounting  blocks.  This  model  is  then  used  to  find 
solutions  for  noise  reduction  and  to  quantify  their  performance. 
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1.  Introduction 

It  is  possible  to  make  predictions  of  pipework  vibrations  at  low  frequencies  using  beam 
models.  However,  once  the  shell  modes  in  the  pipe  walls  are  cut-on,  the  number  of  degrees 
of  freedom  required  for  classical  methods  increases  dramatically.  Today,  the  general  trend 
to  save  costs  and  weight  results  in  that  higher  quality  steels  are  introduced  to  allow  for  a 
reduction  of  wall  thickness.  This  reduces  the  cut-on  frequencies  for  higher  order  radial- 
axial  modes  considerably  and,  as  a  consequence,  ‘high  frequency*  methods  are  needed 
also  at  ‘lower*  frequencies. 

In  an  ongoing  project  in  Southampton  the  feasibility  of  using  statistical  energy  analysis 
(SEA)  for  screening  pipeworks  to  find  potential  risks  for  fatigue  is  investigated.  In  this 
project,  first  a  direct  dynamic  FEM  was  developed  for  analysing  vibrations  of  fluid-filled  pipes 
[1].  The  objective  was  to  have  an  accurate  tool  for  performing  numerical  experiments  and  for 
verifying  approximate  theoiy.  Second,  based  upon  the  experience  gained,  a  simplified  theory  for 
the  radial-axial  vibrations  was  developed  and  was  used  for  deriving  closed  form  expressions  for 
wave  numbers,  modal  density  and  input  power  from  point  sources  [2,  3].  Third,  a  3-d.o.f.  SEA 
element  was  formulated.  This  element  is  useful  when,  because  of  dancing,  the  energy  density 
varies  within  an  element  [4],  Fourth,  methods  and  software  were  developed  for  calculating  SEA 
coupling  loss  factors.  So  far  these  routines  have  been  applied  to  flange  connections  [5]. 

Here,  the  results  in  [2,  3,  5]  are  compiled  and  are  used  to  formulate  a  SEA  model  for  a 
small  pipe  structure.  The  results  are  compared  to  those  from  calculations  using  the  spectral 
FEM  [1]  showing  good  agreement.  It  is  believed,  SEA  has  the  potential  to  become  a 
standard  method  for  predicting  noise  and  vibration  in  pipeworks  at  somewhat  higher 
frequencies,  thus  complementing  beam  models. 


2.  Waves  in  fluid-filled  pipes 

The  waves  in  fluid-filled  pipes  were  originally  investigated  by  Fuller  and  Fahy  using  a 
semi-analytical  method  [6].  To  increase  efficiency,  Finnveden  [1]  developed  a  FE  method 
in  which  the  radial  dependence  of  the  sound  pressure  was  approximated  with  polynomial 
trial  functions. 

The  first  step  in  an  analysis  of  pipes  is  to  decompose  the  motions  cicumferential 
dependence  in  a  Fourier  series.  In  this  series,  the  first,  n  =  0,  term  has  no  circumferential 
dependence;  the  n  =  1  term  has  one  wavelength  around  the  circumferential;  the  n  =  2  term 
has  two  wavelengths;  and  so  on.  At  lower  non-dimensional  frequencies,  there  are  four 
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types  of  waves  that  can  propagate  in  fluid-filled  pipes;  1)  Torsional,  n  =  0,  waves  in  the 
pipe  wall  which  are  not  coupled  to  the  fluid  motion;  2)  Beam- type,  «  =  1,  bending  waves 
with  the  fluid  mass  added  to  that  of  the  pipe;  3)  Coupled  axi-symmetric,  n  =  0,  dilatational 
waves  which  are  predominately  as:  a)  Longitudinal  waves  in  the  pipe  wall  with  some 
radial  motion  because  of  ‘Poison  coupling*;  b)  Plane  acoustic  waves  forcing  some  radial 
motion  of  the  pipe  wall. 

At  somewhat  higher  frequencies,  higher  order  radial-axial  (n  =  2,  ‘ovaling’,  w  =  3, 
‘teddy  bear*, ... )  waves  can  propagate.  The  cut-on  frequencies  for  these  waves  are  [2] 


,  _  _£^  SET. 

2nR\\+\ln^+^lln'  (1) 

c,  =  ^  =  V/l2R^ . 

E  is  Young*s  modulus,  p  is  the  pipe  wall  density,  v  is  Poison*s  number,  R  is  the  cylinder 
radius,  is  the  pipe  wall  thickness  and  p^  is  the  fluid  density. 

Besides  these  waves,  at  even  higher  frequencies,  there  is  the  axi-symmetric  flexural 
wave,  cut-on  at  the  ring-frequency,  and  non-planar  predominantly  acoustic  waves  as  well 
as  non-planar  longitudinal  and  torsional  waves.  For  commonly  used  engineering  materials, 
the  first  of  these  waves  that  can  propagate  is  the  first  higher  order  acoustic  wave,  the  n  =  1 
mode,  which  is  cut-on  approximately  at  a  frequency 

=  l^cJlnR  .  (2) 


Figure  1.  Wavenumbeis  in  fluid-filled  pipe.  n  =  0,  with  increasing  wavenumbers:  longitudinal,  torsional 

and  fluid  wave,  plus  flexural  mode  at  6  kHz;  ’ - ',«  =  !,  beam  bending  mode  plus  acoustic  and  torsional 

modes  at  high  frequencies;  ’ - ', «  =  2, 3, . .  .8,  radial-axial  waves  with  increasing  cut-on  frequencies. 
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TABLE  1  Geometrical  and  material  parameters 


Material 

Poisons  ratio 

Density 

Free  wave  speed 

Loss  factors 

V 

P 

P ,  Cf  (m/s) 

He.  n,.;  n/ 

Steel 

0.3 

7800 

4961 

0.01,  0.01 

Water 

- 

1000 

1500 

0.01 

Outer  diameter  (mm) 

Wall  thickness  (mm) 

Pipe 

273 

4.19 

Flange 

406 

2*38 

In  the  present  work  a  thin-walled  water-filled  steel  pipe  is  considered,  the  data  are  found  in 
Table  1.  It  has  a  ring  frequency,  =  5.9  kHz  and  a  cut-on  frequency  for  the  first  higher 
order  fluid  mode,  ^  =  3.2  kHz.  In  Figure  1  wave  numbers  are  shown  for  the  propagating 
modes.  In  what  follows,  calculations  are  made  for  frequencies  up  to,  and  including,  the  2 
kHz  octave  band.  The  excitation  will  be  a  point  force  in  the  radial  direction  and  the 
torsional  wave  is  not  excited.  Consequently,  included  in  the  analysis  are  the  n  =  0 
longitudinal  and  acoustic  waves  and  the  radial  axial  waves  of  order  n  =  1  until  order  n  =  8. 


3.  Simplified  equations  of  motion 

Simplified  equations  of  motion  for  the  «  >  1  modes  in  fluid-filled  pipes  have  been  derived 
[2].  These  derivations  are  based  on  the  Lagrange  formulation  of  the  Arnold  and  Warburton 
equations  for  cylinder  motion  [7,  equation  (2.12a)]  extended  with  terms  modelling  the 
fluid  motion  and  the  coupling  between  fluid  and  cylinder  [1].  The  same  approach  is  here 
used  to  find  equations  for  the  /i  =  0  modes.  These  simplified  equations  are  useful  for 
deriving  the  SEA  parameters. 

3.1  AXI-SYMMETRIC  MOTION 

For  n  =  0  modes  the  tangential  (torsional)  motion  is  uncoupled  from  the  radial-axial 
cylinder  motion  and  from  the  fluid.  For  frequencies  well  below  the  ring  frequency,  the 
axial  flexural  stiffness  of  the  cylinder  is  negligible.  Thus,  as  a  first  step,  terms  describing 
the  tangential  motion  and  the  axial  flexural  stiffness  are  neglected  in  the  Lagrangian  for 
the  cylinder  motion.  Second,  at  lower  frequencies  the  fluid  motion  is  to  a  good 
approximation  plane,  that  is,  without  radial  dependence.  So,  the  fluid  sound  pressure  is 
assumed  to  be 


p{x,r)  =  y/{x)f  pw,  (3) 

where  p  is  the  sound  pressure  and  \ff  is  m  analogy  to  the  fluid  velocity  potential.  This 
expression  for  the  sound  pressure  is  inserted  into  the  Lagrangian,  the  corresponding  Euler- 
Lagrange  equations  are  derived  and  after  some  simplifications  the  equations  of  motion  are 
found  to  be 


ilii  4.  .  2vptia  dw  _ 

dx^  ^  dx 


0; 


(4a) 
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,2  2v(0  du  .  /,  PfR^co  „du 

where  u  is  the  axial  displacement  and  w  is  the  radial  displacement  and  where 
co^  1-n"  -'2 


- 


c? 


;  *;=5-(‘+y)= 


n  =  y  =  2pf  c) «/(£;■  7;(l-£2=)). 

These  equations  are  similar  to  those  derived  by  Pinnington  and  Briscoe  [8]. 


(5) 


Wavenumbers  and  modeshapes.  Solutions  of  the  form  e**”'  are  applied  to  equations  (4) 
giving  an  eigenvalue  problem  for  the  wavenumbers.  The  four  solutions,  ±a  and  ,  are 


=  kl  +  ^k*-k}kl,  =  kl  -  ^k*-kjkl  ; 

=  (i+9)(*/ +*i)/2  ;  (g) 

q  =  y/((l-n'-v'){l  +  y)+(c*/c^)(l-Q')). 

The  corresponding  eigenvectors  are  found  when  these  values  for  a  and  p  are  substituted 
into  equations  (4).  It  is  seen  that  if  the  non  dimensional  number  q  is  small,  the  wave 
numbers  are  close  to  and  kj .  Since  the  coupled  solutions  are  pushed  apart  they  are 

identifiable,  so  that  if  >  kj^  then  a  corresponds  to  the  wave  that  is  predominantly  of 
fluid  character  and  P  corresponds  to  the  predominantly  structural  wave. 

3.2  RADIAI^AXIAL WAVES 

For  frequencies  below  the  ring  frequency,  cylinder  cross  sectional  breathing  is  greatly 
restrained.  This  is  verified  by  inspection  in  [7,  Table  2.11]  where  it  is  seen  that  the  cross 
sectional  mode  shapes  for  propagating  radial-axial  modes  are  almost  in-extensional.  That 
is,  to  a  good  approximation,  the  circumferential  strain,  and  the  tangential 

displacement,  v,  are 


=  {nv-¥w)/R  =  0;  v  =  -wfn.  (7) 

This  is  the  fundamental  assumption  for  the  derivation  of  the  simplified  theory  for  radial- 
axial  motion  of  fluid-filled  pipes  [2].  Additionally,  the  axial  flexural  stiffness  of  the  pipe 
wall  is  neglected  and  analysis  is  restricted  to  lower  frequencies  for  which  the  pipe  motion 
is  subsonic  and  the  fluid  compressibility  and  fluid  axial  inertia  are  negligible.  Finally,  a 
trial  function  for  the  fluid  sound  pressure  is  found  by  retaining  only  the  first  term  in  a 
series  expansion  of  the  exact  solution  [6]: 
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p[x, r,<j>)  =  \if(x)  r"  cos(n^) ,  n  =  1, 2, ...  (8) 

Upon  this  basis,  the  expressions  for  the  tangential  displacement  (7)  and  sound  pressure  (8) 
are  inserted  into  the  Lagrangian,  the  corresponding  Euler-Lagrange  equations  are  derived 
and  after  eliminating  yf  the  equations  of  motion  are  found 


pa  i„e  -. 


(9) 


where  G  is  shear  modulus  and  where 

e  =  n^u/R  . 


(10) 


Above,  the  cross  sectional  area  ,  equivalent  area  moment  of  inertia  /„ ,  equivalent  shear 
factor  K„ ,  equivalent  mass  per  unit  length  M, ,  stiffness  K„  and  factor  C„  are 

4  =  2nT^R;  K„  =  l/(2«*);  /„  =  /^/n";  /,  =  7iT,R^  ; 

M,  =  pA/2(l+l//i*+2/i/n);  =  fiE  All  (11) 

C„  =  2p{n-llnflK„;  fi  =  p^nR^ /plnRT, . 

In  equation  (9),  the  term  proportional  to  C„  describes  the  restraint  against  twist  of  the 
pipe  wall.  For  thin-walled  pipes,  low  order  n  and,  or,  low  frequencies,  this  term  may  be 
neglected.  Equations  (9)  are  then  equal  to  those  for  a  Timoshenko  beam  on  a  Winkler 
foundation  having  stiffness  per  unit  length,  .  This  “foundation  stiffness”  describes  the 
circumferential  flexural  stiffness  of  the  pipe- wall. 

Wavenumbers.  Using  the  equivalent  Timoshenko  beam  theory  (9),  the  propagating  wave 
number  for  the  mode  with  circumferential  non-dimensional  wavenumber  n  is  given  by  the 
non-parenthesised  signs  in 

k„R^  (!,[// 

H  =  [M+al-QCj  {l  +  C„))  jl-,  £i,  =  aRl^fElp  =  =  p/Vl^ 

M  =  [a>^  M^-K,)r^  /  {GAK„{l  +  C^)y,  Q  =  G  j  E . 

In  [2]  numerical  experiments  are  made  in  which  results  from  equation  (12)  are  compared  to 
those  found  using  accurate  thin-walled  cylinder  theory  and  Helmholtz  equation  for  the  fluid. 
Criteria  for  the  application  of  the  siit^lified  beam  theory  are  given. 
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4.  SEA  formulation 

Traditionally,  using  the  wave  approach  to  SEA,  different  wave  components  are  assumed 
incoherent  and  of  equal  magnitude.  For  cylinders  with  contained  fluid,  SEA  models  are 
made  regarding  the  cylinder  and  fluid  as  separate  sub  systems  [9,  10].  The  modal  densities 
are  calculated  assuming  the  mode  count  a  continuous  function  of  both  the  axial  and 
circumferential  wave  numbers,  e.g.,  originally  by  Heckl  [11]  or  most  recently  by  Langley 
[12].  The  normalised  mode  count  for  cylinders  is  defined  N„  -TJ  where  is  the 

mode  count.  It  is  a  function  of  only  p  and  the  non-dimensional  frequency  Q  [3].  In 

Figure  2  are  shown  the  normalised  mode  counts  found  using  Arnold  and  Warburton 
cylinder  theory  and  the  ones  found  from  references  [11,  12].  These  results  are  independent 
of  p  and  are,  as  stated  by  the  authors,  not  correct  for  frequencies  where  only  the  beam 

mode  can  propagate.  Also,  these  theories  do  not  account  for  the  increase  in  the  mode 
count  at  the  cut-on  frequencies. 


Figure  2.  Normalised  mode  count  in  cylinders  (From  [2]).  ’ . ',[11];  ’ - ',[12];  ' - *,  Arnold  and 

Warburton  theory;  a,  r^  =  /?/20;  b,  7;  =  /?/60;  l\  7;  =  /f/180. 

4.1  The  WAVE  GUIDE  APPROACH  TO  SEA 

Many  structures,  e.g.,  cylinders,  are  geometrically  orthotropic,  resulting  in  that  the  speed 
of  energy  propagation  is  dependent  on  the  direction.  As  can  be  deduced  fi’om  Figure  2,  the 
modal  density,  the  derivative  of  the  mode  count,  is  also  dependent  on  the  direction  of 
propagation.  Additionally,  for  many  connections  the  energy  transmission  between  sub 
structures  depends  strongly  on  the  angle  of  incidence.  Examples  of  such  connections  are: 
coupling  between  cylinder  and  contained  fluid  [9],  plate/beam  junctions  [13]  and  flange 
connected  pipes  [5].  This  strong  dependence  on  angle  of  incidence  makes  the  SEA  diffuse 
field  assumption  dubious. 

To  overcome  this,  Langley  proposed  the  ‘wave  intensity  method’  [14],  Using  this 
method  the  SEA  assumptions  are  relaxed.  The  wave  components  are  still  assumed  in- 
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coherent  but  their  amplitudes  are  calculated  explicitly.  The  total  wave  energies  are  then 
found  by  integrating  over  all  possible  directions  of  propagation. 

Here,  the  alternative  the  ‘wave  guide  approach  to  SEA’  is  proposed.  Using  this 
approach,  first  the  waves  that  can  transmit  in  the  wave  guide  are  calculated  from  the 
dispersion  relations.  Then,  each  of  these  wave  types  is  considered  as  a  one-dimensional 
SEA  element.  The  advantages  of  this  approach  are  that:  1)  It  is  focused  on  the  waves,  or 
standing  waves  (modes),  that  carries  energy;  2)  It  does  not  rely  on  a  sometimes  false 
assumption  of  in-coherence  but  on  the  ortogonality  of  modes;  3)  Much  of  what  has  been 
learnt  over  the  years  on  the  application  of  SEA  to  one-dimensional  systems  applies.  Of 
course,  the  wave  guide  approach  is  in  principle  equal  to  the  standard  wave  approach  [15]. 

4.2  SEA  PARAMETERS 

To  formulate  SEA  models  for  the  energy  balance  in  a  pipe  structure  the  input  power  to 
each  element  is  needed  as  are  the  modal  overlaps,  describing  the  damping  within  the 
elements,  and  the  coupling  factors,  describing  the  energy  flow  between  them.  Additionally, 
the  modal  densities  are  required  for  calculating  the  total  vibration  energies  from  the 
calculated  modal  energies, 

4.2.1  Modal  density 

In  one-axial,  prismatic,  wave  guide  systems  the  resonances  occur  approximately  when 

kL  =  Nn  ,  (13) 

where  kisa.  wavenumber  in  the  direction  of  the  wave  guide,  L  is  the  length  and  N  is  any 
positive  integer.  The  non-dimensional  Helmholtz  number,  kL /is  a  measure  of  the  size  of 
the  wave  guide.  For  thin- walled  cylinders,  equation  (13)  is  exact  if  the  boundary 
conditions  are  “simply  supported”,  that  is,  if  they  are  du/3x  =  v  =  w  =  d^wfdx^  =  0 .  Also 
for  a  fluid-filled  cylinder,  equation  (13)  is  exact,  if  the  cylinder  is  simply  supported  and  if 
the  fluid  obeys  pressure  release  conditions,  /?  =  0 ,  at  the  pipe  ends. 

The  mode  count,  =  N^.{o)) ,  is  the  number  of  modes  having  resonance  below  the 
frequency  6) .  If  the  mode  count  is  considered  as  a  continues  variable  of  the  Helmholtz 
number,  it  is,  for  each  wave  type  in  the  wave  guide,  given  by  equation  (13).  It  must, 
however,  also  be  accounted  for  that  for  n^l  there  are  two  waves  with  equal  wave 
numbers  but  with  different  polarisation’s. 

In  SEA,  the  modal  density  is  central.  It  is  defined  for  a  frequency  band  between 
frequencies  and  co^ : 


(14) 


Often  the  limit  o)^  (Oj  is  taken,  thus  resulting  in  an  expression  valid  for  a  particular 
frequency.  However,  this  limiting  expression  is  singular  at  cut-on  if  the  mode  count  is 
based  on  (13).  Here,  calculations  are  made  in  third  octave  bands  and  equation  (14)  is  used 
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to  calculated  the  modal  density,  where  the  mode  counts  are  given  by  equation  (13)  (and  for 
n  >  1  multiplied  by  2)  and  the  wavenumbers  are  given  by  equation  (6)  or  (12). 

4.2.2  Modal  overlap 

The  dissipated  power  in  an  element  is  by  definition, 

Pj  =  r](oE  ^  MEm\  M  =  Em  =  (15) 

where  7]  is  the  loss  factor  and  E  is  the  total  vibration  energy  in  the  element,  is  the 
modal  density,  Em  is  the  modal  energy  and  M  is  the  modal  overlap.  In  SEA,  equations  for 
energy  conservation  are  formulated  with  the  modal  energy  as  independent  variable.  Then, 
the  modal  overlap  based  on  the  3  dB  bandwidth  is  the  parameter  describing  the  dissipation 
of  energy. 

4.2.3  Coupling  factor 

In  SEA,  the  energy  flow  between  two  directly  coupled  elements  is 

P,j  =  C{Em,-Emj),  06) 

where  the  coupling  factor,  or  ’modal  energy  conductivity',  is  defined  by  this  equation. 
Using  the  wave  approach,  the  conductivity  is  calculated  assuming  that  only  element  i  is 
directly  excited  and  that  element  j  has  a  large  modal  overlap.  For  this  case,  C  is  related  to 
,  the  transmission  factor  for  two  semi  infinite  elements  [16  ] 

C  =  rj7c{2-r^),  (17) 


In  [5]  transmission  factors  for  flange-coupled  fluid-filled  pipes  are  calculated  and  the 
routines  presented  are  here  used  to  calculate  the  conductivity,  C.  It  should  be  noted,  for 
geometrical  reasons,  waves  of  different  trigonometric  orders,  n,  are  not  coupled. 

4.2.4  Input  power 

The  investigated  structure  is  excited  by  a  radial  point  force  with  time-rms  amplitude  . 

For  the  radial-axial  modes,  the  elegant  expression  in  [17,  Section  v.4.c]  is  used  to 
calculated  the  frequency  band  averaged  input  power  [3] 


n  (modal  force)^  ,  ,  , 

- modal  density  = 

2  total  mass 


_ >r/2  -  I^Mi) 

pA^il  +  l/n^+2^l/n+[k„R/n^f^ 


(18) 


where  p  and  A^  are  defined  in  equation  (11).  The  wavenumbers  are  given  by  equation  (12), 
using  the  convention  that  the  wave  number  is  zero  below  the  cut-off  frequency.  This  expression 
for  the  input  power  is  investigated  in  [3]  where  criteria  for  its  application  are  found. 
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Hie  input  power  in  the  axi-symmetric  modes  is  calculated  from  the  equations  of  motion  (4) 
applied  to  an  infinite  pipe  that  is  excited  by  a  radial  point  force  at  jc  =  0 .  The  solutions  are 


«w  = 


x>0  _ 

A,Uye-'’‘’‘+B_U^e-'^\  jc<0’ 


jc>0 

x<0 


(19) 


where  A+,  and  B_  are  constants.  The  eigenvectors  have  been  scaled  so  that  their 
yf  -component  is  unity  while  their  n-components  are  17,  respectively.  From  the  equations 
of  motion  it  is  deduced  that  y/  and  du/dx  are  continuous  at  x  =  0  whereas 


d  y(+€)  _  dy/{-£U  ^  2(oRf^, 
dx  dx  E 

(20) 

These  four  continuity  conditions  are  used  to  find  the  constants  A_,  and  B_  and  the 
radial  displacement  is  calculated  using  equation  (4c).  The  input  power  is 

Pin  =  Re(-I<»w^,).  (21) 

The  results  using  the  simplified  formulations  are  in  Figure  3  compared  to  those  found  with 
the  spectral  FEM  in  [1]  showing  good  agreements. 


lim 


0  N«)  -  “Ml  e'^O 


Rgure  3,  Input  power  to  infinite  fluid-filled  pipe.  Upper,  axi-symmetric  modes:  lower,  radial-axial  mode; 
• - SFEM,  narrow  band  and  third  octave  band  averages;  *  O  *,  SEA 
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5.  Numerical  example 

A  simple  un-supported  pipe  structure  with  three  sections  in  a  row,  joined  with  flanges,  is 
considered.  The  pipe  and  flange  dimensions  are  defined  according  to  standards  [18,  19]. 
The  material  data  are  found  in  Table  1  and  the  three  section  lengths  are  respectively  9.5m, 
5.27m  and  7.57m.  The  excitation  is  a  radial  point  force  3.49m  from  the  end  of  section  1. 
Dissipative  losses  are  described  using  a  complex  Young’s  modulus  and  complex  densities, 

E  =  P  =  P„(l  +  ''7v)  and  =p^(l  +  i7j,). 

The  third  octave  band  average  of  the  energies  and  energy  flows  in  the  structure  are 
calculated  with  SEA.  The  SEA  model  is,  for  each  trigonometric  order,  formulated  with  the 
SEA  parameters  presented  above.  The  results  are  compared  to  those  found  with  the 
spectral  FEM  (SFEM)  presented  in  [1].  Calculations  are  made  for  frequencies  from  the 
31.5  Hz  octave  band  until  the  2  kHz  octave  band.  The  deterministic  calculation  is  made 
with  1500  logarithmic  spaced  frequency  points,  ensuring  approximately  2.5  points  within 
resonances  3  dB  bandwidth.  It  should  be  pointed  out,  to  use  standard  FE  calculations  for 
benchmark  testing  the  SEA  model  would  require  extensive  calculations.  Using  the  rule  of 
thumb  of  six  nodes  per  wave  length  results  in  a  FE  model  with  almost  100.000  d.o.f.  for 
the  cylinders  and  perhaps  as  many  for  the  fluid. 

In  Figure  3  are  shown  the  calculated  energy  flow  in  the  second  flange  connection  and 
in  Figure  4  are  the  total  energies  in  the  first  and  third  pipe  sections.  At  lower  frequencies, 
the  modal  density  and  the  modal  overlap  are  small  and  the  results  are  not  in  good 
agreement.  However,  once  the  n  =  2  mode  is  cut-on,  at  90  Hz,  the  frequency  averaged 
results  agrees  very  well.  At  higher  frequencies,  above  1  kHz,  there  is  a  tendency  for  the 
SEA  model  to  over  predict  energy  transmission.  Probably,  since  SEA  does  not  account  for 
that,  because  of  damping,  the  energy  density  can  decay  within  an  element.  Finally,  in 
Figure  5  are  shown  the  energy  level  difference  between  the  end  sections.  It  is  not  effected 
by  errors  in  the  SEA  prediction  of  input  power.  Hence,  the  agreements  are  better  at  lower 
frequencies  while  the  high  frequency  deviations  are  equal  to  those  in  Figure  4. 


Hgurc  3.  Enefgy  flow  in  second  connection; ' - SFEM,  nanow  band  and  third  octave  band  averages;  *  *  ',  SEA 
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6  Conclusions 

Statistical  energy  analysis  is  applied  to  predict  the  vibrational  energies  in  a  small  fluid- 
filled  pipe  structure  consisting  of  three  sections  joined  with  flanges.  The  SEA  model  is 
based  on  a  wave  guide  approach.  Using  this  approach,  first  the  waves  that  can  propagate  in 
the  wave  guide  are  calculated  from  the  dispersion  relations.  Then,  each  of  the  wave  types 
is  considered  as  a  one-dimensional  SEA  element.  The  advantages  of  this  approach  are 
that:  1)  It  is  focused  on  the  waves,  or  standing  waves  (modes),  that  carries  energy;  2)  It 
does  not  rely  on  a  sometimes  false  assumption  of  in-coherence  but  on  the  ortogonality  of 
modes;  3)  Much  of  what  has  been  learnt  over  the  years  on  the  application  of  SEA  to  one¬ 
dimensional  systems  applies. 

The  propagating  waves  for  the  n  ^  1  modes  are  described  with  a  previously  reported 
equivalent  beam  theory  [2,  3]  whereas  those  for  the  n  =  0  modes  are  described  with  a 
similar  theory  presented  here.  The  coupling  factors  are  found  with  a  FE-technique  [5]. 

The  SEA  predictions  are  compared  to  those  from  a  spectral  FE  calculation  [1]  showing 
good  agreements.  However,  at  lower  frequencies,  when  only  the  n  =  0 ,  longitudinal  and 
fluid  modes  and  the  n  =  1  beam  mode  can  propagate,  the  results  are  not  so  good.  This 
confirms  that  beams  are  not  suitable  for  SEA,  unless  they  are  very  long.  At  higher 
frequencies,  above  1  kHz,  standard  SEA  over  predicts  energy  transfer  because,  when  the 
modal  overlap  is  high,  the  SEA  assumption  of  constant  energy  density  within  the  elements 
is  violated.  This  error  can  be  corrected  with  a  3-d.o.f.  SEA  element  formulation  [4]. 

In  summary,  the  feasibility  of  using  SEA  to  predict  vibrations  in  pipeworks  has  been 
demonstrated.  It  is  believed  that  the  method  has  the  potential  to  become  a  standard  method 
for  predictions  at  frequencies  where  the  shell  modes  in  the  pipe  wall  are  cut-on,  thus 
complementing  beam  models.  However,  the  major  contribution  of  this  work  is  considered 
to  be  the  introduction  of  the  wave  guide  approach  to  SEA.  This  approach,  combined  with 
the  FE-technique  discussed  in  [1,  5,  20]  may  become  a  very  powerful  tool  for  generating 
data  to  SEA  models. 
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Figure  5.  Energy  level  difference  between  Section  1  and  Section  3. ' - ,  SFEM;  ‘  O  *,  SEA. 
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1.  Introduction 

Nowadays  aspiration  for  a  better  quality  of  life  includes  a  growing  demand  for 
lower  noise  air  conditioners.  There  consequently  seems  to  be  a  need  for  tools 
that  would  help  manufacturers  to  understand  both  the  generation  of  noise  in  a 
device  and  its  propagation  to  the  surrounding  medium.  In  the  present  paper,  we 
propose  a  modelling  tool  for  making  a  global  diagnosis  of  the  propagation  of 
mechanical  and  acoustical  waves  inside  and  from  an  existing  air  conditioner. 
We  also  use  that  tool  to  try  to  foresee  the  efficiency  of  a  noise  reduction 
solution. 

Air  conditioners  are  complex  systems  to  be  modelled  :  their  radiation  spectrum 
is  rather  broadband,  their  geometry  is  intricate,  they  are  composed  of  a  number 
of  heterogeneous  elements  and  include  structure  and  air-bome  propagation 
paths.  A  thorough  modelling,  e.g.  based  on  the  finite  element  method,  seems 
therefore  to  be  out  of  reach. 

Although  all  the  hypothesis  for  application  of  SEA  are  not  quite  fulfilled  in  the 
case  of  an  air  conditioner,  we  decided  to  simplify  its  modelling  by  considering 
that  theory  as  a  starting  point  of  the  approach.  Our  added  value  consisted  then 
in  trying  to  make  the  SEA  model  as  accurate  as  possible  by  paying  special 
attention  both  to  the  measurement  of  the  data  and  the  phase  consisting  in  the 
updating  of  the  model.  A  specific  method  for  data  fitting  and  model  parameter 
estimation  was  actually  used  during  the  updating  phase. 

We  now  present  our  methodology  and  the  results  obtained  by  applying  it  to 
foresee  the  efficiency  of  a  noise  reduction  solution  applied  to  a  real  life  air 
conditioner. 
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2.  Elaboration  of  the  initial  vibroacoustic  model 

The  first  step  of  our  methodology  is  devoted  to  the  elaboration  of  the  initial 
SEA  vibroacoustic  model.  This  step  is  based  on  a  thorough  observation  of  the 
unit  and  includes  several  tasks. 

The  first  task  is  the  choice  of  the  subsystems.  For  each  subsystem,  one  has  to 
collect  the  relevant  data.  In  the  case  of  cavities,  those  data  are  the  density  of 
the  fluid,  the  speed  of  sound  in  the  fluid  and  the  dimensions  of  the  cavity.  In 
the  case  of  structures,  the  relevant  data  are  the  mass  of  the  structure  and  its 
dimensions. 

Another  task  consists  in  characterising  the  connections  between  all  the 
subsystems.  There  exist  three  kinds  of  such  connections  :  structure-stracture, 
cavity-cavity  and  cavity-stmcture. 

Special  attention  must  furthermore  be  payed  to  classifying  each  subsystem  into 
one  of  the  two  following  categories  :  the  category  of  subsystems  that  directly 
radiate  sound  into  the  room  and  the  category  of  those  that  do  not. 

The  device  under  study  is  the  external  unit  of  an  individual  split  air  conditioner 
(see  figure  1).  It  includes  two  sound  sources  :  an  axial  fan  and  a  compressor.  In 
figure  1,  one  of  the  panels  which  compose  the  envelop  of  the  device  has  been 
taken  out  to  display  the  compressor  in  its  cavity. 

The  observation  of  the  unit  leads  us  to  consider  eleven  subsystems  :  nine 
stmctures  and  two  cavities  (see  figure  2).  The  nine  stractures  are  the  top,  the 
heat  exchanger,  the  partition  which  separates  the  compressor  cavity  from  the 
fan  cavity,  the  fan  support,  the  side  panel,  the  front  panel,  the  rear  angle  panel, 
the  front  panel  and  the  base.  The  two  cavities  are  the  one  which  contains  the 
compressor  and  the  one  which  contains  the  fan.  The  latter  cavity  is  composed 
of  two  sub-cavities  :  one  can  be  seen  on  the  heat  exchanger  side  and  one  on  the 
front  panel  side. 

The  full  list  of  SEA  modelling  parameters  includes  :  the  vibroacoustic  power 
injected  into  each  subsystem  by  external  forces,  the  damping  loss  factor  of 
each  subsystem  and  the  coupling  loss  factors  associated  to  any  pair  of 
subsystems.  Note  that  the  list  of  coupling  loss  factors  includes  the 
unidirectionnal  coupling  loss  factors  from  the  radiating  subsystems  to  the 
surrounding  medium.  We  use  version  1.2  of  standard  SEA  software  AutoSEA* 
to  provide  us  with  the  required  coupling  loss  factors  [1].  We  furthermore 
collect  in  literature  the  required  values  for  representing  damping  loss  factors 
[2].  The  analysis  is  performed  by  third-octave  band  in  the  frequency  range 
[200  Hz -2500  Hz]. 
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Figure  1  :  photography  of  the  air  conditioner  unit  under  study. 

One  of  the  panels  has  been  t^en  out  to  display  the  compressor  in  its  cavity. 


Figure  2  :  exploded  view  of  the  unit  and  definition  of  the  eleven  subsystems 
which  compose  the  SEAvibroacoustic  model  of  the  unit. 
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3.  Data  collection 

Two  operating  conditions  of  the  device  are  considered.  The  compressor  is 
switched  off  in  the  first  one.  Both  the  fan  and  the  compressor  are  switched  on 
and  in  the  second  one.  For  each  operating  conditions,  the  total  energy  of  the 
eleven  subsystems  and  the  sound  power  level  radiated  by  the  device  are 
measured.  The  energy  of  each  subsystem  is  determined  by  frequency  averaging 
in  third  octave  band  the  measured  digital  spectra,  and  spatially  averaging  over 
the  subsystem  domain  the  frequency  averaged  spectra.  The  formulas  for 
deriving  the  energies  are  detailed  hereafter  both  for  the  structure  and  the  cavity 
subsystems. 

Let  M  denote  the  number  of  measurement  points  taken  on  a  subsystem. 

In  the  case  of  structures,  the  energy  E*  of  subsystem  « i »  for  operating 
condition  «  r  »  and  third-octave  band  «  k  » is  derived  by  using : 


Where  mi  is  the  mass  of  subsystem  « i »  and  v*  is  the  third-octave  band 

average  of  the  velocity  spectrum  measured  at  point  « j  ».  The  measured  data 
being  non  stationnary  and  all  the  spectra  being  not  simultaneously  measured, 
velocities  (as  well  as  pressures  in  the  case  of  the  cavities)  are  referenced  to  the 
magnitude  of  the  signal  delivered  by  a  fixed  accelerometer. 

In  the  case  of  cavity  subsystems,  E*  is  given  by  : 


Where  Vj ,  p  and  c  respectively  denote  the  cavity  volume,  the  fluid  density 
and  the  speed  of  sound  in  the  fluid,  p*  denotes  the  third-octave  band  average 
of  the  acoustic  pressure  measured  at  point « j  ». 

Sound  power  levels  are  determined  by  integrating  the  sound  intensity  vector 
measured  at  the  nodes  of  a  parallelepipedical  mesh  enclosing  the  device. 
Figure  3  displays  the  sound  power  level  in  third-octave  band  for  the  two 
operating  conditions. 


SEA  FOR  PREDICTING  THE  EFFICIENCY  OF  NOISE  REDUCTION  SOLUTIONS 


4.  A  specific  method  for  data  fitting  and  SEA  mode]  parameter  estimation 

4.1.  SUMMARY  OF  MAIN  SEA  EQUATIONS 

According  to  SEA  theoiy,  the  state  of  the  unit  can  be  described  by  ; 

(oSlifEik  =  pft  (3) 

j=l 

Where  superscript  k  indicates  the  pulsation  band,  is  the  central  pulsation  of 
the  band,  N  denotes  the  number  of  subsystems,  is  the  energy  of  the  j-th 

part  for  the  r-th  operating  condition  andpp'  denotes  power  injected  by  external 
forces  into  the  i-th  part  for  the  r-th  operating  condition. 
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Figure  3  :  sound  power  level  in  third  octave  band 
for  the  two  operating  conditions  in  the  frequency  range  1200  Hz-2500  Hz] 

The  meaning  of  T|j^  is  detailed  in  equations  (4)  and  (5).  Since  equation  (3)  is 

considered  for  N  subsystems,  B  pulsation  bands  and  R  operating  conditions,  it 
provides  a  set  of  NxBxR  equations.  LetT|^  denote  the  structural  damping  loss 

factor  of  the  i-th  subsystem  and  an  additionnal  loss  factor  that  accounts  for 
the  loss  in  energy  by  radiation  of  the  i-th  subsystem  into  the  surrounding 
medium.  Let  furthermore  T|j^  denote  the  coupling  loss  factor  from  the  i-th  part 

to  the  j-th  part,  is  computed  by  using  the  following  equations  : 
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Case  i=j. 

T|ik_Tiik+a>k+ 

j=i 

(4) 

j*i 

Casei  j. 

II 

1 

(5) 

Among  the  R  conditions  considered  in  equation  (3),  one  can  define  N  special 
operating  conditions  after  switching  the  device  (fan  and  compressor)  off  : 
during  the  p-th  of  those  conditions,  the  operator  injects  and  measures  a  power 

denoted  by  6f  P*  into  the  i-th  subsystem.  By  definition  of  Kronecker’s  symbol 

5f ,  the  p-th  subsystem  is  the  only  one  to  be  excited  during  the  p-th  special 

condition.  The  definition  of  those  N  special  further  conditions  is  of  particular 
interest.  It  allows  one  to  calibrate  the  response  of  the  device  by  measuring  the 
energies  of  all  the  subsystems  that  are  generated  by  the  input  of  a  known  power 
into  a  single  one  of  them  [3],  [4].  Equation  (3)  is  completed  by  equation  (6) 
that  allows  one  to  calculate  the  sound  power  level  radiated  into  the 
surrounding  medium  during  the  r-th  operating  condition  : 

=  (6) 

j=i 

4.2.  MODEL  PARAMETERS  AND  DATA 

Let  us  now  consider  the  application  of  general  inverse  problem  theory  to  try  to 
improve  our  SEA  model.  That  theory  draws  up  a  distinction  between  the 
parameters  of  the  considered  model  and  the  data  the  model  is  provided  with. 
The  former  are  not  measurable  so  that  one  can  only  obtain  them  by  using  some 
identification  mean.  The  latter  are  on  the  contrary  directly  measurable.  In  the 
fi-ame  of  inverse  problem  theory,  equations  (3)  and  (6)  are  therefore  to  be  seen 
as  relations  between  some  model  parameters  (which  are  .  Oj  and  P}*'  in  the 

frame  of  SEA),  and  some  data  (which  are  2»^andpp^in  the  frame  of 
SEA).  Note  that  thepj?^  belong  either  to  the  family  of  parameters  or  to  the  one 
of  data,  depending  on  wether  they  are  the  unknown  powers  injected  into  the 
device  by  the  fan  and  the  compressor,  or  the  ones  applied  (e.g.  with  a  shaker) 
and  measured  by  the  operator  during  the  calibration  phase. 
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4.3.  THE  BAYESIAN  APPROACH  IN  INVERSE  PROBLEM  THEORY 

Among  the  available  inverse  methods,  the  bayesian  approach  appears  to  be 
well  suited  to  update  SEA  models  because  it  is,  like  SEA,  based  on  a  statistical 
approach.  Let  us  now  present  that  approach  from  a  general  point  of  view  [5]. 

Let  X  be  a  vectorial  space  and  x  a  vector  of  that  space  whose  components  are 
the  model  parameters  and  the  data  of  the  problem.  One  can  arrange  equations 
(3)  and  (6)  in  the  form  «  f(x)=0  »,  where  0  denotes  the  null  vector,  and  f  is  a 
function  that  maps  X  into  a  space  of  residuals.  Let  0(x)  be  a  law  of  probability 
density  describing  the  a  priori  state  of  information  on  the  physical  correlations 
assumed  in-between  the  components  of  vector  x.  Note  that  those  correlations 
are  simply  equations  (3)  and  (6)  in  the  frame  of  SEA.  Let  p(x)  be  a  law  of 
probability  density  representing  the  a  priori  state  of  information  on  the 
components  of  vector  x.  From  now  on,  is  superscript  «  k  »  omitted  to  simplify 
equations.  In  the  bayesian  approach,  states  of  information  0(x)  and  p(x) 
combine  one  with  each  other  to  provide  a  more  informative  state  called  a 
posteriori  state  of  information,  represented  by  law  of  probability  density  <J(x) : 

a(x)  =  p(x)0(x)  (7) 

SEA  being  not  an  exact  theory,  we  assume  some  kind  of  uncertainty  on  its 
fundamental  equations  (3)  and  (6),  by  assuming  0(x)  is  gaussian  : 

NF 

Where  NF  is  the  dimension  of  the  space  of  residuals,  ^ 

covariance  matrix  on  the  physical  correlations  and  det(Cpjjor) 

determinant  of  Cpjjor  •  Since  all  the  data  and  the  parameters  considered  in  SEA 

are  positive,  one  has  to  search  for  them  as  such.  One  of  the  way  for  doing  that 
is  to  make  a  change  in  variables  so  that  data  and  parameters  are  sought  for  as 

powers  of  ten.  We  therefore  introduce  vector  x*  and  function  (p  defined  as  : 

xi  =  10*i^  =>  X*  =  logio(xi)  =  x*  =  <Kxi)  (9) 

Where  x,  (resp.  x,*)  denotes  the  general  term  of  vector  x  (resp.  x*).  A  gaussian 
law  of  probability  density  is  assumed  for  vector  x* 
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P(x) 


/-—I 

_  (2tcX  2  .exp(-^((p(x)-<p(xprior))‘(c»*or)  *(<P(x)-<P(xprior)))  (10) 


Where  NX  is  the  dimension  of  space  X,  CJ^or  ®  priori  covariance  matrix 

associated  to  x*  and  Xpnor  is  an  assumed  a  priori  value  of  x.  After  replacing  in 
equation  (7)p(x)  and  0(x)by  their  expressions  (see  eq.  (8)  and  (10)),  we  get  a 
new  expression  for  o(x) : 


0(x)  =  constant .  ®xp“'^ 


((p(x)-<p(xprior))  (CpjiQfj  (<P(x)“9(xprior)) 
+ 

f(x)'(c'*,)'‘f(x) 


(11) 


Where  « constants  denotes  a  positive  real  constant.  Although  a(x)  is  not 
gaussian,  it  appears  to  be  a  bell  shaped  law  of  probability  density,  so  that  the 
information  contained  in  it  can  be  summarised  by  a  central  estimator  and  an 
estimator  of  dispersion.  The  simplest  central  estimator  is  the  vector  of 
Maximum  Likelihood  denoted  x  ,  such  that  o(x)  is  maximum  for  x=  x  .  Note 
that  vector  x^  that  maximises  o(x)  also  minimises  the  argument  S(x)  of  the 
exponential  in  (1 1).  S(x)  is  defined  as  : 

S(x)==((Kx)-(p(xprior))*(cx*oj‘(<Kx)-9(xprior))+f(x)‘(cJrio,)^^  (12) 

Since  S(x)  is  non  quadratic,  x^  is  found  by  applying  an  iterative  minimisation 
procedure  [S].  One  will  fmd  the  matricial  expressions  to  be  used  for  computing 
the  a  posteriori  estimators  of  dispersion  “'‘I 


5.  Application  of  the  bayesian  inversion  method  to  the  case  of  the  unit 

The  bayesian  inversion  method  described  in  section  4  has  been  programmed  as 
a  function  inside  LADY*,  a  general  software  devoted  to  signal  processing  and 
data  management,  developped  in  the  frame  of  a  partnership  between  EDF  and 
INTESPACE.  The  model  parameters  elaborated  in  section  2,  as  well  as  the 
results  of  measurements  described  in  section  3  were  provided  to  that  function 
in  the  form  of  twelve  a  priori  vectors  (one  for  each  third  octave  band) 
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respectively  associated  to  twelve  covariance  matrices.  To  simplify  the 
problem,  covariance  matrices  were  assumed  to  be  diagonal. 

Since  the  function  S(x)  to  be  minimised  depends  on  a  covariance  matrix 

that  contains  the  variances  both  on  parameters  and  data,  the  ranking  of 

^pnor 

the  a  priori  uncertainties  on  parameters  and  data  determines  the  result  of  the 
identification  and  should  therefore  be  carefully  established.  The  identification 
provides  us  with  twelve  a  posteriori  vectors  and  a  posteriori  covariance 
operators.  The  vectors  components  are  data  and  parameters  that  satisfy 
equations  (3)  and  (6)  better  than  did  the  a  priori  vectors.  Note  that  the  lower  the 
uncertainty  associated  to  a  data  or  to  a  parameter  in  the  a  priori  covariance 
matrix,  the  closer  its  a  posteriori  value  lies  from  the  a  priori  one.  In  the  limiting 
case  where  the  user  provides  a  null  a  priori  uncertainty  on  some  data  or 
parameter  (that  means  that  the  user  is  sure  of  the  value  of  it),  the  identification 
outputs  a  solution  that  equals  the  a  priori  value  of  the  data  or  parameter.  As  a 
piece  of  example,  figure  4  displays  the  a  priori  and  a  posteriori  spectra  of  the 
radiation  loss  factor  a  of  the  side  panel  (see  figure  2). 


Figure  4 :  radiation  loss  factor  a  priori  and  a  posteriori  spectra  of  the  side  panel 
by  third  octave  band  in  the  frequency  band  [200-2500  Hz] 

The  a  priori  values  of  a  are  determined  in  the  firame  of  classical  SEA  by  using 
AutoSEA*.  In  the  higher  frequency  range  (from  800  to  2500  Hz)  those  values 
are  representative  of  reality  so  that  they  are  only  slightly  corrected  by  the 
updating  method  :  the  derived  spectrum  is  smooth  and  the  a  posteriori  values 
nearly  equal  the  a  priori  ones.  In  the  lower  frequency  range  however,  the  a 
posteriori  loss  radiation  factor  output  by  the  updating  method  exhibits  large 
variations  because  of  the  strong  modal  behavior  of  the  unit.  The  a  posteriori 
values  are  moreover  quite  different  from  the  a  priori  ones. 
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6.  Application  of  noise  reduction  methods  to  the  unit 

Several  noise  reduction  solutions  were  applied  to  the  air  conditioner.  The  most 
effective  of  them  was  the  one  that  consisted  in  covering  the  internal  faces  of 
the  compressor  cavity  with  a  viscoelastic  fibrous  layer.  After  application  of 
that  solution,  the  unit  was  submitted  to  the  operating  condition  where  both  the 
fan  and  the  compressor  are  switched  on.  The  energies  of  all  the  subsystems  and 
the  sound  power  level  of  the  unit  were  measured  again.  Figure  5  allows  one  to 
appreciate  the  noise  reduction  by  comparing  the  sound  power  level  radiated  by 
the  unit,  before  and  after  the  pasting  of  the  viscoelastic  fibrous  layer. 
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Figure  5  :  sound  power  level  by  third  octave  band  in  the  band  [200-2500  Hz] 
after  covering  the  internal  faces  of  the  cavity  with  a  viscoelastic  fibrous  layer 

It  appears  that  noise  reduction  achieved  depends  on  the  frequency  band.  It  is 
the  higher  (approximately  10  dB)  in  the  315  Hz  third  octave.  Sound  power 
level  unexpectedly  increases  by  2  dB  in  the  1000  Hz  third  octave.  After 
assessing  experimentally  the  reduction  in  sound  power  level,  we  try  in  next 
section  to  estimate  it  by  using  the  updated  SEA  model  obtained  in  previous 
section. 


7.  Modification  of  the  values  of  the  updated  model  parameters 

We  now  use  the  updated  SEA  model  to  try  to  foresee  the  reduction  in  sound 
power  level.  We  first  have  to  simulate  the  noise  reduction  solution  itself  by 
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correspondingly  modifying  the  values  of  the  model  parameters.  The  SEA 
model  is  used  afterwards  to  recompute  a  new  sound  power,  which  in  turn  is  to 
be  compared  to  the  one  measured  in  section  3. 

Since  we  lacked  of  experience  in  that  domain,  we  performed  the  modification 
of  the  model  parameters  values  rather  arbitrarily.  We  could  neither  find  any 
reference  about  the  values  of  SEA  parameters  to  be  chosen  in  the  case  of  our 
assembly  made  of  a  viscoelastic  fibrous  layer  pasted  to  a  plate,  nor  assess  Ae 
modifications  of  the  coupling  loss  factors  of  the  panel  induced  by  the  pasting 
of  the  layer  on  it. 

The  covering  of  the  internal  faces  of  the  compressor  cavity  with  the  fibrous 
viscoelastic  layer  was  eventually  simulated  by  : 

-  increasing  the  updated  damping  loss  factor  of  the  subsystems  corresponding 
to  the  plates  pasted  with  the  layer  to  take  into  account  the  viscoelastic  effect, 

-  increasing  the  updated  damping  loss  factor  of  the  subsystem  associated  to  the 
compressor  cavity  to  take  into  account  the  damping  effect  due  to  the  fibres, 

-  leaving  unchanged  all  the  coupling  loss  factors,  the  radiation  loss  factors  and 
the  powers  injected  by  external  forces  into  the  unit. 

The  damping  factors  were  increased  in  the  same  proportion  in  the  whole 
frequency  range. 

After  modification  of  its  parameters,  the  SEA  model  was  run  again  in  two 
steps.  The  energy  of  all  the  subsystems  was  first  computed  after  injecting  the 
parameters  new  values  into  equation  (3).  The  sound  power  level  was  then 
computed  by  injecting  the  previously  determined  energies,  as  well  as  the 
radiation  loss  factors,  into  equation  (6).  Figure  6  displays  the  comparison 
between  the  measured  sound  power  levels  spectrum  (black  bars),  and  the 
predicted  one  (white  bars).  It  also  reminds  the  sound  power  level  spectrum 
before  application  of  the  noise  reduction  solution  (solid  line). 

It  appears  that  the  difference  between  predicted  and  measured  levels  ranges 
from  0  to  4  dB,  depending  on  the  third-octave ;  prediction  overestimates  reality 
in  the  first  three  third  octaves  bands  and  underestimates  it  beyond  the  fourth 
band.  Note  that  although  the  damping  loss  factors  were  increased  in  the  same 
proportion  in  the  whole  frequency  range,  the  proportion  of  the  computed  noise 
reduction  does  vary  with  fiequency.  The  trends  in  noise  reduction  is  globally 
well  simulated  by  the  model.  The  results  would  have  probably  been  improved 
by  using  some  model  parameter  variations  more  representative  of  the  pasting 
of  the  layer  on  the  panels. 


8.  Conclusion 

We  have  presented  a  methodology  devoted  to  foresee  the  efficiency  of  a  noise 
reduction  solution  applied  to  a  real  life  air  conditioner.  That  methodology  is 


A.  ADOBES,  L.  RICOL,  Y.  ROUSSEL 


based  on  SEA  and  on  a  bayesian  approach  for  data  fitting  and  model  parameter 
estimation.  It  appears  that  theoretical  SEA  parameters  are,  as  expected,  not 
suitable  for  the  vibroacoustic  modelling  of  air  conditioners.  One  can  however 
consider  them  as  the  a  priori  information  to  be  input  to  a  bayesian  process  of 
parameter  identification.  Provided  the  number  of  measurements  taken  into 
account  by  that  process  is  large  enough,  one  eventually  gets  more 
representative  parameters.  The  vibroacoustic  model  elaborated  by  using  that 
method  allows  one  to  foresee  the  trends  in  sound  power  level  reduction.  In  the 
absence  of  any  alternative  method,  that  methodology  appears  to  be  able  to 
provide  an  approximate  vibroacoustic  model  of  an  air  conditioner  and  can 
therefore  be  considered  as  an  acceptable  engineering  design  tool. 
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Figure  6  :  sound  power  level  after  applying  the  noise  reduction  solution  : 
predicted  and  measured  effect  of  soundproofing,  not  soundproofed. 
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1.  Introduction 

The  development  of  statistical  energy  analysis  (SEA)  arose  from  a  need  by 
aeronautical  and  aerospace  designers  in  the  earlier  time  of  1960s  to  predict 
the  dynamic  response  of  flight  vehicles  and  payloads  to  rocket  jet  noise  and 
aerodynamic  noise,  which  are  broad-band  excitations.  So  far  there  has  been 
no  effective  method  for  prediction  of  the  dynamic  response  except  SEA. 
The  aeronautical  and  aerospace  structures,  characterized  by  higher 
structural  factor  ( i.e.  the  ratio  of  structural  surface  area  to  mass  itself  ), 
produce  a  vast  number  of  condensed  vibration  modes  under  such 
excitations  as  jet  noise,  aerodynamic  noise,  impulsive  thrust,  aerodynamic 
loads  in  the  transonic  and  reentry  flight  phases  etc..  Although 
computational  methods  for  predicting  \abration  modes  of  structures  were 
avulable,  the  size  of  the  models  which  could  be  handled  ( i.e.  the  number  of 
degrees  of  freedom ),  and  the  speed  of  computation,  were  such  as  to  allow 
designers  to  predict  only  a  few  of  the  lowest  order  modes  of  rather 
idealized  models.  This  posed  a  serious  difficulty  because  the  frequency 
range  of  significant  response  encompassed  the  natural  frequencies  of  a 
multitude  of  higher  order  modes,  the  structures  could  support  a  number  of 
different  wave  types,  the  payload  structures  were  indirectly  excited  via 
structural  wave  transmission,  and  the  transmission  paths  were  circuitous 
and  involved  many  different  forms  of  structure  and  contained  fluids. 

Historically,  most  of  the  catastrophic  accidents  of  satellite  launch 


vehicles  or  other  large-size  flight  vehicles  were  caused  by  an  unsuccessful 
prediction  of  dynamic  environments  (  mainly  imply  shock,  vibration  and 
noise  environments ).  During  the  development  of  a  late-model  flight  vehicle, 
if  the  determined  dynamic  loads  and  dynamic  environments  were  over-low, 
under-test  and  under-design  could  occur,  reliability  of  the  developed  flight 
vehicle  could  not  be  fully  tested  and  some  problems  or  imperfections  in 
design,  technology,  material,  elements,  etc.  could  not  be  folly  revealed, 
consequently  the  failure  of  flight  must  be  caused  under  the  real  adverse 
dynamic  environment  when  the  flight  vehicle  with  hidden  troubles  was 
launched.  On  the  contrary,  if  the  provided  dynamic  loads  and  dynamic 
environments  were  over-hi^,  the  developed  flight  vehicle  could  not  passed 
the  environmental  tests  which  conditions  are  artificially  formulated,  re¬ 
design  and  re-correction  must  be  performed,  in  the  end,  either  the 
developing  period  of  time  for  the  flight  vehicle  was  enlarged,  the  structural 
weight  and  cost  increased,  or  the  flight  vehicle  under  development  could 
not  come  true  at  all.  This  forces  the  designers  to  improve  the  precision  to 
predict  the  dynamic  environment  using  SEA.  One  of  the  most  important 
approaches  for  the  solution  of  the  problem  is  to  make  coupling  property 
close  to  real  coupling  case  as  far  as  possible.  The  assumption  of  weak 
coupling,  conservative  coupling  in  conventional  SEA,  which  is  one  of  the 
most  main  causes  for  poor  predicting  precision  using  SEA,  should  be  re¬ 
considered.  i.e.  great  attention  should  be  paid  to  the  development  of  SEA 
of  nonconservatively  coupled  system.  [1] 


2.  SEA  of  Nonconservatively  Coupled  Systems 

Traditional  statistical  energy  analysis  is  based  on  such  assumptions  as 
conservatively  coupled,  weakly  coupled  systems,  proportional  power  flow, 
reciprocal  principle  etc..  The  rigorous  assumptions  have  placed  serious 
restrictions  on  the  improvement  of  estimate  accuracy  of  d)ma]nic  responses 
using  SEA  and  the  extension  of  the  applications  of  SEA  in  engineering. 
There  exists  connecting  damping  in  almost  all  the  real  structural  systems. 
Moreover  the  connecting  damping,  e  g.  in  common  screwing,  riveting 
structures,  is  non-negligible  compared  with  the  structural  damping  itself 
The  connecting  damping  is  one  of  the  main  sources  in  damping  of  the 
composite  structural  systems,  which  include  the  damping  caused  by  gas 
pumping,  friction  between  the  connections  etc..  The  solution  to  the 
problem  in  SEA  of  nonconservatively  coupled  systems  is  founded  on  the 


basis  of  the  power  flow  analysis  of  the  coupled  systems. 


2.1.  POWER  FLOW  ANALYSIS  OF  NONCONSERVATIVELY 
COUPLED  OSCILLATORS 


The  power  flow  between  nonconservatively  coupled  oscillators  has  been 
analytically  studied  by  researchers.  Inductively,  two  approaches  were  used 
in  the  analysis  of  the  power  flow.  One  is  so-called  equivalent  approach  ( or 
approximate  approach ),  in  which  the  nonconservatively  coupling  problem 
is  equalized  to  a  conservative  problem  by  introducing  the  effect  of  coupling 
damping  on  the  power  flow.[2][3]  The  other  is  the  exact  solution  approach 
in  which  the  expressions  of  the  power  flow  with  coupling  damping  are 
directly  derived  from  the  dynamic  equations  of  oscillating  system  on  the 
basis  of  the  theory  of  random  vibration  and  mechanical  impedance.[4][5][6] 
The  latter  is  beneficial  to  revealing  the  effecting  law  of  coupling  damping 
on  the  power  flow  and  extending  the  analytical  results  into  the  analysis  of 
the  power  flow  of  a  multi-mode  system,  however  the  process  is  tedious. 
Although  the  former  is  relatively  simple  due  to  the  use  of  the  concerned 
results  from  conservatively  coupling  system,  the  extension  of  the  results 
into  multi-mode  systems  is  rather  difficult  due  to  the  introduction  of  varied 
correction  coefficients. 

It  is  found  in  the  study  on  the  power  flow  between  nonconservatively 
coupled  oscillators  that  the  power  flow  is  not  proportional  to  the  energy 
difference  between  oscillators  while;  [4] 

P,=a{E,-Ej)  +  j3E,+rE,  (1) 

Where  a,  P,  y  are  the  coefficients  depending  upon  oscillators’  parameters 
and  coupling  parameters.  And  the  direction  of  power  flow  is  not 
reversible,  i.e.  /Jj  ^  -Pj^ .  The  description  of  power  flow  in  the  frequency 


domain  is  given  in  reference  [5] 

P„  =  Re{f;/;} 


(2) 


Where  jJJ=  L2)  are  Fourier  transformations  of  the  forces  on 


oscillator  j  applied  by  the  motion  of  oscillator  i,  V* ,  are  the  conjugates 
of  Fourier  transformations  of  the  oscillator’s  velocities.  There  exists  an 
obvious  imperfection  in  the  description  of  the  reaction  between  oscillators 
as  it  ignores  the  coupling  action  between  oscillators.  The  power  flow 
obtained  from  the  results  of  conservatively  coupled  oscillators[6]  could  not 


be  directly  extended  to  multi-mode  systems. 


2.2.  NONCONSERVATIVELY  COUPLING  ANALYSIS 
OF  MULTI-MODE  SYSTEMS 

Hl\.  Equivalent  Method 

Reference  [7]  gives  the  generalized  energy  balance  equation  of 
nonconservatively  coupled  system  with  correlative  excitations: 

[,•]{£).  !{/>•}  (3) 

where  J?/*  j  is  the  loss  factor  matrix  of  nonconservatively  coupled  system 
under  the  correlative  excitation.  The  equivalent  input  power  matrix  |P*| 
of  nonconservatively  coupled  system  can  be  written; 

{/-■}=  {/>)-(CT]{S4-[C/]{S,)  (4) 

Where  [CR]  is  the  inphase  power  coefficient  matrix,  [C/]  is  the 
orthogonal  power  coefficient  matrix,  IIS’s)  inphase  spectral  density  matrix, 
{iS; }  is  the  orthogonal  spectral  density  matrix.  Eq.  (3)  states  clearly  that 

the  power  flow  equation  of  the  nonconservatively  coupled  system  with 
correlative  excitation  is  the  same  as  that  of  the  conservatively  coupled 
system  with  non  correlative  excitation  as  long  as  the  real  input  power  {/J,} 
is  replaced  with  the  equivalent  input  power  and  the  conventional 
conservative  loss  factor  matrix  is  replaced  with  the  nonconservative  loss 
factor  matrix.  Eq.  (3)  also  states  the  following  points;  (1)  the  equation  is 
the  power  flow  expression  of  conservatively  coupled  system  with 
correlative  excitation  if  the  system  is  conservative;  (2)  the  equation  is  the 
power  flow  expression  of  conservatively  coupled  system  with  real 
correlative  excitation  if  the  system  is  conservative  and  the  imaginary  parts 
of  cross  spectral  density  between  excitations  are  all  zero;  (3)  the  equation  is 
the  power  flow  balance  expression  of  non-conservatively  coupled  system 
with  real  correlative  excitation  if  the  imaginary  parts  of  cross  spectral 
density  between  excitations  are  all  zero;  (4)  the  equation  is  the  power  flow 
balance  expression  of  non-conservatively  coupled  system  if  the  excitations 
are  independent  each  other. 

2.2.2.  Unknown  Parameter  Reduction  Method 

Considering  a  nonconservatively  coupled  system  consisting  of  two 


subsystems  with  multi-modes,  which  can  be  either  structural  or  acoustic. 
The  following  assumptions  are  used  in  the  analysis:  (1)  each  mode  has 
similar  energy  in  either  subsystem;  (2)  the  mode  distributions  follow  an 
equal-probability  law  within  the  analyzed  frequency  bands;  (3)  the  coupling 
properties  of  each  pair  of  modes  are  similar  in  either  subsystem. 

Let  the  modal  densities  of  two  subsystems  be  n,,  /ij*  respectively. 
The  coupling  output  powers  of  two  subsystems  are  />,2,  P2\  .  respectively. 
The  coupling  loss  factors  of  subsystems  1,  2  on  mode-average  are 
Vn’  ■>  respectively.  The  internal  loss  factors  of  subsystems  1, 

2  are  respectively.  The  coupling  output  power  flows  of  subsystems 

1,  2  are  respectively; 

Where  (  >  denotes  that  the  parameters  in  brackets  are  on  time-average.  The 
internal  loss  factors  of  subsystems  1,  2  are  respectively: 

{Pdi)  =  — (^i)  = 

^  (6) 

>*h 

The  energy  balance  equations  of  two  subsystems  are; 


-Vn  + 


It  should  be  noted  that  the  coupling  output  power  flows  between  two 
subsystems  are  expressed  in/^j,  in  Eq.  (5)  instead  of  ,  /J„  2  hi  order 
to  be  beneficial  to  the  extension  of  the  analytical  results  into  multi¬ 
subsystems.  /^2  *he  coupling  output  power  flow  of  subsystem  1  which  is 
caused  by  the  coupling  action  between  the  two  subsystems,  while  is  the 
coupling  output  power  flow  of  subsystem  2  which  is  caused  by  the 
coupling  action  between  the  two  subsystems.  The  value  of  he 

either  positive  or  negative,  for  each  subsystem,  “  positive  “  denotes  that  the 
power  flow  is  output  from  the  subsystem  itself,  “  negative  “  denotes  that 
the  power  flow  is  input  into  the  subsystem.  Therefore  the  power  loss  in 


coupling  element  can  be  written  as: 

<«) 

The  parameter/^' ^describes  the  coupling  property  between  two 
subsystems,  the  coupling  is  conservative  if  =  0;  the  coupling  is  non¬ 
conservative  if  Pj^  ^0. 

The  analytical  results  for  two-subsystem  can  be  conveniently  extended 
into  the  analysis  for  multi-subsystem.  Let  the  number  of  multi-subsystem  be 
N  (N >2).  Considering  two  coupling  subsystems  /,  J  0^  j) ,  we  can 
write  the  coupling  output  power  flow  of  subsystem  i  caused  by  coupling 
action  as  follows  that: 

As  a  result,  the  coupling  output  power  flow  of  subsystem  /  in  multi¬ 
subsystem  should  be; 

P..  =  tP,-'»t(€E,-€E)  <"» 

>=i 

The  energy  balance  equation  of  subsystem  /  is: 

P.*P«  =  P,.,  OD 


The  energy  balance  equations  of  N  coupling  subsystems  are: 

IfP.  1  1 


0) 


>=2 


7=1 

7^2 


■'AT  J 


'  in, 2 


W»,A/ 


(12) 


o>[n]{E}  =  {P} 

It  is  clearly  found  from  Eq.  (12)  that  (1)  for  nonconservatively  coupled 
system,  and  there  exist  reciprocal  relations 

between  ijf  and  and  between  tjI^^  and  but  no  reciprocal 


relations  between  and  and  between  and  rfl^\  (2)  for 
conservatively  coupled  system,  rff)  =  rfip,  ifjt  =  rf-p ,  and  there  exists  a 
reciprocal  relation  between  ifp  and  rfp\  (3)  the  number  of  unknown 

parameters  increases  greatly  in  the  energy  balance  equations  of  non- 
conservatively  coupled  system,  the  unknown  number  in  the  coefficient  q 
matrix  is  IN'^  -  N,  while  the  unknown  number  is  for  conservatively 
coupled  system.  It  can  be  found  through  the  practical  analysis  of  structural 
or  acoustic  systems  that  the  number  of  unknown  parameters  can  be 
reduced  by  the  reduction  of  number  of  coupling  relation  i.e.  by  using  varied 
methods  in  the  division  of  subsystems.  For  nonconservatively  coupled 
system,  only  the  case  of  two  coupling  subsystems  is  solvable  even  if  the 
internal  damping  of  all  the  subsystems  is  known.  Because  coupling  with 
two  subsystems  can  produce  four  unknown  parameters  if  internal  loss 
factors  are  both  known,  missing  one  coupling  relation  can  eliminate  four 
unknown  parameters.  As  a  result,  in  order  to  make  a  nonconservative 
system  solvable,  the  reduced  coupling  relation  number  should  satisfy; 


„  N^-2N 

N^> - : - 


(13) 


For  a  nonconservatively  coupled  system  with  N  subsystems,  the  fact  that 
coupling  number  between  subsystems  is  less  than  maximum  solvable 
coupling  number  ■<  is  a  necessary  condition  under 

which  the  on-line  identification  technique  for  coupling  loss  factor  in 
traditional  SEA  is  suitable  for  SEA  of  non-conservatively  coupling  system. 
The  maximum  coupling  number  minimum  coupling  number 


^miax  the  solvable  maximum  coupling  number 
respectively  calculated  according  to  the  following  formulas: 


=  N  -N 

f,max,c  ■*’max,c  r. 


can  be 


(14) 


3.  Applications  to  Engineering 

To  examine  the  effectiveness  of  SEA  of  nonconservatively  coupled  system 
and  to  provide  theoretical  preparation  for  the  optimized  control  of 
vibroacoustic  environment,  the  prediction  of  vibroacoustic  enwonment 
for  an  instrument  cabin  (an  enclosed  cylindrical  shell  )  of  a  flight  vehicle 


was  performed  as  an  applied  example.  The  enclosed  cylindrical  shell  with 
2.0  m  high,  0.8  m  in  diameter  and  0.0022  m  in  thickness  is  in  reverberation 
sound  field.  The  inside  construction  is  shown  in  Fig.  1.  The  original  data  of 
the  cylindrical  shell  for  the  predict  of  vibroacoustic  environment  are  shown 
in  Table  1.  The  vibroacoustic  environmental  predict  for  three  serious 


Fig.l  Sketch  map  of  cylindrical  shell  with  inside  instrumental  construction 


Table  1.  Original  Data  for  Vibroacoustic  Environment 
Predict _ 


Parameter  Name 

Value 

reverberation 

field  1 

volume 

V, 

82.12 

mass  density 

Pa 

1.2  kgmT^ 

sound  speed 

344  ms"' 

cylindrical 
shell  2 

surface  area 

4.757  m^ 

area  density 

Pn 

3.784  kgnf^ 

longitudinal  sound  speed 

Cn 

3597  ms-' 

thickness 

h 

2.2  mm 

rotatory  radius 

0.635  mm 

diameter 

A 

0.813  m 

elastic  modulus 

n 

volume  density 

A 

IBES9BH 

internal 
sound  field  3 

volume 

Hil 

).966 

surface  area 

A 

1.36 

instrument 

area  density 

1.86  kgnf^ 

panel  4 

bending  inertial  moment 

9.0  mm^ 

bending  rotatory  radius 
longitudinal  sound  speed  C,4 

18.3 

ength 

4 

2.39  w 

line  density 

Pl5 

1.3  ' 

vertical  plane  rotatory  radius 

ll.OWOT 

bulkhead  5 

horizontal  plane  bending 
rotatory  radius 

12.7  mm 

twist  rotatory  radius 

16.8  mm 

polar  inertial  moment 

J.> 

13.7  cnt 

twist  stiffness  constant 

1.12 

longitudinal  sound  speed 

c., 

5182  ms  ' 

shear  sound  speed 

Q, 

3048  ms-' 

4  supporter’s  length 

4 

1.02  »i 

line  density 

Pe 

vertical  plane  bending  rotatory 
radius 

12.7  mm 

horizontal  plane  bending 
rotatory  radius 

16.8  mm 

supporter  6 

twist  rotatory  radius 

R., 

21.1  mm 

polar  inertial  moment 

Ju 

8.03  cm* 

twist  stiffness  constant 

Ku 

0.015  cm* 

longitudinal  sound  speed 

Cu 

5182  ms  ' 

shear  sound  speed 

3048  ms  ' 

static  force  stiffhess 

A'. 

1.38  AT/w 

angle  made  with  cylindrical 
shell  axis 

0 

20° 

3.1.  JOINT  ENERGY  TRANSFER  TEST  ALONG  BOTH  SOUND 
AND  MECHANICAL  ROUTES  AND  SEA  PREDICT 


Acoustic  experiment  of  the  cylindrical  shell  with  instrument  construction  is 
performed  when  the  shell  is  hanged  through  a  spring  in  reverberation  room 
(  sound  field  1  ).  Cylindrical  shell  2  is  reinforced  by  four  annular 
bulkheads  fixed  on  the  inner  wall.  There  are  four  supporters  6  on  the 
bottom  annular  bulkhead  5,  on  which  rectangular  box  4  with  openings  at 
both  the  top  end  and  the  bottom  end  is  supported.  Vibration  energy  is 
transferred  into  the  instrumental  panel  of  rectangular  box  4  through  inner 
sound  field  3  and  support  beams  6  to  develop  the  acceleration  response 
level  of  rectangular  box  4.  Predict  results  for  various  SEA  models  are 
shown  in  Fig.2.  The  symbol’s  meanings  in  the  Figures  are: 

^4„,^  =  101og,„-^,  =  p,=^20^a 

Where  is  acceleration  average  square  value  of  4th  subsystem,  is 
pressure  average  square  value  of  1  st  subsystem,  p,  is  reference  pressure,  g 
is  gravity  acceleration. 


125  250  500  Ik  2k  4  k  8k  16kHz 


Fig.  2  Predict  and  test  results  for  energy  transfer 
through  both  sound  and  mechanical  routes 

3.2.  ENERGY  TRANSFER  TEST  ALONG  SOUND  ROUTE 
AND  SEA  PREDICT 

Supporters  6  are  removed  and  rectangular  box  4  is  hanged  by  soft  spring 


instead  onto  the  top  end  of  the  cylindrical  shell.  The  cylindrical  shell  is  still 
hanged  in  reverberation  room  and  excited  by  reverberation  sound  field  1. 
Energy  is  transferred  only  along  the  route:  sound  field  1  cylindrical  shell 
2  —>  inner  sound  field  3  — >  instrumental  panel  of  rectangular  box  4,  and  to 
develop  the  dynamic  response  of  box  4.  The  predict  and  test  results  are 
shown  in  Fig.  3  where  ,  is  critical  frequency  of  subsystem  ^  is  ring 

fi-equency  of  subsystem  2. 


Fig.3  Predict  and  test  results  for  energy  transfer  through  sound  route 


3.3.  ENERGY  TRANSFER  TEST  ALONG  MECHANICAL  ROUTE 
AND  SEA  PREDICT 


The  instrumental  panel  of  rectangular  box  4  is  insulated  by  sound-reduction 
shroud  so  that  box  4  is  not  excited  by  inner  sound  field  3.  Then  vibration  of 
box  4  is  excited  only  by  the  energy  transferred  from  support  beams  6  to 
develop  its  vibration  response.  The  cylindrical  shell  is  still  hanged  by  spring 
in  reverberation  room  and  excited  by  inner  reverberation  field.  The  transfer 
of  vibration  energy  is  only  along  the  mechanical  route;  reverberation  sound 
field  1  ->  cylindrical  shell  2  annular  bulkhead  5  — >  supporters  6 
instrumental  panel  of  rectangular  box  4,  to  develop  the  dynamic  response 
of  the  instrumental  panel  of  rectangular  box  4.  The  predict  and  test  results 
are  shown  in  Fig.4. 

It  is  found  in  the  comparison  of  the  results  shown  in  the  three  figures 
that  both  the  predict  results  and  the  test  results  are  in  a  satisfactory 
agreement.  Particularly  the  results  from  through  sound  transfer  route  are 


better  than  ones  from  through  mechanical  transfer  route. 


125  251)  .500  Ik  2k  4k  8k  16k  Hz 


Fig  4.  Predict  and  test  results  for  energy  transfer  through  mechanical  route 
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Ihtrodttctioii 

When  Statistical  Energy  Analysis  was  first  introduced  in  the  early  1 960s  it  brought  together 
two  existing  bodies  of  knowledge.  One  of  these  was  work  on  coupled  oscillators  and  the 
second  was  on  statistical  room  acoustics.  This  work  on  room  acoustics  was  part  of  a  well 
estabhshed  philosophy  in  Building  Acoustics  which  treated  both  the  acoustic  pressure  in 
rooms  and  vibration  of  the  structure  in  a  statistical  maimer.  This  meant  that  when  SEA  was 
formally  establi^ed  in  all  its  depth  and  complexity  it  was  rapidly  adopted  by  Building 
Acoustics  groups  around  the  world. 

Since  then  SEA  has  been  widely  used  in  Building  Acoustics  and  has  been  one  of 
the  most  successful  areas  of  the  application  of  SEA.  For  sound  transmission  in  buildings 
there  is  no  serious  competition  to  SEA  as  an  approach  to  solving  problems  and  although 
some  specific  problems  require  ^ecialist  techniques  for  their  analysis  and  study.  SEA  is 
generally  the  preferred  method.  Although  SEA  notation  is  not  always  used,  the  fundamental 
concepts  of  averaging  over  ^ace  and  fiequency  are  widely  accepted.  It  is  this  long 
acceptance  of  the  SEA  principles  which  has  1^  to  its  wide  scale  adoption. 

The  application  of  SEA  has  developed  to  a  point  where  the  basic  fi*amewoik  is 
accepted.  There  is  still  woik  to  be  done  in  developing  and  refining  SEA  but  SEA  has 
matured  to  a  point  where  it  is  being  used  as  a  tool  to  solve  real  problems  rather  than  as  a 
research  tool  that  has  to  be  justified  by  comparison  with  other  techniques. 

Current  problems  in  Building  Acoustics  being  addressed  using  SEA  can  be  broadly 
classified  into  three  distinct  groups.  On  the  smallest  scale  there  are  problems  of  sound 
transmission  and  particularly  sound  transmission  through  multi-layer  walls  and  floors.  On 
a  larger  scale  SEA  is  increasingly  being  used  to  study  flanking  transmission  between 
adjacent  rooms  and  finally.  SEA  is  being  used  for  the  stiufy  of  fiill  sized  buildings  to  help 
with  general  design  and  layout  problems. 

Similar  developments  are  being  undertaken  in  other  areas  of  acoustics  and  the  are 
signs  that  the  pattern  of  development  is  similar  to  that  in  Building  Acoustics.  Thus  the 
current  trends  in  Building  Acoustics  may  give  an  insight  into  the  future  of  other  acoustics 
disciplines. 

In  this  papa*  each  of  these  three  areas  are  reviewed  briefly  and  some  current  work 
that  is  ongoing  is  Ascribed. 
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Sound  transmi§sion  through  double  walls 

One  of  the  earliest  applications  of  SEA  was  to  sound  transmission  through  walls.  In  1970 
Price  and  Crocker  [1]  used  SEA  to  study  sound  transmission  through  a  wall  consisting  of 
two  thin  aluminium  ^eets.  Although  this  form  of  construction  is  quite  different  from  real 
building  structures,  nevertheless  the  application  to  other  types  of  structure  was  immediately 
obvious  and  since  then  a  range  of  types  of  construction  have  been  examined. 


Masonry  Dry^lined  Lightweight 

wall  Wall  Partition 

Figure  1.  Section  through  typical  double  walls 

There  have  been  many  studies  of  sound  transmission  through  double  walls  some 
of  which  pre-date  the  introduction  of  SEA  and  today  both  classical  and  SEA  approaches 
are  used.  Whilst  classical  approaches  have  been  successful  for  the  simpler  form  of 
construction  they  have  tended  to  be  unable  to  cope  with  more  complex  structures  where 
there  maybe  structural  as  well  as  airborne  connections  between  two  leaves  of  the  wall. 

Double  walls  can  be  classified  into  three  broad  types  as  shown  in  Figure  1 .  There 
are  masonry  cavity  walls,  dry-lined  masonry  walls  and  lightweight  partitions.  In  masonry 
double  walls  two  layers  of  masonry,  typically  brick  or  concrete  block,  are  structurally 
connected  by  metal  ties  which  are  insoted  for  stability  reasons  [2].  In  dry-lined  walls,  a 
masonry  core  wall  provides  the  structural  support  and  a  secondary  leaf  is  attached  either 
by  disoreet  points,  such  as  nails,  screws  or  plaster  dabs,  or  by  connection  along  lines 
through  timber  battens  or  metal  channels  [3].  Absorption  may  be  added  to  the  cavity. 

The  most  acoustically  complex  form  of  construction  is  the  lightweight  double  leaf 
partition  which  typicalty  consists  of  two  layers  of  plasterboard  attached  to  some  form  of 
frame.  There  may  or  may  not  be  absorption  in  the  cavity  and  in  cases  where  sound 
transmission  is  important  two  separate  frames  may  be  used.  In  most  cases  a  common  frame 
is  used  and  plasterboard  is  attached  to  the  frame  either  by  nails  or  by  screws. 

Most  of  the  difficulties  with  modelling  this  form  of  lightweight  construction  using 
SEA  is  with  the  frame.  One  approach  is  to  model  the  frame  as  a  connecting  element 
between  the  two  plates  and  to  use  standard  theories  for  transmission  between  plates  along 
a  line  cormection.  In  this  case  the  frame  is  not  included  in  the  model  as  a  subsystem  but  is 
merely  the  connecting  element  between  the  two  plates.  The  SEA  model  of  a  complete  wall 
would  be  as  shown  in  Figure  2.  The  properties  of  the  frame  may  be  included  either  by 
modelling  it  as  a  beam  [4]  or  as  a  finite  len^  plate  [5],  The  frame  subdivides  each  leaf  into 
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a  number  of  sub-panels  each  of  which  would  be  modelled  as  a  subsystem  thou^  for  clarity 
only  one  is  shown  in  Figure  2.  This  can  lead  to  problems  as  there  will  be  a  low  mode  count 
in  each  sub-panel  and  there  may  be  a  non-diSuse  sound  field. 

An  alternative  method  of  modelling  the  coupling  is  to  assume  that  the  connection 
between  the  plasterboard  and  the  firame  occurs  only  at  a  few  discrete  points.  The  coupling 
can  then  be  computed  from  the  mobility  of  the  elements.  In  this  case  the  frame  has  to  be 
modelled  as  a  subsystem  and  usually  the  coupling  between  the  plasterboard  on  one  side  and 
the  firame  can  be  treated  independently  firom  the  coupling  between  the  frame  and  the 
plasterboard  on  the  other  side.  This  th^  gives  the  SEA  model  that  is  shown  in  Figure  3. 
This  is  similar  to  the  model  of  Figure  2  but  has  the  frame  as  a  subsystem.  The  plasterboard 
on  each  side  behaves  as  1  subsystem  so  there  are  no  special  problems  oflow  modal  density. 
However,  if  the  wall  is  made  from  several  sheets  of  plasterboard  then  experimental  data 
suggests  that  each  ^eet  ^ould  be  modelled  as  a  separate  subsystem.  In  practise,  for 
airborne  sound  transmission,  each  leaf  can  be  modelled  as  one  subsystem  and  the  effective 
perimeter  length  and  area  increased. 


Figure  2.  SEA  model  of  a  double  leaf  lightweight  partition  where  the  structural  connection 
is  a  LINE  connection 


Figure  5.  SEA  model  of  a  double  leaf  lightweight  partition  where  the  structural  connection 
is  a  series  of  INDEPENDENT  POINTS. 
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The  decision  as  to  when  to  use  one  model  and  when  to  use  the  other  must  clearly 
be  addressed  and  a  good  strategy  that  works  well  in  practice  is  to  assume  that  the 
connection  between  the  frame  and  the  plasterboard  is  behaving  as  a  series  of  independent 
points  when  the  nails  ot  screws  are  more  than  half  a  bending  wavelength  apart  Thus  at  low 
frequencies  the  joint  between  plates  will  be  modelled  as  a  line  connection  and  at  high 
frequencies  the  joint  will  be  as  a  series  of  independent  points.  This  clearly  involves  a 
certain  amount  of  approximation  but  seems  to  work  well  in  practice. 


Figure  4,  Measured  and  predicted  transmission  through  a  lightweight  partition  where  the 

structural  connection  can  be  modelled  as  a  LIKE .  - ,  measured;  predicted; 

. . ,  predicted  at  low  fiequencies  where  the  wall  is  a  single  subsystem. 


Figure  5.  Measured  and  predicted  transmission  through  a  lightweight  partition  where  the 

structural  connection  can  be  modelled  as  a  SERIES  OF  POINTS. - measured; . 

predicted; . ,  predicted  at  low  frequencies  where  the  wall  is  a  single  subsystem. 
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An  example  of  measured  predicted  sound  transmission  throu^  a  lightweight 
plasterboard  wall  where  the  point  connections  are  sufficiently  close  that  they  can  be 
modelled  as  a  line  can  be  seen  in  Figure  4.  It  can  be  seen  that  there  is  good  agreement 
between  the  measured  and  predicted  results  over  the  entire  frequency  range.  At  low 
frequencies,  below  160  Hz,  the  wall  should  be  modelled  as  a  single  subsystem  and  an 
appropriate  prediction  is  included. 

An  example  of  measured  and  predicted  transmission  through  a  lightweight  partition 
v/bsre  the  nails  are  far  apBii  and  are  modelled  as  a  series  of  independent  points  can  be  seen 
in  Figure  5.  Again  there  is  good  agreement  though  not  as  good  as  Figure  4.  Further  studies 
have  shown  that  the  model  correctly  models  the  structural  coupling  but  that  transmission 
through  the  cavity  is  not  predicted  accurately. 

In  most  practical  cases  the  connection  points  between  the  frame  and  the 
plasterboard  are  sufficiently  far  apart  that  for  most  of  the  frequency  range  the  connection 
can  be  modelled  by  a  series  of  points.  Since  the  coxq>ling  is  directly  proportional  to  the 
number  of  points,  it  follows  that  sound  transmission  throu^  the  wall  will  be  directly 
propcxtional  to  the  number  of  nails  in  the  wall.  This  clearly  assumes  that  transmission 
through  the  wall  is  being  dominated  by  the  structural  path  and  this  will  generally  be  the 
case  if  there  is  absorption  in  the  cavity  to  reduce  paths  through  the  cavity.  If  there  is  no 
absorption  in  the  cavity  then  the  cavity  path  will  generally  dominate  and  the  number  of 
nails  in  the  wall  will  not  have  any  effect.  Where  transmission  is  through  the  structure, 
doubling  the  number  of  nails  on  either  side  will  give  a  3  dB  difference  in  the  sound 
reduction  index  and  so  doubling  the  nails  on  both  sides  will  give  up  to  6  dB.  Experimental 
data  confirms  this  theoretical  prediction. 

The  ability  to  use  SEA  models  to  model  such  complex  structures  is  very  important 
and  is  likely  to  have  an  increasing  effect  on  design  of  walls  and  floors.  There  is  an 
increasing  demand  for  lighter  constructions  and  in  order  to  meet  specified  acoustic 
performance  criteria  it  is  necessary  that  these  constructions  should  become  more  complex 
with  more  components.  The  days  when  walls  were  simply  made  thicker  or  heavier  to 
achieve  good  sound  insulation  have  long  gone  and  increasingly  lightweight  constructions 
are  the  norm.  Unfortunately  the  increased  complexity  of  these  constructions  means  that  it 
is  no  longer  practical  to  test  all  possible  combinations  of  components  to  establish  which  are 
the  best.  Numerical  modelling  offers  an  alternative  approach  to  establish,  if  not  the  best 
construction,  at  least  those  which  merit  further  study.  It  can  already  be  used  as  a  filtering 
technique  to  rule  out  unsuitable  forms  of  construction  and  will  increasingly  be  used  in 
product  development 


Short  flanking  transmission  paths 

It  has  long  been  recognised  that  measurements  made  in  the  field  differ  considerably  from 
laboratory  measurements  and  q>art  fiom  difficulties  of  workman^p  this  can  often  be 
attributed  to  flanking  transmission.  SEA  provides  simple  procedures  for  predicting  flanking 
transmission  and  therefore  helps  with  ffie  understanding  of  sound  transmission  between 
rooms.  This  is  an  area  where  SEA  is  having  a  significant  impact  on  the  organisations 
responsible  for  building  codes  in  a  number  of  different  countries. 

A  typical  situation  consists  of  two  adjacent  rooms  which  share  flanking  walls  or 
floors,  hicreasingly  building  codes,  which  try  to  maintain  levels  of  acoustic  insulation,  need 
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to  specify  not  only  the  properties  of  the  common  wall  or  floor  but  increasingly  the 
properties  of  the  flanking  walls  and  floors.  In  Britain  the  Regulations  [6]  specify  not  only 
a  range  of  wall  and  floor  constructions  that  will  give  adequate  insulation  against  direct 
sound  transmission  but  also  specify  details  of  other  components  that  could  affect  flanking 
transmission  including  detailed  advice  about  construction  materials  and  matters  such  as  the 
position  of  windows. 

When  the  Regulations  were  first  being  developed  testing  was  carried  out  in  large 
experimental  facilities  where  different  combinations  of  materials  were  studied.  However, 
as  the  range  of  materials  and  construction  forms  increases,  so  this  is  becoming  increasingly 
difficult  and  numerical  models  are  being  used  in  its  place. 


Figure  6.  Sound  transmission  through  a  wall.  . ,  direct  paths; . direct  +  1  st 

flanking  paths; - ,  all  paths.  Insert  shows  a  section  through  the  idealised  building. 


flanking  paths; - ,  all  paths.  Insert  shows  a  section  throu^  the  idealised  building.. 
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A  recently  developed  CEN  standard  [7]  seeks  to  harmonise  many  of  the  calculation 
procedures  across  Europe  and  although  not  yet  finalised  it  is  helping  to  bring  to  attention 
many  of  the  key  features  of  flanking  transmission.  This  document  does  not  use  SEA 
notation  and  instead  describes  sound  transmission  in  terms  of  parameters  such  as 
transmission  coefilcient  and  radiation  efficiency,  which  are  familiar  to  SEA  users,  as  well 
as  others  such  as  “characteristic  junction  transmission”  which  are  new.  The  standard  is 
designed  mainly  for  use  with  measured  data  and  this  is  reflected  m  the  structure  and 
notation  used  .  However,  it  can  also  be  used  as  a  predictive  tool.  The  theones  then 
described  are  identical  to  those  found  in  an  SEA  model  and  in  some  laboratories  the  SEA 
notation  is  being  used  in  preference  to  the  notation  given  in  the  standard.  The  mere 
existence  of  a  standard  of  this  type  demonstrates  the  extent  to  which  SEA  type  methods  are 
embedded  in  thinking  at  all  levels.  The  only  difficulty  with  the  standard  is  that  it  specifies 
exactly  how  to  model  each  situation  (often  by  ascribing  each  real  system  to  its  nearest 
idealised  system).  This  approach  may  stifle  new  ideas  and  new  approaches  particularly  for 
non-stand£^  constructions  where  a  good  design  may  be  discarded  because  its  nearest 
idealised  equivalent  does  not  work  well. 

Alflxough  stucfying  individual  transmission  paths  can  be  very  successful  there  are 
some  difficulties  which  can  be  seen  by  ccmsidering  sound  transmission  throu^  a  wall  as 
shown  in  Figure  6  and  transmission  throu^  a  floor  as  shown  in  Figure  7.  These  figures 
show  the  predicted  transmission  for  an  idealised  building  with  a  1  SO  mm  concrete  floor  and 
100  mm  concrete  block  walls.  The  shortest  path  is  direct  transmission  through  the  wall  or 
floor.  For  flie  wall  most  of  the  sound  is  transmitted  through  the  wall  and  the  difference 
between  the  direct  path  and  all  paths  is  less  than  3  dB.  Including  the  flanking  paths  that 
cross  one  structural  joint  increases  the  accuracy  of  the  prediction  to  within  1 .5  dB. 


TABLE  1 .  of  the  wall  and  floor  as  the  number  of  flanking 

paths  is  increased. 


Subsystems  in  path  Wall  Floor 


3  (Direct  path) 

4  direct  + 1  st  flanking) 

5 

6 

7 

8 

9 

10 

Sum  of  all  paths 


42.8 

54.6 

41.6 

50.7 

41.2 

49.3 

41.0 

48.5 

40.9 

48.0 

40.8 

47.6 

40.8 

47.4 

40.7 

47.2 

40.5 

46.4 

However,  for  the  floor  it  can  be  seen  that  the  level  difference  due  to  transmission 
through  the  direct  path  is  over  10  dB  hi^er  than  the  level  difference  due  to  all  paths. 
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Adding  all  the  first  order  flanking  paths  reduces  the  level  difference  by  5  dB  but  is  still  5 
dB  above  the  overall  transmission.  Adding  additional  paths  increases  the  accuracy  of  the 
prediction  as  can  be  seen  in  Table  1  which  shows  the  single  figure  index  for  both  the 
wall  and  floor  as  additional  paths  are  included.  However,  a  path  by  path  analysis  is  only 
useful  if  a  few  dominant  paths  control  the  overall  transmission.  In  this  example,  a  path 
analysis  is  useful  for  the  wall  but  not  the  floor  since  too  many  paths  need  to  be  considered 
for  reasonable  levels  of  accuracy.  Unfortunately,  without  carrying  out  the  calculations  it  is 
not  clear  when  a  path  analysis  is  going  to  be  us^  and  when  not. 

The  main  advantage  of  a  path  analysis  is  its  simplicity.  The  airborne  level 
difference  due  to  transmission  along  a  path  1-2-3-4  can  be  given  by  [8] 


'1-2 -3 -4 


=  10  log 


(1) 


where  r\^  is  the  total  loss  factor,  f)  y  is  the  coupling  loss  factor  and  V  is  the  room  volume. 
The  equation  for  each  of  the  loss  factors  is  usually  a  simple  algebraic  expression  or  a  list 
of  measured  data.  It  is  therefore  a  simple  mater  to  carry  out  the  calculation  by  hand  (or  with 
a  spreadsheet  if  it  is  to  be  repeated  often)  without  the  need  for  expensive  “black  box” 
software.  This  simplicity  has  always  been  one  of  the  attractions  of  SEA. 


SEA  as  a  design  tool 

The  final  area  where  SEA  is  being  developed  is  for  use  as  a  design  tool  to  examine  the 
global  properties  of  a  building  or  structure.  Increasing  the  size  of  the  system  being 
considered  greatly  increases  the  complexity  of  the  model.  When  transmission  is  only  over 
a  short  distance  then  it  is  generally  sufficient  to  consider  only  bending  wave  transmission. 
However,  when  larger  physical  models  are  considered  then  in-plane  waves  must  also  be 
included.  This  increases  the  difficulty  in  calculating  the  structural  transmission  coefficients 
and  simple  algebraic  expressions  are  rarely  sufficient. 

The  best  method  of  modelling  the  in-plane  waves  is  sometimes  a  topic  of 
discussion.  In  a  large  building  (or  other  structure)  there  are  large  continuous  floors  and  it 
is  sometimes  suggested  that  the  entire  floor  should  be  modelled  as  a  single  sub^stem  for 
in-plane  waves  even  if  it  is  subdivided  for  bending  waves.  The  alternative  is  to  divide  each 
separate  floor  into  three  separate  sub^stems  (bending,  longitudinal  and  transverse  waves). 
This  is  a  more  elegant  solution  as  there  is  ffien  physical  coincidence  between  the  three 
subsystems  and  the  mechanisms  of  wave  conversion  are  then  obvious.  On  the  other  hand 
the  modal  density  and  modal  overlap  of  the  longitudinal  and  transverse  subsystems  will  be 
low. 

If  the  floor  is  a  single  subsystem  then  the  in-plane  vibration  will  be  constant  for  all 
floor  slabs  whereas  if  the  floors  are  independent  subsystems  then  the  vibration  level  of  each 
will  be  different.  This  provides  an  experimental  method  of  determining  the  best  approach. 

An  experiment  was  carried  out  to  resolve  this  problem  and  also  to  establish  whether 
or  not  the  existing  theoretical  models  [9]  which  are  normally  verified  by  comparison  with 
bending  wave  energy  also  predict  the  in-plane  vibration  correctly. 
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The  in-plane  energy  was  measured  by  simply  placing  an  accelerometer  on  its  side. 
This  limits  the  range  of  frequencies  where  reliable  measurements  can  be  made  as  bending 
waves  are  associated  with  rotation  of  the  plate  elements  causing  in-plane  motion  at  the 
surface.  In  theory  this  unwanted  vibration  can  be  reduced  by  usmg  two  accelerometers  on 
opposite  sides  of  the  floor  but  in  practise  this  does  not  result  in  any  significant 
improvement.  The  test  was  carried  out  of  a  series  of  floors  marked  2  -  7  in  the  insert  of 
Figures  8  and  9.  The  source  was  a  transient  excitation  of  a  wall  shown  by  an  arrow  in  the 
figure.  This  generated  in-plane  vibration  in  the  floors  due  to  wave  conversion  at  the 
boundary. 


Figure  8.  Measured  and  predicted  BENDING  vibration  in  a  building  as  the  distance  from  the 
source  mcreases. - ,  measured; . ,  predicted 


Figure  9.  Measured  and  predicted  IN-PLANE  vibiation  in  a  building  as  the  distance  from  the 
source  increases. - ,  measured; . ,  predicted 
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A  comparison  of  the  measured  and  predicted  bending  vibration  can  be  seen  in 
Figure  8.  This  confirms  what  other  measurements  have  already  shown  [10]  that  the  bending 
energy  can  be  predicted  for  this  building. 

A  comparison  between  the  measured  and  predicted  in-plane  energy  can  be  seen  in 
Figure  9.  Although  there  is  good  agreement  between  the  measured  and  predicted  results  the 
results  must  be  interpreted  with  care.  The  bending  rotation  induced  in-plane  vibration  on 
the  surface  is  greater  than  the  predicted  in-plane  vibration  at  frequencies  above  500  Hz  and 
so  at  these  frequencies  the  accelerometer  is  not  measuring  in-plane  energy.  The  same 
problem  occurs  at  low  frequencies  close  to  the  source  particularly  for  floor  2.  The 
remaining  data  shows  that  the  vibration  level  is  different  at  each  floor  and  so  each  floor 
section  s^uld  be  modelled  as  a  separate  subsystem.  In  addition  there  is  good  agreement 
between  the  measured  and  predicted  results  showing  that  ejdsting  theoretical  models  can 
be  used  with  confidence. 

One  of  the  applications  of  these  models  is  to  calculate  the  effect  of  changes  in  room 
layout  or  material  properties  on  sound  transmission  through  large  structures. 

An  example  of  this  type  of  application  can  be  seen  in  the  results  of  Figure  10  which 
show  a  section  through  an  idealised  building.  The  building  was  taken  to  have  150  mm 
concrete  floors  and  100  mm  concrete  block  walls  (as  in  Figure  6  and  7)  and  a  noise  source 
was  modelled  as  being  located  in  the  lower  left  hand  room.  Sound  transmission  through  the 
entire  building  was  then  calculated  and  the  values  of  (weighted  standardised  level 
difference)  for  transmission  fix)m  the  source  room  to  the  other  rooms  in  the  building  was 
computed.  The  properties  of  the  materials  used  in  the  internal  walls  were  then  increased  by 
a  factor  of  2  (except  in  the  case  of  the  damping  where  all  the  walls  and  floors  had  their 
internal  loss  factor  increased)  and  the  change  in  die  values  was  computed.  The  figure 
shows  the  section  of  the  building  and  in  each  room  is  ^own  the  change  in  in  dB.  A 
positive  number  indicates  that  the  level  difference  has  gone  up  (sound  transmission  has 
been  reduced). 

It  can  be  seen  that  the  change  in  Youngs  Modulus  has  a  relatively  small  effect  on 
transmission  which  decreases  with  distance  from  the  source.  The  level  difference  has  gone 
up  by  1  dB  for  transmission  to  the  room  next  door  but  goes  down  for  the  room  above 
resulting  from  a  redistribution  of  energy  in  the  building.  The  increased  stiffiiess  of  the  walls 
has  increased  transmission  vertically  and  reduced  transmission  horizontally.  There  is 
therefore  a  decrease  for  all  of  the  top  floor  rooms.  Despite  the  large  change  in  the  values 
of  Youngs  modulus  (a  factor  of  2)  the  change  in  level  difference  is  relatively  small. 

Much  larger  changes  occur  when  the  thickness  of  the  internal  wdls  is  increased. 
There  is  a  significant  improvement  in  transmission  to  the  room  next  door  and  almost  no 
change  to  the  room  above.  The  improvement  is  achieved  for  all  ground  floor  rooms  and 
again  there  is  a  redistribution  of  energy  in  a  vertical  direction. 

Increasing  the  density  of  the  internal  walls  improves  the  sound  insulation  for  all 
rooms  and  the  benefit  generally  increases  with  distance.  Similarly  increasing  the  internal 
loss  factor  (of  all  walls  and  floors)  increases  the  sound  insulation  particularly  for  rooms  that 
are  far  from  the  source . 
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Conclusions 

During  the  last  30  years  there  has  been  an  increasing  development  of  SEA  and  m 
increasing  use  of  its  q)plication  to  Building  Acoustics.  The  basic  philosophy  of  SEA  is 
firmly  embedded  in  Building  Acoustics  and  this  has  been  one  of  the  great  strengths  in  its 
application.  SEA  is  likely  to  continue  to  be  the  main  conc^tual  model  used  in  Building 
Acoustics  and  as  more  studies  are  carried  out  so  there  will  be  greater  confidence  in  its 
Implication. 

One  of  the  fundamental  remaining  problems  in  SEA  in  general  is  in  the  analysis  of 
the  uncertainties  of  the  theoretical  model.  Surprisingly  this  is  not  one  of  great  importance 
to  users  of  SEA  in  the  field  of  Building  Acoustics.  In  Building  Acoustics  there  are 
relatively  few  tests  that  are  routinely  carried  out  (such  as  sound  transmission)  and  all  arc 
based  on  robust  procedures  involving  spacial,  temporal  and  frequency  averaging.  Most 
users  therefore  have  a  ‘^eel”  for  the  measured  data  and  particularly  problems  associated 
with  spacial  variation  and  low  fiequency . 

In  the  fiiture  SEA  will  continue  to  develop.  Fundamental  work  will  result  in  more 
closely  defined  limits  of  ^plicability  and  uncertainty  providing  a  firm  theoretical  basis. 
Other  developments  will  take  place  extending  the  range  of  applications  comparing  SEA 
models  with  other  theoretical  models  and  with  detailed  laboratory  results.  This  work  is  in 
progress  in  many  disciplines  of  acoustics. 

The  biggest  change  will  be  in  when  industry  takes  these  SEA  models  and  uses  them 
for  design  purposes.  This  will  lead  to  further  development  of  SEA  and  is  a  phase  that  is  just 
beginning. 
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Executive  Summary 

Prediction  of  Noise  from  Pipework  in  Ships 
and  Onshore  &  Offshore  Installations 

Industrial  Design  Study  in  Conjunction  with  CMPT 


Assess  Compliance  with  Noise  Limits 

Evaluate  New  and  Modified  Designs 
Quickly 

Identify  Dominant  Noise  Radiators 

Confidence  in  Application  of  Noise 
Control  Measures 
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A  better  design  technique  for  controlling  pipework  noise 


•  Noise  is  an  important  design  issue  for  marine-structure  and  onshore  plant  designers  and 
operators.  Meeting  regulations  and  clients’  specifications  for  noise  is  of  growing  concern. 

•  A  survey  has  revealed  that  most  builders,  contractors  and  operators  see  the  need  for  more 
capable  and  reliable  prediction  and  optimisation  methods,  to  enable  noise  to  be  controlled 
to  specific  limits  at  flie  design  stage  and  hence  to  comply  with  customers’  specifications. 
Better  design  techiiiques  can  also  assist  competitiveness  by  aiding  economical  low  noise 
design: 

•  A  Managed  Programme  of  the  Centre  for  Marine  and  Petroleum  Technology,  which  is 
being  coordinated  by  Marinetech  South  Ltd,  is  combining  the  resources  of  a  £0.5M 
research  programme  (now  in  mid-term)  with  multi-sponsor  industrial  design  projects  in 
order  to  develop  applications  of  Statistical  Energy  Analysis  (SEA)  techniques  to  marine 
craft  and  offshore  and  related  installations. 

•  Statistical  Energy  Analysis  (SEA)  is  a  noise  and  vibration  modelling  technique  introduced 
30  years  ago,  in  particular  to  design  spacecraft  to  resist  damage  from  acoustically-induced 
vibration  during  toe  launch  phase.  SEA  has  since  been  developed  for  broader  application, 
particularly  for  toe  prediction  of  sound  levels  in  road  vehicles,  aircraft  and  buildings.  Its 
benefits,  including  simplicity  for  toe  guided  user,  can  now  be  applied  to  prediction  of 
noise  from  pipework. 

•  Commercial  SEA  applications  packages  are  available  and  it  is  toe  intention  of  this  study  to 
develop  and  verify  toe  particular  aspects  required  to  allow  application  to  pipework  noise. 
The  metood  could  then  be  applied  via  a  developed  user  interface. 

•  Currently,  proposed  noise  models  have  been  inadequate  to  give  acceptable  confidence  in 
predicted  levels  because  they  omit  important  structural  response  factors  and  include  internal 
attenuation  uncertainties,  which  are  to  be  addressed  in  this  study. 

•  The  application  study  is  targeted  primarily  at  gas-filled  systems  but  can  be  extended  to 
liquid-filled  systems. 

•  The  intended  project  is  costed  at  £65k  over  a  period  of  15  months. 

•  Sponsors  will  have  toe  opportunity  of  influencing  toe  direction  and  emphasis  of  toe  study, 
at  toe  project  definition  stage  and  throughout,  and  will  receive  early  information  on 
technical  progress  in  this  important  area  of  design. 

•  Proposed  deliverables  include  algorithms  and  guidelines  for  SEA  modelling  of  noise  from 
pipework. 

If  you  are  interested  in  knowing  more  about  this  programme,  please  contact: 

Neil  Finder,  Programme  Coordinator 
Marinetech  South  Ltd 

Tizard  Building  (ISVR)  Tel:  -f-44  (0)1703  593756 

University  of  Southampton  Fax:  -1-44  (0)1703  592728 

Highfield 

Southampton  S017  IBJ,  UK  E-mail:  jnp@isvr.soton.ac.uk 
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